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1. Introduction

Space-time coding (STC) has received a lot of attention in
the last years as a way to increase the data rate and/or reduce
the transmitted power necessary to achieve a target bit error
rate (BER) using multiple antenna transceivers. In ad hoc
network applications or in distributed large-scale wireless
networks, the nodes are often constrained in the complexity
and size. This makes multiple-antenna systems impractical
for certain network applications [1]. In an effort to overcome
this limitation, cooperative diversity schemes have been
introduced [1-4]. Cooperative diversity allows a collection
of radios to relay signals for each other and effectively create
a virtual antenna array for combating multipath fading in
wireless channels. The attractive feature of these techniques is
that each node is equipped with only one antenna, creating a
virtual antenna array. This property makes them outstanding
for deployment in cellular mobile devices as well as in ad
hoc mobile networks, which have problem with exploiting
multiple antenna due to the size limitation of the mobile
terminals.

Among the most widely used cooperative strategies are
amplify and forward (AF) [4, 5] and decode and forward
(DF) [1, 2, 4]. The authors in [6] applied Hurwitz-Radon
space-time codes in wireless relay networks and conjecture
a diversity factor around R/2 for large R from their simula-
tions, where R is the number of relays.

In [7], a cooperative strategy was proposed, which
achieves a diversity factor of R in a R-relay wireless network,
using the so-called distributed space time codes (DSTCs). In
this strategy, a two-phase protocol is used. In phase one, the
transmitter sends the information signal to the relays and in
phase two, the relays send information to the receiver. The
signal sent by every relay in the second phase is designed as
a linear function of its received signal. It was shown in [7]
that the relays can generate a linear space-time codeword at
the receiver, as in a multiple antenna system, although they
only cooperate distributively. This method does not require
decoding at the relays and for high SNR it achieves the
optimal diversity factor [7]. Although distributed space-time
coding does not need instantaneous channel information at



the relays, it requires full channel information at the receiver
of both the channel from the transmitter to relays and
the channel from relays to the receiver. Therefore, training
symbols have to be sent from both the transmitter and
relays. Distributed space-time coding was generalized to
networks with multiple-antenna nodes in [8], and the design
of practical DSTCs that lead to reliable communication in
wireless relay networks has also been recently considered [9—
11].

Power efficiency is a critical design consideration for
wireless networks such as ad hoc and sensor networks, due
to the limited transmission power of the nodes. To that
end, choosing the appropriate relays to forward the source
data as well as the transmit power levels of all the nodes
become important design issues. Several power allocation
strategies for relay networks were studied based on different
cooperation strategies and network topologies in [12]. In
[13], we proposed power allocation strategies for repetition-
based cooperation that take both the statistical CSI and the
residual energy information into account to prolong the
network lifetime while meeting the BER QoS requirement of
the destination. Distributed power allocation strategies for
decode-and-forward cooperative systems are investigated in
[14]. Power allocation in three-node models is discussed in
[15, 16], while multihop relay networks are studied in [17—
19]. Recent works also discuss relay selection algorithms for
networks with multiple relays, which result in power efficient
transmission strategies. Recently proposed practical relay
selection strategies include preselect one relay [20], best-
select relay [20], blind-selection algorithm [21], informed-
selection algorithm [21], and cooperative relay selection
[22].In [23], an opportunistic relaying scheme is introduced.
According to opportunistic relaying, a single relay among
a set of Rrelay nodes is selected, depending on which
relay provides the best end-to-end path between source
and destination. Bletsas et al. [23] proposed two heuristic
methods for selecting the best relay based on the end-to-
end instantaneous wireless channel conditions. Performance
and outage analysis of these heuristic relay selection schemes
are studied in [24, 25]. In this paper, we propose a decision
metric for opportunistic relaying based on maximizing the
received instantaneous SNR at the destination in amplify-
and-forward (AF) mode, when statistical CSI of the source-
relay channel is available at the relay. Furthermore, similar to
[7], knowledge of whole CSI is required for decoding at the
destination. In this paper, we use a simple feedback from the
destination toward the relays to select the best relay.

In [9, 10], a network with symmetric channels is
assumed, in which all source-to-relay and relay-to-des-
tination links have ii.d. distributions. In [7], using the
pairwise error probability (PEP) analysis in high SNR
scenario, it is shown that uniform power allocation along
relays is optimum. However, this assumption is hardly
met in practice and the path lengths among nodes could
vary. Therefore, power control among the relays is required
for such a cooperation. In [10], a closed-form expression
for the moment generating function (MGF) of AF space-
time cooperation is derived as a function of Whittaker
function. However, this function is not well behaved and
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cannot be used for finding an analytical solution for power
allocation.
Our main contributions can be summarized as follows.

(i) We show that the DSTC based on [7] in which relays
transmit the linear combinations of the scaled version
of their received signals leads to a new opportunistic
relaying, when maximum instantaneous SNR-based
power allocation is used.

(ii) The optimum power allocation between two phases
is derived by maximizing the average SNR at the
destination.

(iii) We derive the average symbol error rate (SER) of
AF opportunistic relaying system with M-PSK or M-
QAM modulations over Rayleigh-fading channels.
Furthermore, the probability density function (PDF)
and moment generating function (MGF) of the
received SNR at the destination are obtained.

(iv) We analyze the diversity order of AF opportunistic
relaying based on the asymptotic behavior of average
SER. Based on the proposed approximated SER
expression, it is shown that the proposed scheme
achieves the diversity order of R.

(v) The average SER of AF DSTC system for Rayleigh
fading channels is derived, using two new methods
based on MGE.

(vi) We propose two power allocation schemes for AF
DSTC based on minimizing the target SER, given
the knowledge of statistical CSI of source-relay
links at the relays. An outstanding feature of the
proposed schemes is that they are independent of the
instantaneous channel variations, and thus, power
control coefficients are varying slowly with time.

The rest of this paper is organized as follows. In Section 2,
the system model is given. Power allocation schemes for
AF DSTC based on minimizing the received SNR at the
destination are presented in Section 3. In Section 4, the
average SER of AF opportunistic relaying and AF DSTC
with relays with partial statistical CSI is derived. Two power
allocation schemes minimizing the SER are proposed in
Section 5. In Section 6, the overall performance of the
system is presented for different number of relays through
simulations. Finally, Section 7 summarized the conclusions.

Throughout the paper, the following notation is applied.
The superscripts f and ¥ stand for transposition and con-
jugate transpose, respectively. E{-} denotes the expectation
operation. Cov(xr) is the covariance of the T X 1 vector xr.
All logarithms are the natural logarithm.

2. System Model

Consider the network in Figure 1 consisting of a source
denoted s, one or more relays denoted Relay r = 1,2,...,R,
and one destination denoted d. It is assumed that each node
is equipped with a single antenna. We denote the source-
to-rth relay and rth relay-to-destination links by f, and g,
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FIGURE 1: Wireless relay network consisting of a source s, a
destination d, and R relays.

respectively. Suppose each link has a flat Rayleigh fading, and
channels are independent of each others. Therefore, f, and g,
areii.d. complex Gaussian random variables with zero-mean
and variances ajzcr and a‘é , respectively. Similar to [7], our
scheme requires two phases of transmission. During the first
phase, the source node transmits a scaled version of the signal
s = [s1,...,s7], consisting of T symbols to all relays, where
it is assumed that E{ss"’} = (1/T)Ir. Thus, from time 1 to
T, the signals /P Tsy, . . .,~/P1 Tsr are sent to all relays by the
source. The average total transmitted energy in T intervals
will be Py T. Assuming f, is not varying during T successive
intervals, the received T' X 1 signal at the rth relay can be
written as

r, =PI Tfis+v,, (1)

where v, isa T X 1 complex zero-mean white Gaussian noise
vector with variance N;. Using amplify and forward, each
relay scales its received signal, that is,

Yr = Prirs (2)

where p, is the scaling factor at Relay r. When there is no
instantaneous CSI available at the relays, but statistical CSI is
known, a useful constraint is to ensure that a given average
transmitted power is maintained. That is,

2 P2,r
Pr = O'Jerpl-l-Nl’ (3)
where P,, is the average transmitted power at Relay r. The
total power used in the whole network for one symbol
transmission is therefore P = P; + Zle P,.

DSTC, proposed in [7], uses the idea of linear disper-
sion space-time codes of multiple-antenna systems. In this
system, the T' X 1 received signal at the destination can be
written as

R
Y= ZgrAVYV tw, (4)

r=1

wherey, is given by (2), wis a T'x1 complex zero-mean white
Gaussian noise vector with the component-wise variance of
N,, and the T x T dimensional matrix A, is corresponding
to the rth column of a proper T X T space-time code. The

DSTCs designed in [9, 10] are such that A,, r = 1,..., R, are
unitary. Combining (1)—(4), the total noise vector wr is given
by

P

R
= >A
wr Z ! Uﬁpl + N,

r=1

&V W (5)

Since, g, vi, and w are independent complex Gaussian
random variables, which are jointly independent, the con-
ditional auto covariance matrix of wr can be shown to be

R

Cov(wT | {fr}f:l,{gr}f:l) = (ZW +N2)IT:

—1 O'%PI + N1
(6)

where I is the T X T identity matrix. Thus, wr is white.

3. Opportunistic Relaying through AF DSTC

In this section, we propose power allocation schemes for
the AF distributed space-time codes introduced in [7], based
on maximizing the received SNR at the destination d. First,
the optimum power transmitted in the two phases, that is,
P, and P, = Zle P,,, will be obtained by maximizing
the average received SNR at the destination. Then, we will
find the optimum distribution of transmitted powers among
relays, that is, P,,, based on instantaneous SNR.

3.1. Power Control between Two Phases. In the following
proposition, we derive the optimal value for the transmitted
power in the two phases when backward and forward
channels have different variances by maximizing the average
SNR at the destination.

Proposition 1. Assume « portion of the total power is
transmitted in the first phase and the remaining power is
transmitted by relays at the second phase, where 0 < « < 1, that
is, Py = aP and P, = (1 — a)P, where P is the total transmitted
power during two phases. Assuming 0}, = 0} and o7 = oy,
the optimum value of & by maximizing the average SNR at the
destination is

NP+ NNy (| (N202 = Nyo2) P o
0= —_—— — 1.
(NzO‘J% _ N10~g2)P N]O'gzp + NN,

Proof. The average SNR at the destination can be obtained by
dividing the average received signal power by the variance of
the noise at the destination (approximation of E{SNR} using
Jensen’s inequality). Using (1)—(6), the average SNR can be
written as

all — (x)on}agz

SNR = )
oc(NzaJ% - Nl(fgz)P +N102P + NiN,

(8)

where we have assumed O'err = 0}% and a‘; = 0;, for r =
I,...,R, and thus, P,, = P,/R. First, we consider the case
in which NZG} > N; og. In this case, the optimum value of «



which maximizes (8), subject to the constraint 0 < a < 1, is

obtained as
JI+p—1

@="pg )

where

o

B (Nz(TJ%—NIO'g2> (10)
p= NigZP+ NN,

Similarly, when Nzaf < Nj02, the optimum value of &, which
maximizes SNR in (8), subject to constraint 0 < a < 1, is also
(9) and (10). Therefore, observing (9) and (10), the desired
result in (7) is achieved. ]

For the special case of Nz(szr = Njo2, the optimum « is
equal to 1/2, which is in compliance with the result obtained
in [7], where assumed N; = N, and (IJ% = a;. In this case, we
have

.1
o :ﬁ1£n3+ﬁ(’,1+ﬁ_ 1)

—tim L(P _!
—ﬁling+/5(2 +0(1)> =5

3.2. Power Control among Relays with Source-Relay link CSI at
Relay. Now, we are going to find the optimum distribution
of the transmitted powers among relays during the second
phase, in a sense of maximizing the instantaneous SNR at
the destination.

The conditional variance of the equivalent received noise
is obtained in (6). Thus, using (1), (2), and (4), the
instantaneous received SNR at the destination can be written
as

(11)

SR P £ g 1P (P (03P 4 N ) )

SNRjys = Zf:] |gr|2<P2,r/(g%P1 +N1))N1 +N2.

(12)

For notational simplicity, we represent SNR,s in (12) in a
matrix format as

p'Up

SNRing = T NT. . AT
T p'Vpt+ N,

(13)

where p = [\/P2,1,+/P225-- > «/PZ,R]I and the positive definite
diagonal matrices U and V are defined as

2 2 2 2
Pfillgl” Pilf] s
O'j%lpl-l-Nl ’ UJ%ZP1+N1

U= diag[

Pi|frl*|grl? (14)
v O-j%RP1+N1 ’

V = diag 2 °’N g Ny |gr| "Ny
O'2P1+N1,O")2c2P1+N1"“’O'}RP1+N1 '

1
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Then, the optimization problem is formulated as

p* = argmaxSNR;,s, subject to p'p = Py, (15)
P

where the R X 1 vector p* denotes the optimum values of
power control coefficients. Moreover, since p'’p = P, = (1 —
«)P, we can rewrite (13) as

t
U
SNRyps = Iftwi’ (16)

where diagonal matrix W is defined as W = V + (N,/P;)Ix.
Since W is a positive semidefinite matrix, we define q =

W12p, where W = (WV2)'W12_ Then, (16) can be rewritten
as

t
SNRyy, = 29, (17)
q9q
where diagonal matrix Z is Z = UW~!. Now, using Rayleigh-
Ritz theorem [26], we have
t
929 ) (18)
q9q
where Aoy is the largest eigenvalue of Z, which is corre-
sponding to the largest diagonal element of Z, that is,

Amax = max A,
re{l,..,R}

PP f g | (19)

= ma B '
re{l,u.,R}Pz |gr | N1 +N2 (inl +Nl)

The equality in (18) holds if q is proportional to the
eigenvector of Z corresponding to Amay. Since Z is a diagonal
matrix with real elements, the eigenvectors of Z are given by
the orthonormal bases e,, defined e,; = 6,5, [ = 1,...,R.
Hence, the optimum @, can be chosen to be proportional
to e,.. On the other hand, since p = W~2q, and W is
a diagonal matrix, the optimum p* is also proportional to
e;,..- Using the power constraint of the transmitted power in
the second phase, that is, p'p = P, we have p* = \/Pse,, ..
This means that for each realization of the network channels,
the best relay should transmit all the available power P, and
all other relays should stay silent. Hence, the optimum power
allocation based on maximizing the instantaneous received
SNR at the destination is to select the relay with the highest
instantaneous value of P, P | f; |2 lgr 12/(P, lgr I’N, +N2(0%P1 +
N)).

3.3. Relay Selection Strategy. In the previous subsection,
it is shown that the optimum power allocation of AF
DSTC based on maximizing the instantaneous received SNR
at the destination is to select the relay with the highest
instantaneous value of P, P, | f; |2 lgr |2/(P2 lgr 12N, +N2(0%P1 +
N1)). We assume the knowledge of magnitude of source-to-
rth relay link to be available for the process of relay selection.
The process of selecting the best relay could be done by the
destination. This is feasible since the destination node should
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be aware of all channels for coherent decoding. Thus, the
same channel information could be exploited for the purpose
of relay selection. However, if we assume a distributed relay
selection algorithm, in which relays independently decide to
select the best relay among them, such as work done in [23],
the knowledge of local channels f, and g, is required for
the rth relay. The estimation of f, and g, can be done by
transmitting a ready-to-send (RTS) packet and a clear-to-
send (CTS) packet in MAC protocols.

4. Performance Analysis

4.1. Performance Analysis of the Selected Relaying Scheme

4.1.1. SER Expression. In the previous section, we have
shown that the optimum transmitted power of AF DSTC
system based on maximizing the instantaneous received
SNR at the destination led to opportunistic relaying. In
this section, we will derive the SER formulas of best relay
selection strategy under the amplify-and-forward mode. For
this reason, we should first derive the received SNR at the
destination due to the rth relay, when other relays are silent,
that is,

2 2
PP | fr]” ||
Py |g |’Ni + No(02 Py + Ny )

Yr = (20)

In the following, we will derive the PDF of y, in (20),
which is required for calculating the average SER.

Proposition 2. For the y, in (20), the probability density
function p,(y,) can be written as

pr(yr) = 24,6 BV Ko (2\/Aryr )

(21)
+2B[Arpre BV K (24Aryy )
where A, and B, are defined as
N, (TZP +N
_ (ff ! 1) B, = Nl (22)

T Pleaj%rcrgzr ’ T P]O’%r’
and K, (x) is the modified Bessel function of the second kind of
order v [27].

Proof. The proof is given in Appendix A. O

Define ymax £ max{yi,y2,...,yr}. The conditional SER
of the best relay selection system under AF mode with R
relays can be written as

Pe(R | {fr}ip {gr}il) =¢ Q(\/g YmaX>’

where Q(x) = 1/v/27[; e */* du, and the parameters ¢ and
g are represented as

VM -1
VM
3

(23)

cqam = 4 Cpsk = 2,

(24)

goam = 3 gpsk = 2sin’( —

For calculating the average SER, we need to find the PDF
of Ymax- Thus, in the following proposition, we derive the

PDF of the maximum of R random variables expressed in
(20).

Proposition 3. For the y, in (20), the probability density
function of the maximum of the R random variables, y., can
be written as

::]au

) = 3 p O 1[1 -2k (24)], )

el
==

where p,(y) is derived in (21).

Proof. The proof is given in Appendix B. O
Now, we are deriving the SER expression for the selection

relaying scheme discussed in Section 3. Averaging over

conditional SER in (23), we have the exact SER expression
as

PR = | P(RTLAHE A8 s) pms () dy
(26)

= J,:c Q(\/ﬂ)Pmax()’)dY

Using the moment generating function approach, we can
express P.(R) given in (26) as

Pe(R)

® - /2 =
[ s Co) oty

/2
EJ Mmax<_ .g2 >d¢)
mJo 2sin“¢

where Mpa(=s) = [Ey(e™) is the moment generating
function of ymax. In the following theorem, we state a closed-
form expression for M. (—s) in (27).

(27)

Theorem 1. For the R independent random variables y,, which

is stated in (20), the MGF of ymax = max{yi,y2,...,yr} is
given by
- 1!
Minax(=3) = ey
a (J_[] )Z( + B )
Ar S+Br
y {\/T(R - D! W_ria/20
.
A, Ar
Ar 1
><<s+B,> TR WﬁR’(1/2)<s+Br>}’
(28)

where W, (x) is Whittaker function of orders a and b (see, e.g.,
[27] and [28, equation 9.224]).

Proof. The proof is given in Appendix C. O
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FIGURE 2: Diagrams of Ky(x) and log(1/x) in (a) and K; (x) and 1/x
in (b), which have the same asymptotic behavior when x — 0.

4.1.2. Diversity Analysis. From [27, equation (9.6.8)], and
[27, equation (9.6.9)], the following properties can be
obtained

Kot) = —logl),  Ki(0) = . (29)

Specially, for small values of x, which corresponds to the
small value of A and B in (22), or equivalently, high SNR
scenario, the approximations in (29) are more accurate. In
Figure 2, we have shown that Ky(x) and log(1/x), and also
K (x) and 1/x have the same asymptotic behavior when x —
0*. Therefore, we can approximate p,(y) in (21) as

pr(y) = (B, — A, log(44,))e 87 — A,e BV log(y),  (30)

and hence, pmax(y) in (25) is approximated as

M=

Pmax () = [(B, — A, log(4A,))e B — A,e By log(y)]

1

.‘
l

X
1=

(1 - e’B’V).

el
=

(31)
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Using (31), we can approximate the moment generating
function of ymay, that is, Mimax(—s) = E,(e”*), in high SNRs
as

Mmax(_s) = JO e’ meax(Y)d)’

[eY]

R R
ZZ nBz J e—(s-f—B,)y (32)
r=1

i=1 0
itr

X [B, — A, log(4A,) — A, log(y) |y*'dy,

where we have approximated (1 — e~57) with B,y, due to the
high SNR assumption we made. Simplifying (32), we have

R R
Mmax(fs) = Z nBl [Br - Ar log(4Ar)]

r=1\ i=1
itr

% Jme_(s+3')ny_ldy
0

R R 0
-2 A | [ B J e B log(y)y* ' dy,
r=1 i=1 0
itr

(33)

where the first integral can be calculated as
[CestByyR-1dy = (R — 1)i(s+B,) ®. With the help
of [28, equation (4.352)] , the second integral in (33) can be
computed as

J e log(y)y*~'dy
0 (34)

= (R—1)! (s+B,) *(£(R) - log(s)),

where E(R) = 1+1/2+1/34+---+1/(R—1) — x,and k is
the Euler’s constant, that is, x = 0.5772156. Therefore, the
closed-form approximation for the MGF function of pmay is
given by

R R
Mupax(=s) ~ R=1D! > [ []Bi [ (s +B) 7"

=1\ i=1
X [B,» - A, 10g(4Ar) + A, (10g(5) - g(R))]
(35)

To have more insight into the MGF derived in (35), we
represent A, and B, as functions of the transmit SNR, that is,
¢ = P/N1, assuming the destination and relays have the same
value of noise, that is, Ny = N,. Thus, A, and B, in (22) can
be represented in high SNRs as

1 1

= 77 N 0 Br =
(1 - a)ud? oc;m% (36)

r
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and then, M. (—s) in (35) can be rewritten as

R R
Mmax(_s) ~ (1_[12) Z Ll)'}q

i-19% ) =1 [(s + Br)ua]

log(su(1 - @)o}/4) — E(R)
X [1+aa}% a —(x‘;ag{ }
(37)

Now, we are using the moment generating function
method to derive an approximate SER expression for the
opportunistic relaying scheme discussed in Section 3. Using
the moment generating function approach, we can express
P.(R) given in (26) as

® - n/2 .
PaR) = [ 2] ) ooy
oo
/2
(o
mJo 2sin“¢

R Rip_ 1y R rn2
~ (1—[12) 2(R-1) (R }{)’ZJ sin?R
i-195, ) m(gua)” ;S0

log(g/,t(l—oc) Z/8sin ¢> E(R)
(1-a)a}

X |:1 +ocoﬁ de,

(38)

where by using (22), g/2 sin”¢+B, is accurately approximated
with g/2sin’¢ for all values of ¢ in high SNR conditions. For
deriving the closed-form solution for the integral in (38), we
decompose it into

/2
P.(R) ~ Q(u,R) [cl (y,R)JO sin”®¢ dp — Cr(R)

(39)
/2
XJ sin?*¢ log(sin (p)d(p},
0
where Q(u, R), Ci(u, R), and C,(R) are defined as
2RR -1 1
QwR) = ——=x| [, (40)
m(gua)” -1 0%
R log(gy(l - a)o ,/8) —&(R)
Z‘i (1-a)a? ’
(41)
C(R) = Z (42)

)

Using [28, equation (4.387)] for solving the second integral
in (39), the closed-form SER approximation is obtained as

_ @R! &
PR = i3 5 QR
R )k+1
X {Cl (uR) = C2(R) (Z - log(Z)) }

(43)

In the following theorem, we will study the achievable
diversity gains in an opportunistic relaying network contain-
ing R relays, based on the SER expression.

Theorem 2. The AF opportunistic relaying with the scaling
factor presented in (3), in which relays have no CSI, provides
full diversity.

Proof. The proof is given in Appendix D. O

4.2. SER Expression for AF DSTC. In this subsection, we
derive approximate SER expressions for the AF space-
time coded cooperation using moment generating function
method.

The conditional SER of the protocol described in

Section 2, with R relays, can be written as [29, equation
(9.17)]

PRI AN (o)) =cQ< ng!ﬁgr!z), (44)

where by using (2)—(6), y; can be written as

PP,/ (0} Py +Ny)
S (Pok/ (02 Py + Ny ) Jo2 Ny + N

Ur = (45)

It is important to note that in (45) we approximate the
conditional variance of the noise vector wr in (6) as its
expected value. The received SNR at the receiver side is
denoted

R
Y= (46)
r=1
where

=l frge 1. (47)

We can calculate the average SER as

P.(R) = I:Pe (R1 {yh2)p(y)dy
(48)

= JO c Q(vg7)p(y)dy.
Now, we are using the MGF method to calculate the SER

expression in (48). We also exploit the property that the y;’s
are independent of each other, because of the inherit spatial



separation of the relay nodes in the network. Hence, the
average SER in (48) can be rewritten as

Pe(R)

[ e im0 dgl 1ipon)a)

/2 R .
J .[0 R—fold 1_[ o2 p(y,) d%)d‘/’

n/2 R
[T T,
r=1
(49)

where M,(—s) is the MGF of the random variable y,, and
s = g/2sin’¢.

It can be shown that for larger values of average SNR, 7,
the behavior of y/y becomes increasingly irrelevant because
the Q term in (48) goes to zero so fast that almost throughout
the whole integration range the integrand is almost zero.
However, recalling that Q(0) = 1/2, regardless of the value of
7, the behavior of p(y) around zero never loses importance.
On the other hand, it is shown in [10, equation (19)] that
the PDF of the random variables y, is proportional to the
modified bessel function of second kind of zeroth order, that
is,

_ 2 Vr
pyr) = ) Ko (2 yra},og,)' (50)

This PDF has a very large value around zero. Thus, the
behavior of the integrand in (48) around zero becomes
very crucial, and we can approximate p(y,) in (50) with
a logarithmic function, which is easier to handling. In
Figure 2(a), we have shown that Ky(x) and log(1/x) have
the same asymptotic behavior when x — 0%, that is,
limy_¢+Ko(x) — —log(x). Hence, we can approximate

M,(—s) as
00 B -1 Vr
e’ log dy,
Jo ;4,0%0;' (y,aﬁ g,) Y

S U0 g2
12 - | log #r%;:% —x|.
S0 0y 4

Furthermore, for the case of R = 1, the closed-form
solution for the approximate SER is obtained as

Mr(_s)

Q

(51)

Pe(R: 1)

Q

c /2 p
7), Mo
/2 ro~2 0'2
= 7262 > J sin’¢ | log 8 195 % - f2' £k d¢
ngUr0;0g J o 8sin“¢

2 2
_ ¢ Hro5% | _
= ZMrG},UgZ, [log( 5 ) (x+ 1)}.

(52)
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5. Power Control in AF DSTC without
Instantaneous CSI at Relays

In this section, we propose two power allocation schemes for
the AF distributed space-time codes introduced in [7]. We
use the approximate value of the MGF, which was derived in
Section 3, for the power control among relays. Furthermore,
we present another closed-form solution for the MGF, as a
function of the incomplete gamma function, which can be
used for a more accurate power control strategy.

The MGF of the random variable y, M(-s), which
is the integrand of the integral in (49), is given by the
product of MGF of the random variables y,. Since M,(—s)
is independent of the other y;, i # r, we can write

IM(=s) _ OM,(=s) &y,
= o EMI( s)

iEr

(53)

which will be used in the next two subsections to find the
power control coefficients.

5.1. Power Allocation Based on Exact MGF. The closed-form
solution for MGF of random variable y, can be found using
[28, equation (8.353)] as

2
2
s y,aﬁag{

1
X 0’ 5 l/syyofra or
N //er'ﬁ Ugr

where I'(a, x) is the incomplete gamma function of order «
[27, equation (6.5)] . Moreover, from [28, (8.356)], we have

M‘r(_s) =

(54)

—dllax) x*le™, (55)
dx

Since the MGFs in (51) and (54) are functions of x, £
yraﬁa‘és, we can express (53) in terms of x,. Hence, using
(55), the partial derivative of M,(—s) with respect to x, can
be expressed as

M_i[i ( L) ux,]
ox,  0xy rl“ 0, Xy ¢

1
- Ser(o o) (e ) e,
X7 Xr Xr

Furthermore, the power constraint in the the second
phase, that is, Zle P,, = Pj, can be expressed as a function
of x,. Thus, using (45) and the definition of x,, under the
high SNR assumption, we have the following constraint:

(57)

2
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Given the objective function as an integrand of (49)
and the power constraint in (57), the classical Karush-Kuhn-
Tucker (KKT) conditions for optimality [30] can be shown

M[org)e 2

j
(58)
(o l) (s Lyen] s A o
Xr Xy ogs

~—

forr=1,...,R

By solving (57) and (58), the optimum values of x,,
that is, x, r = .,R can be obtained. Now, we can
have the following procedure to find the power control
coefficients, P, ,. First, the x;* coefficients can be solved by the
above optimization problem. Then, recalling the relationship
between x, and y,, that is, x, = ‘u,oﬁ ag%s, and by taking
average y, over different values of ¢, since s is a function
of sin’¢, the optimum value of y_ is obtained. However,
for computational simplicity in the simulation results, we
have assumed s = 1, which corresponds to ¢ = /2.
Since the maximum amount of M,(—s) occurs in s = 1,
this approximation achieves a good performance as will be
confirmed in the simulation results. Finally, using (45), we
can find the power control coefficients, P,,. If we assume
that relays operate in the high SNR region, P, would be
approximately proportional to ;.

5.2. Power Allocation Based on Approximate MGF. The
power allocation proposed in Section 4.1 needs to solve the
set of nonlinear equations presented in (58), which are
function of incomplete gamma functions. Thus, we present
an alternative scheme in this subsection. For gaining insight
into the power allocation based on minimizing the SER, we
are going to minimize the approximate MGF of the random
variable y, obtained in (51). Using (51) and (57), we can
formulate the following problem:

(s )

P
Ny’

min 1_[

%2, XR

R
subject to Z%s x>0, forr=1,..., R
-19%

(59)

The objective function in (59), that is, F(x1,x2,...,Xr) =
]_[5:1 (1/x,)(log(x,/4)—x), is not a convex function in general.
However, it can be shown that for x, > 4 e!->**, the Hessian of
F(x1,%2,...,xr), is positive, which corresponds to high SNR
conditions, this function is convex. Therefore, the problem
stated in (59) is a convex problem for high SNR values and
has a global optimum point. Now, we are going to derive a
solution for a problem expressed in (59).

9
The Lagrangian of the problem stated in (59) is
R
log(x,) — «’
L(-xl)-x27- .. )xR) = n%
r=1 r
(60)
R Xr P1
+ —
A (Zl s N, ) )
where A > 0 is the Lagrange multiplier, and x" = log(4) + «.

For nodesr = 1,...
KKT conditions are

(_log(x,) N 1+« ) ﬁlog(xi) -« A

+——=0. 61
x? x2 Xi (61)

, R with nonzero transmitter powers, the

025

i=1 8

i#r

Using (51) and some manipulations, one can rewrite (61) as

1 1 Y
<xr - xr(log(xr)—:c')>M(5) = (62)

Since the strong duality condition [30, equation
(5.48)] holds for convex optimization problems, we have
M, (x/02s) = (Pi/Na)) = 0 for the optimum point. If
we assume the Lagrange multiplier has a positive value, we
have zil(xr/a; s) = Py/N;. Therefore, by multiplying the
two sides of (62) with x,, and applying the summation over
r=1,...,R, we have

{ Zlog(xl ]()—A. (63)

Dividing both sides of equalities in (62) and (63), we have

1 1 N R 1
—|1= — _ -
X ( log(x,) — K’) Plag{S [R i:leog(xi) - K':|

(64)

for r = 1,...,R. The optimal values of x, in the problem
stated in (59) can be easily obtained with initializing some
positive values for x,, r = 1,...,R, and using (64) in an
iterative manner. Then, we apply the same procedure stated
in Section 4.1 to find the power control coefficients, P, ,.

6. Simulation Results

In this section, the performance of the AF distributed
space-time codes with power allocation is studied through
simulations. We utilized distributed version of GABBA codes
[10], as practical full-diversity distributed space-time codes,
using BPSK modulation. We compare the transmit SNR
(P/Ny) versus BER performance. We use the block fading
model, in which channel coefficients changed randomly in
time to isolate the benefits of spatial diversity. Assume that
the relays and the destination have the same noise power, that
iS, N 1= Nz.

In Figure 3, the BER performance of the AF DSTC is
compared to the proposed AF opportunistic relaying derived
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BER

0 5 10 15 20 25
SNR (dB)
--- AFDSTC; R =3 [3]
—— Prop. AF opportunistic relaying; R = 3; simulation
v+ Prop. AF opportunistic relaying; R = 3; analytic
--- AFDSTC with R =4 [3]
—— Prop. AF opportunistic relaying; R = 4; simulation
--0-- Prop. AF opportunistic relaying; R = 4; analytic

FIGURe 3: The average BER curves of relay networks employing
DSTC and opportunistic relaying with partial statistical CSI at
relays, BPSK signals and ‘7}2’,- =0, =1

in Section 3, when the number of available relays is 3 and
4. For AF DSTC, equal power allocation is used among
the relays. All links are supposed to have unit-variance
Rayleigh flat fading. One can observe from Figure 3 that the
AF opportunistic scheme gains around 2 and 3 dB in SNR
at BER 1073, when 3 and 4 relays are used, respectively.
Furthermore, Figure 3 confirms that the analytical results
attained in Section 4 for finding SER for AF opportunistic
relaying coincide with the simulation results. Since the curves
corresponding to R relays are parallel to each other in the
high SNR region, the AF opportunistic relaying has the same
diversity gain as AF DSTC. In low SNR scenarios, due to
the noise adding property of AF systems, even opportunistic
relaying with R = 3 outperforms AF DSTC with R = 4.

Figure 4 compares the performance of the two AF
schemes introduced in Section 3, when the proposed power
allocation in two phases is employed. That is, we compare the
equal power allocation in two phases [7] with the optimum
value of a, which is derived in (7). The number of relays is
supposed to be R = 4. Assuming d; = /2dy = 2, where
dy and d,; are source-to-relays and relays-to-destination
distances, respectively, 0}[ = l/dj*f = 1and Gi = l/d“g1 = 1/4.
This is due to the fact that path loss can be represented
by 1/d", where 2 < n < 5, and we assume n = 4.
Figure 4 demonstrates that by using the optimum value of
a in (7), around 1dB gain is achieved for both AF DSTC
and AF opportunistic relaying schemes for BER of less than
1073, Therefore, the amount of performance gain obtainable
using the optimal power allocation between two phases is
negligible compared to the equal power allocation, that is,
a=1/2.
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BER

0 5 10 15 20 25 30
SNR (dB)

-+- AF DSTC with a = 0.5

—6— AF DSTC with optimum «

- - AF opportunistic relaying with a = 0.5
—&— AF opportunistic relaying with optimum «

FiGure 4: The average BER curves of relay networks employing
DSTC and opportunistic relaying in AF mode, when equal power
between two phases is compared with « in (7), and with BPSK
signals, a}i = 405_ =1,and R = 4.

10°
-1
10 &
1072
B3
E 10
1074 ;
1075 3 H H H H H H H H H E] E
10°° ; ; ; ;
10 15 20 25 30
SNR (dB)
— 4 x 1 GABBA DSTC vV Analytical result (R = 2)
O Analytical result (R=1) - 4 x 3 GABBA DSTC
--- 4 x 2 GABBA DSTC o Analytical result (R = 3)

FiGURE 5: The average BER curves versus SNR of relay networks
employing distributed space-time codes with BPSK signals.

In Figure 5, we compare the approximate BER formula
based on MGF given in (51) with the full-rate, full-diversity
distributed GABBA space-time codes. For GABBA codes,
we employed 4 X 4 GABBA mother codes, that is, T = 4
[10]. Assume all the links have unit-variance Rayleigh flat
fading. Figure 5 confirms that the analytical results attained
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1072}

1073 ¢

BER

1074

107°

10 15 20 25 30
SNR (dB)

—6— Uniform power [7]
-0- Exact MGF-based power control
-+~ Approximate MGF-based power control

FIGURE 6: Performance comparison of AF DSTC with different
power allocation strategies in a network with two and three relays
and using BPSK signals.

in Section3 for finding the BER approximate well the
performance of the practical full-diversity distributed space-
time codes for high SNR values.

Figure 6 presents the BER performance of the AF
distributed space-time codes using different power alloca-
tion schemes. For transmission power among nodes, we
employed the two power control schemes introduced in
Section 4, and also uniform power transmission among
relays, that is, P, = P/2 and P,, = P/2R [7]. Since the
proposed power allocation strategies are designed for high
SNR scenarios, we study the system performance in the high
SNR regime. Furthermore, since we supposed that the relays
are operating in low noise conditions, here, we assume N, =
2N,. Slow Rayleigh flat fading channels are considered, with
a‘é(r) = %,r = 1,2,...,R. For
the power control scheme expressed in Section 4.1 (based
on the exact MGF), we have used MATLAB optimization
toolbox command “fmincon” designed to find the minimum
of the given constrained nonlinear multivariable function.
Figure 6 demonstrates that using the power control schemes
of Section 5, about 1 and 2 dB gain will be obtained for R = 2
and R = 3 cases, respectively, comparing to uniform power
allocation. The power control strategy given in Section 5.1
(exact MGF-based power control) has a slightly better
performance than the power control strategy presented in
Section 5.2 (Approximate MGF-based power control), at the
expense of higher computational complexity.

variance of oi(r) =

7. Conclusion

In this paper, we have shown that using maximum instanta-
neous SNR power allocation at the relays, subject to the fixed
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transmit power during the second phase, distributed space-
time codes under amplify and forward led to opportunistic
relaying. Therefore, the whole transmission power during
the second phase is transmitted by the relay with the best
channel conditions. We analyzed the SER performance of
the AF opportunistic relaying system with M-PSK and M-
QAM signals. Simulations are in accordance with the analytic
expressions. We also derived approximate BER formulas of
AF DSTC using the moment generating function method,
when M-PSK and M-QAM modulations are employed.
Simulation results confirmed that the theoretical expressions
have a similar performance to the Monte Carlo simulations
at high SNR values. Furthermore, we proposed two power
allocation methods based on minimizing the BER, which
are independent of the knowledge of instantaneous CSI.
Simulations showed that up to 2dB is achieved in the high
SNR region compared to an equal power transmission, when
using three relays.

Appendices
A. Proof of Proposition 2

Suppose X = Ifrl2 and Y = Ig,IZ, W}Ere X and Yhave
exponential distribution with mean of X = oj%r and Y =

0; , respectively. Therefore, the cumulative density function

(CDF) of Z = XY/(aY+b),wherea = Ny and b = Nz(aﬁPﬁ—
N1)/P;, can be presented to be

Pr{Z < z} = Pr{XY/(aY + b) < z}

J:Pr{X < Z(ayy-l—b)}py(y)dy

—z(ay+b)/Xy\ ,—y/Y
7 J ) e tdy

1 [ % —(ba/RrinT
=1- ijo efaz/Xef(bz/Xy-*—y/Y)dy

=1-2 e—uz/f bz K g
\ XY XY )’

where we have used [28, equation (3.324)] for the last
equality. The PDF of Z can be written as

(A1)

pz(z) = iPr{Z <z} = filz) + fr(2), (A.2)
where f(z) and f,(z) are defined as
filz) = ’“Z/XK (2 bz) (A.3)
XY ) '
_ % bZ —az/. E
flz) = T\ X7 K (2 XY) (A.4)
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where for the derivative of (d/dz)Pr{Z < z} we have used the
following equality [27]

LKy () = —xKy 1 () — 7K ().
dx

Now, using (A.2)—(A.4), and the fact that the PDF of the
random variable y, = P1Z is (1/Py) pz(y,/P1), we obtain the
result in (21).

(A.5)

B. Proof of Proposition 3

For deriving the PDF of ym. we should first find its CDF,
which can be written as

Pr{ymax <y} =Priy1 <y, 92 < p,...,yr < y}

R (B.1)
= [ [Prly, <y}
r=1

The second equality comes from the fact that we assumed
that all channel coefficients are independent of each others.
Then the PDF of ymay can be written as

d
Pmax()’) = IyPr{Ymn < Y}

(B.2)

M=

pr()] [Priy: <y}

itr

r=1

Replacing p.(y) and Pr{y; =< y} from (21) and (A.1),
respectively, in (B.2), the result given in (25) is obtained.

C. Proof of Theorem 1

Considering pmax(y) stated in (25), we can express Mmax(—s)
as

Mpax(—5) = -[O eisypmax()/)dy

ﬁ <1 — e‘B"V)dy

3 e

S —

#

R oo
= Zrzzl JO e~ (*By
AR (o) Bk 2

R
X nBi yR_ldy,
i=1
itr

(C.1)

where in the second equality we have approximated K; (x) =
1/x (see, e.g., [27, equation (9.6.8)]), and in the third equality
(1—e~87) is approximated by B;y. These approximations are
accurate for all values of B;, since the fact that e™*, Ky(x), and
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K (x) are decreasing functions of x in the integrand in (C.1),
and thus, the value of B;y around y = 0 is critical. Simplifying
(C.1), we get

R R
Mmax(_s) ~ 2ZA7 nBl

r=1 i=1
itr

% J:e—(ﬁBy) YKo (zm) YR_ldy
R R
w25 a (11
r=1 r=1
« J:e—(H—B,)yKl (2\/1?)/) ny(l/z)dy‘

The integrals in (C.2) denoted I; and I, respectively, can be
evaluated with the help of [28, equation (6.631)], which with
some extra manipulations leads to

(C2)

I2(R)(s + B,) ®*(? A
I - A/2sHB) 1y ( r )’
1 N/ e W_r+1/2),0 s+B,
(C.3)
T(R+ 1)I(R)(s+B,) * A,
I - GAV2AHB ( ))
2 2\/1Tr R,11/2 s+ Br

(C4)

where I'(n) is the gamma function of order n. Combining
(C.2), (C.3), and (C.4), the desired result given in (28) is
achieved.

D. Proof of Theorem 2

From (41)—(43), and by using a tractable definition of the
diversity gain in [31, equation (1.19)], we have

Gs= —lim log(Pe(R))
u=c log(u)
i 198(Q(, R)) +1og(Ci (4, R)) (D)
o log(u)
~ o log(p®) L log(log(w)
- im log (1) A, log (1) -

where in the second, third, and fourth equations, we have
used the I'Hoépital’s rule. Hence, it is proven that AF
opportunistic relaying scheme derived in Section 3 provides
full diversity of order R in a network consisting of R relays.
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