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INTRODUCTION

Tensor methods are of great interest since the development of multicomponent sensors. The acquired multicomponent data
are represented by tensors, that is, multiway arrays. This paper presents advances on filtering methods to improve tensor data
denoising. Channel-by-channel and multiway methods are presented. The first multiway method is based on the lower-rank
(Ki,...,Ky) truncation of the HOSVD. The second one consists of an extension of Wiener filtering to data tensors. When multiway
tensor filtering is performed, the processed tensor is flattened along each mode successively, and singular value decomposition of
the flattened matrix is performed. Data projection on the singular vectors associated with dominant singular values results in noise
reduction. We propose a synthesis of crucial issues which were recently solved, that is, the estimation of the number of dominant
singular vectors, the optimal choice of flattening directions, and the reduction of the computational load of multiway tensor
filtering methods. The presented methods are compared through an application to a color image and a seismic signal, multiway
Wiener filtering providing the best denoising results. We apply multiway Wiener filtering and its fast version to a hyperspectral
image. The fast multiway filtering method is 29 times faster and yields very close denoising results.

Copyright © 2008 Julien Marot et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

elements of a multiway array are accessed via several indexes.

Tensor data modelling and tensor analysis have been
improved and used in several application fields. These appli-
cation fields are quantum physics, economy, psychology,
data analysis, chemometrics [1]. Specific applications are
the characterization of DS-CDMA systems [2], and the
classification of facial expressions. For this application, a
multilinear independent component analysis [3] was created.
Another specific application is in particular the processing
and visualization of medical images obtained through mag-
netic resonance imaging [4].

Tensor data generalize the classical vector and matrix
data to entities with more than two dimensions [1, 5, 6].
In signal processing, there was a recent development of
multicomponent sensors, especially in imagery (color or
multispectral images, video, etc.) and seismic fields (an
antenna of sensors selects and records signals of a given
polarization). The digital data obtained from these sensors
are fundamentally multiway arrays, which are called, in
the signal processing community and in this paper in
particular, higher-order tensor objects, or tensors. Each
multiway array entry corresponds to any quantity. The

Each index is associated with a dimension of the tensor
generally called “nth-mode” [5, 7-10]. Measured data are
not fully reliable since any real sensor will provide noisy
and possibly incomplete and degraded data. Therefore, all
problems dealt with in conventional signal processing such as
filtering, restoration from noisy data must also be addressed
when dealing with tensor signals [6, 11].

In order to keep the data tensor as a whole entity,
new signal processing methods have been proposed [12—
15]. Hence, instead of adapting the data tensor to the
classical matrix-based algebraic techniques [16, 17] (by
rearrangement or splitting), these new methods propose
to adapt their processing to the tensor structure of the
multicomponent data. Multilinear algebra is adapted to
multicomponent data. In particular, it involves two tensor
decomposition models. They generalize that the matrix SVD
has been initially developed in order to achieve a multimode
principal component analysis and recently used in tensor
signal processing. They rely on two models: PARAFAC and
TUCKER3 models.

(1) The PARAFAC model and the CANDECOMP model
developed in [18, 19], respectively. In [20], the link was



EURASIP Journal on Advances in Signal Processing

set between CANDECOMP and PARAFAC models. The
CANDECOMP/PARAFAC model, referred to as the CP
model [21], has recently been applied to food indus-
try [22], array processing [23], and telecommunications
[2]. PARAFAC decomposition of a tensor containing data
received on an array of sensors yields strong identifiability
results. Identifiability results depend firstly on a relationship
between the rank, in the sense of PARAFAC decomposi-
tion, of the data tensor, secondly on the Kruskal rank of
matrices which characterize the propagation and source
amplitude.

In particular, nonnegative tensor factorization [24] is
used in multiway blind source separation, multidimensional
data analysis, and sparse signal/image representations. Fixed
point optimization algorithm proposed in [25] and more
specifically fixed-point alternating least squares [25] can be
used to achieve such a decomposition.

(2) The TUCKER3 model [10, 26] adopted in higher-
order SVD (HOSVD) [7, 27] and in LRTA-(Kj,...,Ky)
(lower-rank (Kj,...,Ky) tensor approximation) [8, 28,
29]. We denote by HOSVD-(K;,...,Ky) the truncation
of HOSVD, performed with ranks (Kj,...,Ky), in modes
1,...,N, respectively. This model has recently been used
as multimode PCA in seismics for wave separation based
on a subspace method, in image processing for face
recognition and expression analysis [30, 31]. Indeed tensor
representation improves automatic face recognition in an
adapted independent component analysis framework. “Mul-
tilinear independent component analysis” [30] distinguishes
between different factors, or modes, inherent to image
formation. In particular, this was used for classification of
facial expressions. The TUCKER3 model is also used for
noise filtering of color images [14].

Each decomposition method corresponds to one defini-
tion of the tensor rank. PARAFAC decomposes a tensor into
a summation of rank one tensors. The HOSVD-(Kj,...,Ky)
and the LRTA-(Kj,...,Ky) rely on the nth-mode rank
definition, that is, the matrix rank of the tensor nth-mode
flattening matrix [7, 8]. Both methods perform data projec-
tion onto a lower-rank subspace. In this paper, we focus on
data denoising [6, 11] by HOSVD-(Kj,...,Ky), lower-rank
(Ki,...,Kyn) approximation, and multiway Wiener filtering
[6]. Lower-rank (Kj,...,Ky) approximation and multiway
Wiener filtering were further improved in the past two years.
Some crucial issues were recently solved to improve tensor
data denoising. Statistical criteria were adapted to estimate
the values of signal subspace ranks [32]. A particular choice
of flattening directions improves the results in terms of signal
to noise ratio [33, 34]. Multiway filtering algorithms rely on
alternating least squares (ALS) loops, which include several
costly SVD. We propose to replace SVD by the faster fixed
point algorithm proposed in [35]. This paper is a synthesis
of the advances that solve these issues. The motivation is
that by collecting papers from a range of application areas
(including hyperspectral imaging and seismics), the field of
tensor signal denoising can be more clearly presented to the
interested scientific community, and the field itself may be
cross-fertilized with concepts coming from statistics or array
processing.

Section 2 presents the tensor model and its main prop-
erties. Section 3 states the tensor filtering issue. Section 4
presents classical channel-by-channel filtering methods.
Section 5 reminds the principles of two multiway tensor
filtering methods, namely lower-rank tensor approximation
(LRTA) and multiway Wiener filtering (MWE), developed
over the past few years. Section 6 presents all recently pro-
posed improvements for multiway tensor filtering methods
which permit an adequate choice of several parameters
for multiway filtering methods. The parameter choice is
performed as follows: the signal subspace ranks are estimated
by a statistical criteria, nonorthogonal tensor flattening
for the improvement of tensor data denoising when main
directions are present, and fast versions of LRTA and MWF
obtained by adapting fixed point and inverse power algo-
rithms for the estimation of leading eigenvectors and smallest
eigenvalue. Section 7 exemplifies the presented algorithms by
an application to color image and seismic signal denoising;
we study the computational load of LRTA and MWF and
their fast version by an application to hyperspectral images.

2. DATA TENSOR PROPERTIES

We define a tensor of order N as a multidimensional array
whose entries are accessed via N indexes. A tensor is denoted
by A € Cl>¢*Iv where each element is denoted by a;,...;y,
and C is the complex manifold. An order N tensor has size
I, in mode n, where n refers to the nth index. In signal
processing, tensors are built on vector spaces associated with
quantities such as length, width, height, time, color channel,
and so forth. Each mode of the tensor is associated with
one quantity. For example, seismic signals can be modelled
by complex valued third-order tensors. Tensor elements
can be complex values, to take into account the phase
shifts between sensors [6]. The three modes are associated,
respectively, with sensor, time, and polarization. In image
processing, multicomponent images can be modelled as
third-order tensors: two dimensions for rows and columns,
and one dimension for the spectral channel. In the same
way, a sequence of color images can be modelled by a
fourth-order tensor by adding to the previous model one
mode associated with the time sampling. Let us define E
as the nth-mode vector space of dimension I,, associated
with the nth-mode of tensor «. By definition, E™ is
generated by the column vectors of the nth-mode flattening
matrix. The nth-mode flattening matrix A, of tensor A €
RI<xIv s defined as a matrix from R»*M: where M, =
Livilya - - - INLiL - - - I,—;. For example, when we consider
a third-order tensor, the definition of the matrix flattening
involves the dimensions I;, I, I3 in a backward cyclic way
[7, 21, 36]. When dealing with a 1st-mode flattening of
dimensionality I; X (I,I3), we formally assume that the index
i, values vary more slowly than index i3 values. For all n = 1
to 3, A, columns are the I,,-dimensional vectors obtained
from + by varying the index i, from 1 to I, and keeping the
other indexes fixed. These vectors are called the nth-mode
vectors of tensor +4. In the following, we use the operator
“Xy” as the “nth-mode product” that generalizes the matrix
product to tensors. Given 4 € RI* <IN and a matrix
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U € R/, the nth-mode product between tensor 4 and
matrix U leads to the tensor B8 = A X, U, which is a tensor of
RID< T uxTua X I ywhose entries are

IYI
bil el fudner i T Z iy vy =iy Wi (1)

ip=1

Next section presents the principles of subspace-based tensor
filtering methods.

3. TENSORFILTERING PROBLEM FORMULATION

The tensor data extend the classical vector data. The
measurement of a multiway signal X by multicomponent
sensors with additive noise N results in a data tensor R such
that

R=X+N. (2)

R, X,and N are tensors of order N from R *I¥_ Tensors
N and X represent noise and signal parts of the data,
respectively. The goal of this study is to estimate the expected
signal X thanks to a multidimensional filtering of the data
(6,11, 13, 14]:

/:)Z = ﬁX]H(I)XzH(z)X3 L XNH(N); (3)

Equation (3) performs nth-mode filtering of data tensor R
by nth-mode filter H™.

In this paper, we assume that the noise M is independent
from the signal X, and that the nth-mode rank K, is smaller
than the nth-mode dimension I, (K, < I,, Vn = 1to N).
Then, it is possible to extend the classical subspace approach
to tensors by assuming that, whatever the nth-mode, the
vector space E™ is the direct sum of two orthogonal

subspaces, namely, E\"”’ and E{", defined as

(1) E(ln) is the subspace of dimension K, spanned by the
K, singular vectors and associated with the K, largest

singular values of matrix X,; Ei”) is called the signal
subspace [37-40];

(ii) Eg”) is the subspace of dimension I,, — K,,, spanned by
the I, — K,, singular vectors and associated with the
I, — K, smallest singular values of matrix X,; Eg") is
called the noise subspace [37-40].

Hence, one way to estimate signal tensor X from noisy
data tensor R is to estimate E\" in every nth-mode of R.
The following section presents tensor channel-by-channel
filtering methods based on nth-mode signal subspaces.
We present further a method to estimate the dimensions
Ki, Ky, ..., KN.

4. CHANNEL-BY-CHANNEL FILTERING

The classical algebraic methods operate on two-dimensional
data matrices and are based on the singular value decom-
position (SVD) [37, 41, 42], and on Eckart-Young theorem

concerning the best lower-rank approximation of a matrix
[16] in the least-squares sense. Channel-by-channel filtering
consists first of splitting data tensor &R, representing the
noisy multicomponent image into two-dimensional “slice
matrices” of data, each representing a specific channel.
According to the classical signal subspace methods [43], the
left and right signal subspaces, corresponding to, respectively,
the column and the row vectors of each slice matrix, are
simultaneously determined by processing the SVD of the
matrix associated with the data of the slice matrix. Let
us consider the slice matrix R(:,:13,...,ij,...,iy) of data
tensor R. Projectors P on the left signal subspace and Q on
the right signal subspace are built from, respectively, the left
and the right singular vectors associated with the K largest
singular values of R(:,:,13,...,4j,...,in). The parameter K
simultaneously defines the dimensions of the left and right
signal subspaces. Applying the projectors P and Q on the
slice matrix R(:,:,13,...,1j,...,iy) amounts to compute its
best lower-rank K matrix approximation [16] in the least-
squares sense. The filtering of each slice matrix of data tensor
R separately is called in the following “channel-by-channel”
SVD-based filtering of R. It is detailed in [5].

Channel-by-channel SVD-based filtering is appropriate
only on some conditions. For example, applying SVD-based
filtering to an image is generally appropriate when the rows
or columns of an image are redundant, that is, linearly
dependent. In this case, the rank K of the image is equal
to the number of linearly independent rows or columns.
It is only in this case that it would be safe to throw out
eigenvectors from K + 1 on.

Other channel-by-channel processings are the following:
consecutive Wiener filtering of each channel (2D-Wiener),
PCA followed by 2D-Wiener (PCA-2D Wiener), or soft
wavelet threshold (SWT). PCA aims at decorrelating the data
(PCA-2D SWT) [44-46).

Channel-by-channel filtering methods exhibit a major
drawback; they do not take into account the relationships
between the components of the processed tensor. Next
section presents multiway filtering methods that process
jointly all data ways.

5. REVIEW OF MULTIWAY FILTERING METHODS

Multiway filtering methods process jointly all slice matrices
of a tensor, which improves the denoising results compared
to channel-by-channel processings [6, 11, 13, 14, 32].

5.1. Lower-rank tensor approximation

The LRTA-(Kj,...,Ky) of R minimizes the tensor Frobenius
norm (square root of the summation of squared modulus
of all terms) [[R — B|| subject to the condition that 8 €
RI*Iv §s a rank-(Kj,...,Ky) tensor. The description
of TUCKALS3 algorithm, used in lower-rank (Kj,...,Ky)
approximation is provided in Algorithm 1.

According to step 3(a)i, 8" represents data tensor R
filtered in every mth-mode but the nth-mode, by projection-
filters P, with m #n, | = kifm >nandl = k+ 1 if m <
n. TUCKALS3 algorithm has recently been used to process
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(a) nth-mode flatten R into matrix R,,,

(b) compute the SVD of R,,,
(n)

By = RxPUx, - xyPY.
(3) ALS loop

(a)forn =1to N,
(i) form BUk:

iii) compute matrix C"* = B{"**RT,
p n

(v) compute Pl(cﬂ = Ul(cﬂU;ci)lT >
(b) compute By, = Rx P %5 - - - xyPY),
(c¢) increment k.
(4) Output

(1) Input: data tensor R and dimensions Kj, ..., Ky of all nth-mode signal subspaces.
(2) Initialization k = 0: for n = 1 to N, calculate the projectors PE)") given by HOSVD-(Kj,...,Ky):

(c) compute matrix Uy formed by the K, eigenvectors associated with the K, largest singular values of R,,.
UL is the initial matrix of the nth-mode signal subspace orthogonal basis vectors,

(d) form the initial orthogonal projector P{” = Ué")Ug")l on the nth-mode signal subspace,
(e) compute the truncation of HOSVD, with signal subspace ranks (Kj, ..., Ky), of tensor R given by

Repeat until convergence, that is, for example, while || Bi1 — Bkll 2se >0, being a prior fixed threshold,

1 -1 1 N
B0k = R P %o+ X P X PU T X - -y PEY,
(ii) nth-mode flatten tensor B™* into matrix B/,

(iv) compute matrix U;:r)l composed of the K, eigenvectors associated with the K, largest eigenvalues of C"k,
U,(C”) is the matrix of the nth-mode signal subspace orthogonal basis vectors at the kth iteration,

The estimated signal tensor is obtained through X = RXIPZBOP X+ X NP,(CIS\QP. X is the lower-rank (Ki,. .., Ky)
approximation o R, where Ky, is the index of the last iteration after the convergence of TUCKALS3 algorithm.

ArLgoriTHM 1: Lower-rank (Kj, ..., Ky) approximation—TUCKALS3 algorithm.

a multimode PCA in order to perform white noise removal
in color images, and denoising of multicomponent seismic
waves [11, 14].

5.2. Multiway wiener filtering

Let Ry, X,, and N, be the nth-mode flattening matrices
of tensors R, X, and N, respectively. In the previous
subsection, the estimation of signal tensor X has been
performed by projecting noisy data tensor R on each nth-
mode signal subspace. The nth-mode projectors have been
estimated thanks to multimode PCA achieved by lower-
rank (Kj,..., Ky) approximation. In spite of the good results
provided by this method, it is possible to improve the tensor
filtering quality by determining nth-mode filters H", n = 1
to N, in (3), which optimize an estimation criterion. The
most classical method is to minimize the mean square error
between the expected signal tensor X and the estimated

signal tensor X given in (3):

e(HD, ... ,HN)

(4)
= E[[|X = Rx;HVx, - - - xy HM|?].

Due to the criterion which is minimized, filters H®, n = 1

to N, can be called “nth-mode Wiener filters” [6].
According to the calculations presented in [6], the

minimization of (4) with respect to filter H™, for fixed

H"), m # n, leads to the following expression of nth-mode
Wiener filter [6]:

-1
HY = Tk - (5)

The expressions of yg(’ﬁ and 1"5{"1% can be found in [6]. yg(”l%

depends on data tensor R and on signal tensor X. rﬁ;{ only
depends on data tensor R.

In order to obtain H™ through (5), we suppose that the
filters {H™), m = 1 to N, m # n} are known. Data tensor
R is available, but signal tensor X is unknown. So, only
the term Fi{ﬁ can be derived, and not the term y%nﬁ. Hence,
some more assumptions on X have to be made in order
to overcome the indetermination over yg(”ﬁ [6, 13]. In the
one-dimensional case, a classical assumption is to consider
that a signal vector is a weighted combination of the signal
subspace basis vectors. In extension to the tensor case, [6, 13]
have proposed to consider that the nth-mode flattening
matrix X, can be expressed as a weighted combination of K,

vectors from the nth-mode signal subspace EE"):
X, = vWow, (6)

with X, € RI»>*Mi and v e RIxKn being the matrix
containing the K;, orthonormal basis vectors of nth-mode
signal subspace E§">. Matrix O € RK>M» j5 3 weight matrix
and contains the whole information on expected signal
tensor X. This model implies that signal nth-mode flattening
matrix X, is orthogonal to nth-mode noise flattening matrix
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N, since signal subspace Eg") and noise subspace Eg") are
supposed mutually orthogonal. Supposing that noise N in
(2) is white, Gaussian, and independent from signal X, and
introducing the signal model equation (6) in (5) leads to a
computable expression of nth-mode Wiener filter H™ (see

[6]):
-1
H = VygoAf) v, (7
We define matrix T as

T(ﬂ) — H(l) R ® H(”*l) ® H(”‘H) ®---Q H(N)) (8)

where ® stands for Kronecker product, and matrix Q™ as

T

Q(n) I NSO N0 (9)

In (7), y((';(),A(r'l)il is a diagonal weight matrix given by

YopAL = diag[ﬁ%,...,ﬁf”], (10)
M Ak,
where A{,...,)L%n are the K, largest eigenvalues of Q-

weighted covariance matrix r;”,{ = E[R,Q"R!]. Parameters
Bi>..., Bk, depend on M’,...,)L}én which are the K, largest
eigenvalues of T -weighted covariance matrix

yﬁ{g = E[R, TR, according to the following relation:

2
B, =AM —at”, Vki=1,...,Ky (11)

Superscript yp refers to the T -weighted covariance, and

2
subscript T to the Q™-weighted covariance. o\" is the

degenerated eigenvalue of noise T(-weighted covariance

matrix yuy = E[N, T®NT]. Thanks to the additive noise and
the signal independence assumptions, the I, — K,, smallest

2
eigenvalues of yi{ﬁ are equal to 0;") , and thus, can be

estimated by the following relation:

I,
~(n)? 1 y
or = g A (12)
r In - Kn k,=K,+1 o

In order to determine the nth-mode Wiener filters
H™ that minimizes the mean square error (see (4)), the
alternating least squares (ALSs) algorithm has been proposed
in [6, 13]. It can be summarized in Algorithm 2.

Both lower-rank tensor approximation and multiway
tensor filtering methods are based on singular value decom-
position. We propose to adapt faster methods to estimate
only the needed leading eigenvectors and dominant eigen-
values.

6. CHOICE OF PARAMETERS FOR MULTIWAY
FILTERING METHODS

6.1. nth-mode signal subspace rank estimation by
statistical criteria

The subspace-based tensor methods project the data onto
a lower-dimensional subspace of each nth-mode. For the

LRTA-(K}, K>, ..., Ky), the (K3, Ky, . . ., Ky)-parameter is the
number of eigenvalues of the flattened R, (for n = 1
to N) which permits an optimal approximation of R in
the least squares sense. For the multiway Wiener filter, it
is the number of eigenvalues which permits an optimal
restoration of X in the least mean squares sense. In a
noisy environment, it is equivalent to the useful nth-mode
signal subspace dimension. Moreover, because the eigenvalue
distribution of the nth-mode flattened matrix R, depends
on the noise power of N, the K,-value decreases when noise
power increases.

Finding the correct K,-values which yield an optimum
restoration appears, for two reasons, as a good strategy to
improve the denoising results [32]. Actually, for all nth-
modes, if K, is too small, some information is lost after
restoration, and if K, is too large, some noise may be
included in the restored information. Because the num-
ber of feasible (Kj,Kj,...,Ky) combinations is equal to
L-L----- Iy which may be large, an estimation method
is chosen rather than empirical method. We review a
method, for the K,-value estimation for each nth-mode,
which adapts the well-know minimum description length
(MDL) detection criterion [47]. The optimal signal subspace
dimension is obtained by minimizing MDL criterion. The
useful signal subspace dimension is equal to the lower nth-
mode rank of the nth-mode flattened matrix R,,.

Consequently, for each mode, the MDL criterion can be
expressed as

D A (In=k) My
i=k+17%i

(/I = ) St A (13)
N %k(ZIn — k)log My,

MDL(k) = —log(

When we consider lower-rank tensor approximation,
(Ai)1<i<i, are either the I, singular values of R, (see step
2c of Algorithm 1), or the the I, eigenvalues of Ck (see
step (3)(a)iv). When we consider multiway Wiener filtering,
(Ai)1<i<1, are the I, eigenvalues of either matrix y%{ or matrix
r;”,{ (see steps 2(a)iiB and 2(a)iiE).

The nth-mode rank K,, is the value of k (k € [1,...,I, —
1]) which minimizes MDL criterion.

The estimation of the signal subspace dimension of each
mode is performed at each ALS iteration.

6.2. Flattening directions for SNR improvement

To improve denoising quality, flattening is performed along
main directions in the image, which are estimated by SLIDE
algorithm [48].

6.2.1. Rank reduction and flattening directions

Let us consider a matrix A of size I; XI; which could represent
an image containing a straight line. The rank of this matrix
is closely linked to the orientation of the line: an image with
a horizontal or a vertical line has rank 1, else it is more
than one. The limit case is when the straight line is along
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(2) ALS loop:

(a)forn=1to N,
(i) form R(Mk;

(B) compute ygp = E[RnRE,")‘kT],

(

(

(E) compute Iy = E[RE")‘kR(nn)‘kT],

-1
(H) compute the weight matrix ygg)A(rZ>

(b) form RE1 = R HY, %, - - - xyHY ),
(c) increment k.

(3) output: X = RXIH&)@XZ cee ><NH<N>

kstop

(1) Initializationk = 0: R° = R < Hf)”) = I, identity matrix, foralln = 1 to N.

repeat until convergence, that is, || R+ _ Rk H2 < ¢, with &€ > 0 a prior fixed threshold,

1 -1 1 N
Rk = Rleﬁﬁ)lxz . ><,,,1H,(<'§I '} HY Y X ><NH,(< ),
. . . FR .
(ii) determine H{”, = argmin,, [| % — R™#x,Z® || subject to Z™ & R thanks to the following procedure:
(A) nth-mode flatten R* into Ry = R,(H{, ® - - - e H{"," e H{"" & - - - ® H{")", and R into R,,,

C) determine )L{, . ,)L,y(n, the K, largest eigenvalues of yi{}i,
2
D) for k, = 1 to I,,, estimate ar(") thanks to (12) and for k, = 1 to K,,, estimate 3, thanks to (11),

(F) determine A}, ... ,/\g(n, the K, largest eigenvalues of Fi{i{,
(G) determine VE"), the matrix of the K, eigenvectors associated with the K, largest eigenvalues of F;{“R),

given in (10),
(I) compute H,(CTI, the nth-mode Wiener filter at the (k + 1)th iteration, using (7),

, with kgop being the last iteration after convergence of the algorithm.

ALGORITHM 2

a diagonal, in this case, the rank of the matrix is I;. This is
also true for tensors. If a color image has been corrupted
by a white noise, a lower-rank approximation performed
with the rank of the nth-mode signal subspace leads to the
reconstruction of initial signal. In the case of a straight line
along a diagonal of the image, the signal subspace is equal
to the minimum dimension of the image. In this case, no
truncation can be done without loosing information and
the image cannot be restored this way. If the line is either
horizontal or vertical, the truncation to rank-(K; = 1, K, =
1, K3 = 3) leads to a good restoration [34].

6.2.2. Estimation of main directions

To retrieve main directions, a classical method is the Hough
transform [49]. In [48, 50], an analogy between straight
line detection and sensor array processing has been drawn.
This method can be used to provide main directions of an
image. The whole algorithm is called subspace-based Llne
DEtection (SLIDE). The number of main directions is given
by MDL criterion [47]. The main idea of SLIDE is to generate
virtual signals out of the image to set the analogy between
localization of sources in array processing and recognition
of straight lines in image processing. Principles of SLIDE are
detailed in [48]. In the case of a noisy image containing d
straight lines, the signal measured at the /th row of the image
is [48]

d
z1 = Zej‘u(lfl)tan Ok . o= Jtxo, 4 n,
k=1

I=1,...,N, (14)

where y is a propagation parameter [48], n; is the noise
resulting from outlier pixels at the /th row. Starting from this

signal, the SLIDE method [48, 50] estimates the orientation
Ok of the d straight lines. Defining

aj() = eiH=Dtanbe g — o= jpry (15)
we obtain
d
zZ = Zal(ek)sk +n, VI=1,...,N. (16)
k=1

Thus, the N X 1 vector z is defined by
z=As+n, (17)

where z and n are N X 1 vectors corresponding, respectively,
to received signal and noise, A is a N X d matrix and s is
the d x 1 source signal vector. This relation is the classical
equation of an array processing problem.

SLIDE algorithm uses TLS-ESPRIT algorithm, which
splits the array into two subarrays [48]. SLIDE algorithm
[48, 50] provides the estimation of the angles 0:

Y B o (lg] _
m_m[wmmm|,k4w¢ (18)

where A is the displacement between the two subarrays,
A k = 1,..., M} are the eigenvalues of a diagonal unitary
matrix that relates the measurements from the first subarray
to the measurements resulting from the second subarray, and
“Im” stands for “imaginary part.” Details of this algorithm
can be found in [48].

The orientation values obtained enable us to flatten the
data tensor along the main directions in the tensor. This
first improvement reduces the blur effect induced by Wiener
filtering in the result image.
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6.3. Fast multiway filtering methods

We present in the general case the fast fixed-point algorithm
proposed in [35] for computing K leading eigenvectors of
any matrix C, and show how, in particular, this algorithm
can be inserted in an ALS loop to compute signal subspace
projectors for each mode. We present the inverse power
method which estimates the leading eigenvalues and shows
how it can be inserted in multiway filtering algorithm to
compute the weight matrix for each mode.

6.3.1.  Fastsingular vector estimation

One way to compute the K orthonormal basis vectors of any
matrix Cis to use the fixed-point algorithm proposed in [35].

Choose K, the number of required leading eigenvectors
to be estimated. Consider matrix C and set iteration index
p < L. Seta threshold #. For p = 1 to K.

(1) Initialize eigenvector u,, whose length is the number
of lines of C (e.g., randomly). Set counter it — 1 and

ug — Up. Set ug as a random vector.

(2) While [[ult "wit = — 1)l <,

(a) update ujj as ujy — Cuj,

(b) do the Gram-Schmidt orthogonalization pro-

it it _ 5=y
cessuy —wy — >y (up uj)uj,
(c) normalize ul! by dividing it by its norm: uit —
p OY g Y p
it /] it
wy/[[ugll,

(d) increment counter it — it + 1.

(3) Increment counter p — p + 1 and go to step (1) until
p equals K.

The eigenvector with dominant eigenvalue will be estimated
first. Similarly, all the remaining K — 1 basis vectors
(orthonormal to the previously estimated basis vectors) will
be estimated one by one in a reducing order of dominance.
The previously estimated (p — 1)th basis vectors will be used
to find the pth basis vector. The algorithm for pth basis
vector will converge when the new value uj; and old value
u,, are such that u;Tup is close to 1. The smaller #, the more
accurate the estimation. Let U = [uju; - - - ug ] be the matrix
whose columns are the K orthonormal basis vectors. Then,
UUT is the projector onto the subspace spanned by the K
eigenvectors associated with dominant eigenvalues.

So fixed-point algorithm can be wused in LRTA-
(K1, K>,...,Ky) to retrieve the basis vectors U(()”) in steps
(2)b, (2)c, and the basis vectors U;cn) in step 3(a)iv. Thus,
the initialization step is faster since it does not need the I,
basis vectors but only the K, first ones and it does not need
in step (2)b the SVD of the data tensor nth-mode flattening
matrix R,. In multiway Wiener filtering algorithm, fixed-
point algorithm can replace every SVD to compute the K,

largest eigenvectors of matrix V" in step 2(a)iiG.

6.3.2. Fastsingular value estimation

Fixed-point algorithm is sufficient to replace SVD in lower-
rank tensor approximation, but we notice that, when mul-
tiway Wiener filtering is performed, the eigenvalues of ygi%
are required in step 2(a)iiC, and the eigenvalues of rﬁ{ﬁ are
required in step 2(a)iiF. Indeed, multiway Wiener filtering
involves weight matrices which depend on eigenvalues of
signal and data covariance flattening matrices yg’,{ and
I‘i{i{ (see (10)). This can be achieved in steps 2(a)iiC
and 2(a)iiF of multiway Wiener filtering algorithm by the
following calculation involving the previously computed
leading eigenvectors: Vﬁ;)TyRR(ng;’) = diag{[M,..., AL 1},
and Vi?)TI‘RRm)VEf’) = diag{[A},..., A%, ]}, respectively.

Matrix V' (resp., V) contains the K, leading eigen-
vectors of yRR(”) (resp., Trr'™) associated with the K, largest
eigenvalues. These eigenvectors are obtained by fixed point
algorithm.

Here is the detail of the way we obtained the K,
eigenvalues of matrices ypg ™ and Trg".

We give some details concerning matrix ygg "':

, ;
Yre"” = Viﬁ)Aﬁ’;)Vg) +V2’;)A2’;)V,(1’;) . (19)

When we multiply ypp™ left by VE;”T and right by V1,
we obtain

T .
VO yer VI = AL +0 = ALY = diag{[A],..., Ak, 1}
(20)

Sim(ilz)ntrly are obtained the dominant eigenvalues of matrix
I'rr ),

Thus, Bk, can be computed following (11). But multiway
Wiener filtering also requires the I, — K, smallest eigenvalues
of yge™, equal to 61" (see step 2(a)iiD of Wiener algorithm
and (12)). Thus, we adapt the inverse power method to
retrieve ypp " smallest eigenvalue.

(1) Initialize randomly xq of size K, X 1.
(2) While [lx — xol/1Ix]| < e do

(a) x — )’RR(Wl "X0,
(b) A — lIxIl,

(c) x — x/A,

(d) xo — x,

3) ot = /M.

2
Therefore, UE") can be estimated in step 2(a)iiD, and the

calculation of (10) can be performed in a fast way.

7. APPLICATION OF MULTIWAY FILTERING METHODS

We apply the reviewed methods to the denoising of a
color image and of a hyperspectral image. In the first case,
we compare multiway tensor data denoising methods with
channel-by-channel SVD. In the second case, we concentrate
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FiGure 1: (a) Nonnoisy image. (b) Image to be processed, impaired by an additive white noise, with SNR = 8.1 dB. (¢) Channel-by-channel
SVD-based filtering of parameter K = 30. (d) Lower-rank (30, 30, 2) approximation. (¢) MWF-(30, 30, 2) filtering.
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F1GURE 2: Polarization component 1 of a seismic signal: nonnoisy impaired results with LRTA-(8, 8, 3), and result with MWEF-(8, 8, 3).
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FiGure 3: Computational times (s) as a function of the number of rows and columns: tensor filtering using (a) LRFP (-*-), LRTA (-- -); (b)

MWEP (-%-), MWSVD (- -).
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on the required computational times. The subspace ranks are
estimated by MDL criterion unless it is specified.

A multiway white noise & which is added to signal tensor
X can be expressed as

N =a-§, (21)

where every element of § € R!*2XL i an independent
realization of a normalized centered Gaussian law, and where
a is a coefficient that permits to set the noise power in data
tensor R.

To evaluate quantitatively the results obtained by the pre-
sented methods, we define the signal to noise ratio (SNR, in
dB) in the noisy data tensor by SNR = 10 log(|| X [12/[|V [|?),
and to a posteriori verify the quality of the estimated
signal tensor, we use the normalized quadratic error (NQE)

criterion defined as follows: NQE(/DE) = IIX — X%/ %112,

7.1. Denoising of a color image impaired by
additive noise

Let us consider the “sailboat” standard color image of
Figure 1(a) represented as a third-order tensor X &
R256x256x3 The ranks of the signal subspace for each mode
are set as 30 for the 1st mode, 30 for the 2nd mode, and
2 for the 3rd mode. This is fixed thanks to the following
process. For Figure 1(a), we took the standard nonnoisy
“sailboat” image and we artificially reduced the ranks of the
nonnoisy image, that is, we set the parameters (K, K3, K3) to
(30, 30, 2), thanks to the truncation of HOSVD. This permits
to ensure that, for each mode, the rank of the signal subspace
is lower than the corresponding dimension. This also permits
to evaluate the performance of the filtering methods applied,
independently from the accuracy of the estimation of the
values of the ranks by MDL or AIC criterion.

Figure 1(b) shows the noisy image resulting from the
impairment of Figure 1(a) and represented as R = X + N.
Third-order noise tensor  is defined by (21) by choosing «
such that, considering the definition above, the SNR in the
noisy image of Figure 1(b) is 8.1dB. In these simulations,
the value of the parameter K of channel-by-channel SVD-
based filtering, the values of the dimensions of the row, and
column signal subspace are supposed to be known and fixed
to 30. In the same way, parameters (K;, K3, K3) of lower-
rank (K, K3, K3) approximation are fixed to (30,30,2). The
channel-by-channel SVD-based filtering of noisy image R
(see Figure 1(b)) yields the image of Figure 1(c), and lower-
rank (30, 30,2) approximation of noisy data tensor R yields
the image of Figure 1(d). The NQE criterion permits a
quantitative comparison between channel-by-channel SVD-
based filtering, LRTA-(30, 30,2), and MWF-(30,30,2). The
obtained NQE is, respectively, 0.09 with channel-by-channel
SVD-based filtering, 0.025 with LRTA-(30,30,2), and 0.01
with MWEF-(30, 30,2). From the resulting image, presented
on Figure 1(d), we notice that dimension reduction leads to
a loss of spatial resolution. However, the choice of a set of
values K3, K3, K3 which are small enough is the condition for
an efficient noise reduction effect.

Therefore, a tradeoff should be considered between noise
reduction and detail preservation. When MDL criterion

[32, 47] is applied to the left singular values of the
flattening matrices computed over the successive nth-modes,
the correct tradeoff is automatically reached. In the next
simulation, a multicomponent seismic wave is received on
a linear antenna composed of 10 sensors. The direction
of propagation of the wave is assumed to be contained in
a plane which is orthogonal to the antenna. The wave is
composed of three components, represented as signal tensor
X. Each consecutive component presents a /2 radian phase
shift. Figure 2 represents nonnoisy component 1, impaired
component 1 (SNR = —10dB), the results of denoising
by LRTA-(8,8,3), and MWF-(8,8,3) (NQE = 0.8 and 3.8,
resp.).

7.2. Hyperspectral images: denoising results and
compared computational loads

The proposed fast lower-rank tensor approximation, that
we name lower-rank fixed point (LRFP), and the proposed
fast multiway Wiener filtering, that we name multiway
Wiener fixed point (MWEP), are compared with the versions
of lower-rank tensor approximation and multiway Wiener
filtering which use SVD, respectively, named lower-rank
tensor approximation (LRTA) and multiway Wiener SVD
(MWSVD).

The proposed and comparative methods can be applied
to any tensor data, such as color image, multicomponent
seismic signals, or hyperspectral images [6]. We exemplify
the proposed method with hyperspectral image (HSI)
denoising. The HSI data used in the following experiments
are real-world data collected by HYDICE imaging, with a
1.5m spatial and 10 nm spectral resolution and including
148 spectral bands (from 435 to 2326 nm). Then, HSI data
can be represented as a third-order tensor, denoted by R €
RI>EXE A multiway white noise M is added to signal tensor
X. We consider HSI data with a large amount of noise,
by setting SNR = 3 dB. We process images with various
number of rows and columns, to study the proposed and
compared algorithm speed as a function of the data size.
Fach band has from I} = I, = 20 to 256 rows and columns.
Number of spectral bands I is fixed to 148. Signal subspace
ranks (K, K3, K3) chosen to perform lower-rank (K3, K3, K3)
approximation are equal to (10,10,15). Parameter # (see
Section 6.3.1) is fixed to 107°, and 5 iterations of the ALS
algorithm are needed for convergence. Figure 3(a) (resp.,
(b)) provides the evolution of computational times for both
LRFP and LRTA-based (resp., MWFP and MWSVD-based)
tensor data denoising, for values of I; and I, varying between
60 and 256, in second, with a 3.0 Ghz PC running windows
(same conditions are used throughout all experiments).
Considering an image with 256 rows and columns, LRFP-
based method leads to SNR = 17.03 dB with a computational
time equal to 68 seconds and LRTA-based method leads
to SNR = 17.20dB with a computational time equal to
43 minutes, 22 seconds. Then with these image sizes, and
the ratios Ki/I; = Ky/L=4107%, and K3/I;= 110", the
proposed method is 38 times faster, yielding SNR values that
differ by less than 1%. MWFP-based method leads to SNR =
17.11 dB with a computational time equal to 36 seconds and



10

EURASIP Journal on Advances in Signal Processing

50 100 150 200 250
(a) Raw HSI data

50

100

150

200

250
50 100 150 200 250

(b) Noised HSI data

50

100

150

200

250

50 100 150 200 250

(c) denoising Result

FIGURE 4: HSI image: results obtained by lower-rank tensor
approximation using LRFP, LRTA, MWEP, or MWSVD.

MWSVD-based method leads to SNR = 17.27dB with a
computational time equal to 17 minutes, 4 seconds. Then,
the proposed method is 29 times faster, yielding SNR values
that differ by less than 1%. The gain in computational times
is particularly pronounced with Ki/I;, Ky/L,, and Ks/I3
ratio values which are relatively low, which is relevant for
denoising applications. Figure 4(a) is the raw image with
I, = I, = 256; Figure4(b) provides the noised image;
Figure 4(c) is the denoising result obtained by the LRTA
algorithm. Results obtained with LRFP, MWEFP, or MWSVD
algorithms look very similar.

8. CONCLUSION

This paper deals with tensor data denoising methods,
and last advances in this field. We review lower-rank

tensor approximation (LRTA) and multiway Wiener filtering
(MWF), and remind they yield good denoising results,
especially compared to channel-by-channel SVD-based pro-
cessing. These methods rely on tensor flattening along each
mode, and on the projection of the data upon a useful signal
subspace. We propose a synthesis of the last advances in
tensor signal processing methods. We show how the signal
subspace ranks can be estimated by statistical criteria; we
demonstrate that, by flattening tensors along main direc-
tions, output SNR is improved, and propose to use the fast
SLIDE algorithm to retrieve these main directions; we adapt
fixed-point algorithm and inverse power method to replace
the costly SVD in lower-rank tensor approximation and
multiway Wiener filtering methods, thus obtaining much
faster algorithms. We exemplify the proposed improved
methods on a seismic signal, color, and hyperspectral images.
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