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Abstract
With the increasingly diverse and complex requirements of radar systems and communication systems, the
application of multifunction-phased array radar has become a trend, and the digital multi-beamforming technology
plays a crucial role in it. In practice, power amplifier (PA) is an essential component in radar systems and communication
systems. Unfortunately, it is always nonlinear to provide a high output power. With the purpose of a high output power
and efficiency, it is necessary to study the influence of PA nonlinear characteristics on the digital multi-beamforming. In
this paper, a form of the multi-beamforming signal and a nonlinear model with memory for PA are given. The output
signal via the PA model has been analyzed subsequently. As the result of analysis, it can be found that the output signal
is divided into the original signal and the interferential signal. The power ratio of original signal to interference signal
can reflect the influence of PA nonlinear characteristics on the digital multi-beamforming. Finally, according to the ratio,
the results of computer simulation show that the memory effect plays a key role for the small power signal, while the
nonlinearity plays an important role for the large power signal.

1 Introduction
In recent years, with the development of the military radar
technology and the increasing demand for information processing of communications, the application of integrated
electronic information system with multifunction-phased
array radar has become a trend, and the digital multibeamforming technology is crucial to the implementation
of this system. At present, in contrast to the mature receiving digital multi-beamforming technology, the transmitted
digital multi-beamforming technology is still under development. Transmitted multi-beamforming has many advantages. For example, when the radar array intends to search
and track objects, the working mode of the common beam
is time division, which means that only one job, tracking or
searching, can be done at the same time. If the transmitted
simultaneous multi-beamforming is used, the two work can
be carried out at the same time by using two beams,
which are added and synthesized in the digital side and
can be transmitted simultaneously. However, because
the transmitted signal is the sum of signals, the major
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bottleneck of the realization of the transmitted simultaneous multi-beamforming is that the transmitted
signal envelope is not constant. Therefore, it has a higher
requirement on linearity of the transmitter power amplifier.
In order to design an optimal PA, it is necessary to
analyze the effect of the PA nonlinearities on transmitted
multi-beamforming firstly. The nonlinear distortion of
PA has always been a hot research area. A memory PA
model is proposed in [1] and the performance of behavioral models is analyzed in [2]. H Ku has analyzed behavioral modeling of nonlinear RF power amplifiers with
memory effects in [3]. The major consequence of memory effects has been introduced by W Bosch in [4]. The
papers [5,6] present that memory effects of PA in the
wideband system are obvious. However, here the definition of wideband is the high ratio of the transmitted signal bandwidth to the device bandwidth, rather than the
signal bandwidth to the carrier frequency. For a transmitted narrowband signal, the memory effects of the PA
are evident when the signal bandwidth matches the device bandwidth [7]. The constant envelope signal in the
nonlinear PA is studied in [8]. Kohls [9] has used a Bessel series fit to the measured amplifier transfer functions
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with a computer model to predict third-order intermodulation product beam patterns. In [10], Hemmi describes
the nonlinear PA response of an active linear array by a
third-order polynomial and develops equations for the
beam-pointing angle of the harmonics and intermodulation products. An active phased array multibeam antenna model, including the nonlinear Shimbo model of
the amplifiers, has been developed and validated experimentally in [11], which is useful for solid state power
amplifiers (SSPAs). In [12], only the AM-AM varieties
are considered to affect the beamforming, regardless of
the AM-PM varieties and memory effects.
In this paper, the principle of transmitted multibeamforming is presented in section 2. Then, section 3.1
presents a model based on the Hammerstein model to
describe the AM-AM varieties, AM-PM varieties and
memory effects. The output signal model from PA is analyzed in section 3.2. The simulation results are shown
in section 4. Finally, section 5 concludes the study. Assumed that each channel and array elements are ideal
and each PA is identical. A narrowband signal is considered and the attention will be focused on the effects of
the amplitude and phase nonlinearities.

2 The principle of transmitting multi-beamforming
As shown in Figure 1, consider an L-element array with
elements uniformly spaced on the line of distance equal
to d. The transmitted signals are s1(n), …, sN(n) and the
weight vectors are w1, …, wN.

T
wi ¼ 1; ejφi ; ⋯; ejðL−1Þφi ; i ¼ 1; ⋯; N
2πd sinθi
φi ¼
λ

ð1Þ
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where φi is the space phase of the ith signal, λ is the
wavelength and θi is the transmitted angle of the ith
signal.
The space-power-function of transmitted multi-beam
is given by

2
X

N


f ðθ Þ ¼ 
wH
i aðθ Þsi ðnÞ
 i¼1


where a(θ) = [1, ejφ, ⋯, ej(L − 1)φ]T is the steering vector
of the scanning beam. When the transmitted signals are
orthogonal and the powers of them are equal to each
other, the multi-beam pattern can be written as

E ðθ Þ ¼

N 

f ðθ Þ X
w H a ðθ Þ2
¼
i
Ps
i¼1

3 The analysis of transmitted multi-beamforming
based on nonlinear memory power amplifier
3.1 The model of PA

A behavior model for PA can be divided into two types:
the band-pass PA model for the RF signal processing
and the baseband PA model for the envelope information processing. In practical engineering, the input signal
of PA is a real signal with radio frequency. Therefore,
the band-pass PA model can be very accurate to analyze
a variety of components in the nonlinear devices, including harmonics, intermodulation, etc. However, in
fact, the processed harmonics will not be transmitted.
As the result, it is not convenient to analyze the signal
of the band-pass PA model. As we all know, the useful information is carried only by the signal envelope. Moreover,
nonlinear characteristics reflected by the behavioral model
are only related to the signal amplitude, rather than the frequency. Therefore, a baseband PA model can be used for
the signal analysis.
In this paper, the Hammerstein model (Figure 2), a
modification of Volterra, has been used, which is
given by:
P
X
ak xk ðnÞ
k¼1

NO. 0

M−1
X
hi yðn−iÞ
z ðnÞ ¼

...
NO. 1

NO. 2

Figure 1 The model of transmitting array.

ð3Þ

where Ps is the power of transmitted signal.

yðnÞ ¼
d

ð2Þ

ð4Þ

i¼0

NO.M-1

where x(n), y(n), and z(n) denote the input signal of the
memoryless nonlinear PA model, memory linear PA and
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3.2 The analysis of the transmitted multi-beam signal
based on the Taylor model

After frequency mixing of two transmitted real signals,
the output signals can be represented as:
s1 ðt Þ ¼ A1 ðt Þ cosðω0 t þ φ1 ðt ÞÞ
s2 ðt Þ ¼ A2 ðt Þ cosðω0 t þ φ2 ðt ÞÞ

Figure 2 The model of memory nonlinear PA.

ð8Þ

The signal input into the nonlinear PA is given by:

Hammerstein, respectively. M is the memory depth and
P is the order of nonlinear system.
The memory linear model uses an M − order FIR filter as
description. In order to reflect its AM-AM and AM-PM
characteristics simultaneously, the memoryless nonlinear
model employs a complex coefficients power series model.
Assume that ak = aIk + jaQk, x(n) = rejθ. So,

yðnÞ ¼

P
X

ak xðnÞjxðnÞj k−1

k¼1

¼ rejθ

P
X

ak r k−1

¼

#
P
X
aIk r k þ j aQk r k ejθ

k¼1

k¼1

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!2
!2ﬃ
u P
P
j
u X
X
t
k
k
¼
aIk r
þ
aQk r
e
k¼1

θþ arctan

P
P
X
X
aQk r k = aIk r k
k¼1

!!

k¼1

k¼1

ð5Þ
The functions of AM-AM and AM-PM can be given
by:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!2
!2ﬃ
u P
P
u X
X
Aðr Þ ¼ t
aIk r k
þ
aQk r k
k¼1

Φðr Þ ¼ arctan

P
X
aQk r k
k¼1

=

k¼1
P
X

!

ð6Þ

aIk r k

k¼1

From the above conclusion, power series with complex
coefficients can describe the characteristics of AM-AM
and AM-PM. If the PA has no memory, the output of
the PA is determined only by the odd-component of the
input signal. The even-component of the input signal
will not affect the output of the PA, which can be
expressed as:

yðnÞ ¼

ðP−1
XÞ=2
k¼0

a2kþ1 jxðnÞj2k xðnÞ

ð7Þ

ð9Þ

where Aw1 ; Aw2 and ϕ w1 ; ϕ w2 are the amplitudes and
phases of the two weight vectors w1 and w2, respectively.
A1(t), A2(t) and φ1(t), φ2(t) are the amplitudes and phases of
the two signals, respectively. ω0 is the carrier frequency.
Even order harmonic component, produced by PA, can
be removed by filters. Therefore, the odd-order harmonic
component, which cannot be removed by filters, has a
great effect on input signals. According to the power
series model, after the signal passes the nonlinear PA, the
output signal is given by:
sout ðt Þ ¼ a1 sin ðt Þ þ a3 sin ðt Þ3

k¼1

"
P
X

sin ðt Þ ¼ Aw1 A1 ðt Þ cosðω0 t þ φ1 ðt Þ−ϕ w1 Þ
þAw2 A2 ðt Þ cosðω0 t þ φ2 ðt Þ−ϕ w2 Þ

ð10Þ

where a1, a3 is a real number.
Expanding the cubic term and removing the nonfundamental frequency component, we can get:


3
3
As1 ðt Þ3 þ As1 ðt ÞAs2 ðt Þ2 cos ω0 t þ φ1 ðt Þ−ϕ w1
a3 sin ðt Þ3 ≈ a3
4
2


3
3
þ As2 ðt Þ3 þ As2 ðt ÞAs1 ðt Þ2 cos ω0 t þ φ2 ðt Þ−ϕ w2
4
2


3
þ As2 ðt ÞAs1 ðt Þ2 cos w0 t þ 2 φ1 ðt Þ−ϕ w1 −φ2 ðt Þ−ϕ w2
4


3
þ As1 ðt ÞAs2 ðt Þ2 cos w0 t þ 2 φ2 ðt Þ−ϕ w2 −φ1 ðt Þ−ϕ w1
4

ð11Þ
where As1 ðt Þ ¼ Aw1 A1 ðt Þ; As2 ðt Þ ¼ Aw2 A2 ðt Þ.
The real signal is a double-sideband signal. To analyze
conveniently, we study one side of the spectrum, and the
analytic signal of output is given by:
sout ð tÞ ¼ a1 As1 ðt Þejðω0 tþφ1 ðt Þ−ϕ w1 Þ þ As2 ðt Þejðω0 tþφ2 ðt Þ−ϕ w2 Þ


3
3
As1 ðt Þ3 þ As1 ðt ÞAs2 ðt Þ2 e jðω0 tþφ1 ðt Þ−ϕ w1 Þ
þa3
4
2


3
3
þ As2 ðt Þ3 þ As2 ðt ÞAs1 ðt Þ2 e jðω0 tþφ2 ðt Þ−ϕ w2 Þ
4
2


3
þ As2 ðt ÞAs1 ðt Þ2 e jðw0 tþ2ðφ1 ðt Þ−ϕ w1 Þ−φ2 ðt Þ−ϕ w2 Þ
4


3
þ As1 ðt ÞAs2 ðt Þ2 e jðw0 tþ2ðφ2 ðt Þ−ϕ w2 Þ−φ1 ðt Þ−ϕ w1 Þ
4

ð12Þ
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According to expression in (12), whether the nonlinear
term is the same as the original signal is related to the
input signal. Under amplitude modulation, the desired
signal can be represented as:
sdesire ðt Þ ¼ a1 As1 ðt Þe jðω0 tþφ1 ðt Þ−ϕ w1 Þ þ As2 ðt Þe jðω0 tþφ2 ðt Þ−ϕ w2 Þ

ð13Þ
All items of a3 in expression (12), which are different
from previous signals, are interference signals.


3
3
As1 ðt Þ3 þ As1 ðt ÞAs2 ðt Þ2 e jðω0 tþφ1 ðt Þ−ϕ w1 Þ
sjam ðt Þ ¼ a3
4
2


3
3
3
þ As2 ðt Þ þ As2 ðt ÞAs1 ðt Þ2 e jðω0 tþφ2 ðt Þ−ϕ w2 Þ
4
2


3
þ As2 ðt ÞAs1 ðt Þ2 e jðω0 tþ2ðφ1 ðt Þ−ϕ w1 Þ−φ2 ðt Þ−ϕ w2 Þ
4


3
þ As1 ðt ÞAs2 ðt Þ2 e jðω0 tþ2ðφ2 ðt Þ−ϕ w2 Þ−φ1 ðt Þ−ϕ w1 Þ
4

ð14Þ
When it is not an amplitude modulation, the cubic term
contains a part of desired signal component, and the desired signal can be represented as:





3 3 3
2
sdesire ðt Þ¼ a1 As1 þ a3 As1 þ As1 As2
e jðω0 tþφ1 ðtÞ−ϕ w1 Þ
4
2



3 3 3
2
þ a1 As2 þ a3 As2 þ As2 As1 e jðω0 tþφ2 ðtÞ−ϕ w2 Þ
4
2
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3.3 The analysis of the transmitted multi-beam signal
based on the Hammerstein model

A complex envelope of the input signal which is the
sum of two narrow-band signals can be expressed by:
xðnÞ ¼ Aw1 A1 ðnÞejφ1 ðnÞ−ϕ w1 þ Aw2 A2 ðnÞejφ2 ðnÞ−ϕ w2
¼ r 1 ðnÞejφ1 ðnÞ−ϕ w1 þ r 2 ðnÞejφ2 ðnÞ−ϕ w2
ð17Þ
where Aw1, Aw2, ϕ w1, and ϕ w2 are the amplitudes and phases
of the two weight vectors, and A1(n), A2(n), φ1(n), and
φ2(n) are the amplitudes and phases of the two signals.
r 1 ðnÞ ¼ Aw1 A1 ðnÞ and r 2 ðnÞ ¼ Aw2 A2 ðnÞ.
After the signal passes the memoryless nonlinear
model, the output signal is given by
yðnÞ ¼ a1 xðnÞ þ a3 xðnÞjxðnÞj2
¼ ða1 þ a3 r 2 ðnÞÞxðnÞ

where r 2 ðnÞ ¼ r 1 ðnÞ2 þ r 2 ðnÞ2 þ 2r 1 ðnÞr 2 ðnÞ cos½φ1 ðnÞ−
ϕ w1 −φ2 ðnÞ þ ϕ w2 .
If the input signals have constant envelopes, that is
r1(n) = r1 and r2(n) = r2 then:


yðnÞ ¼ a1 r 1 þ a3 r 1 r 21 þ r 22 e jφ1 ðnÞ−ϕ w1


þ2a3 r 1 2 r 2 cos φ1 ðnÞ−ϕ w1 −φ2 ðnÞ þ ϕ w2 ejφ1 ðnÞ−ϕ w1


þ a1 r 2 þ a3 r 2 r 21 þ r 22 e j φ2 ðnÞ−ϕ w2


þ2a3 r 2 2 r 1 cos φ1 ðnÞ−ϕ w1 − φ2 ðnÞþ ϕ w2 e j φ2 ðnÞ−ϕ w2

ð19Þ

ð15Þ
The interference signal can be represented as:



3
As2 As1 2 ejðω0 tþ2ðφ1 ðtÞ−ϕ w1 Þ−φ2 ðt Þ−ϕ w2 Þ
4


3
2
þ As1 As2 ejðω0 tþ2ðφ2 ðtÞ−ϕ w2 Þ−φ1 ðtÞ−ϕ w1 Þ
4

sjam ðt Þ ¼ a3

ð16Þ
According to expression in (14) and (16), on the condition of amplitude modulation, the power of interference
signal mainly consists of the signal which has the same
weight vector with the desired signal, and the power of
interference signal has the same pointing direction with
the desired signal. However, on the condition of non2
amplitude modulation, it is the weight vectors wH
1 w2 and
2
wH
2 w1 that determining the pointing direction of interference signal power.

ð18Þ

We notice that the first and third coefficients are
time-independent complexes, so they can be regarded as
original signals. However, the second and fourth coefficients are time-dependent complexes, which means that
the information carried by the signal envelope has changed. Hence, they should be considered as interferential
signals. The effect of nonlinearity on the transmitted signal can be measured by the power ratio of the original
signal to interference.
The output of memoryless PA model is seen as the input of linear FIR filter. Assume that the memory depth
is 2. Then, the output signal of memory PA model can
be represented as:
zðnÞ ¼ h0 yðnÞ þ h1 yðn−1Þ

ð20Þ

According to the concept of phase modulation and
frequency modulation, the phase difference of φ(n − 1)
and φ (n) is decided by the modulation signal. So, φ(n − 1)
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and φ (n) are different information. Finally, Equation 10
also can be described as:


zðnÞ ¼ h0 a1 r 1 þ a3 r 1 r 21 þ r 22 e j φ1 ðnÞ−ϕ w1


þh0 a1 r 2 þ a3 r 2 r 21 þ r 22 e j φ2 ðnÞ−ϕ w2


þh1 a1 r 1 þ a3 r 1 r 21 þ r 22 e j φ1 ðn−1Þ−ϕ w1


þh1 a1 r 2 þ a3 r 2 r 21 þ r 22 e j φ2 ðn−1Þ−ϕ w2


þ2h0 a3 r 1 2 r 2 cos φ1 ðnÞ−ϕ w1 −φ2 ðnÞ þ ϕ w2 e j φ1 ðnÞ−ϕ w1


þ2h1 a3 r 1 2 r 2 cos φ1 ðn−1Þ−ϕ w1−φ2 ðn−1Þ þ ϕ w2 e j φ1 ðn−1Þ−ϕ w2


þ2h0 a3 r 2 2 r 1 cos φ1 ðnÞ−ϕ w1 −φ2 ðnÞ þ ϕ w2 e jφ2 ðnÞ−ϕ w2


þ2h1 a3 r 2 2 r 1 cos φ1 ðn−1Þ−ϕ w1 −φ2 ðn−1Þ þ ϕ w2 e j φ2 ðn−1Þ−ϕ w2

ð21Þ
According to the expression in (21), it can be seen that
the first and second signals are still original signals.
However, the third and fourth signals have different
phases from the original signals, and the rest of the signals have become new signals which the amplitudes vary
with time. That is to say, except for the first and second
signals, the others are interferential signals.

4 Simulation
Consider a 16-element array with elements uniformly
spaced on the line of distance equal to half wavelength.
Two transmitted beams are assumed to be transmitted at
angle 30° and −20°. Several null points are set at angle −10°,
10°, and 50°. One thousand sampling points are chosen.
The transmitted signals are two linear frequency
2
modulation signals with s1 ðt Þ ¼ As1 ejK t þ n1 ðt Þ and
2
s2 ¼ As2 ej2πBtþjK t þ n2 ðt Þ, where K = B/T. B = 10 M is
the bandwidth of the signal and T is pulse period, T =
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NTs = N/fs, N = 1,000 is the sampling numbers and fs =
3.01/2 × 109 Hz is the sampling frequency. n1(t) and n2
(t) are system thermal noises. The transmitted signal
before it is input to PA has an SNR = 90 dB. Although
the amplitudes, As1 and As2 , are the same, the two signals which have different carrier frequencies are orthogonal. The first coefficient of PA is a1 = 1. The first tap
coefficient of FIR is h0 = 1 and the memory depth is 2.
The beam pattern affected by the nonlinear PA is produced by a beamforming technique based on orthogonal projection algorithm.
a1/a3 is set to measure the memoryless nonlinearity
of PA and h0/h1 is used to measure the memory effect
of PA. The effect of nonlinearity PA on the multibeamforming at −20° can be shown by changing the
two parameters.
Figure 3 and Figure 4 show AM-AM and AMPM variation curves versus different PA coefficients.
According to these figures, it can be found that the linearity
of a3 = −0.01 × (2 + j) is less than a3 = −0.01 × (1 + j).
The power ratio of the original signal to the interference can show the effect of the nonlinearity of PA on
the input signal. Figure 5 shows that when h1 = 10−2 and
the input signal power is below 7 dBm, the power ratio
keeps 40 dB with different nonlinearities. It can be explained that when the input signal power is small, the
memory effect plays a dominant role. On the other
hand, when the input signal power is 20 dBm, owing to
the nonlinearity, the ratio of a3 = −0.01 × (2 + j) is more
than a3 = −0.01 × (1 + j).
Equation 9 shows that the equation value is significant
only if a3 and h1a1 have the same dimension, which means

25

the output signal power(dBm)

20
15
10
5
0
−5
a3=0
a3=−0.01×(1+j)

−10
−15
−10

Figure 3 AM-AM conversion.

a3 = −0.01×(2+j)
−5

0

5
10
15
the input signal power(dBm)

20

25
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0

the output signal phase(o)

−5

−10

−15

−20
a3=0
a3=−0.01×(1+j)
−25
−10

a3 = −0.01×(2+j)
−5

0

5
10
15
the input signal power(dBm)

20

25

Figure 4 AM-PM conversion.

the power ratio of original signal versus interference plus noise(dB)

we can ignore the effect of h1a3 on beamforming. In
addition, the nonlinearity represents gain compression
characteristics. So, a3 is negative and h1 is positive. Under
this premise, the total power of interference can be considered as a positive, when the memory effect plays a major
role. The power of interference becomes weak as the memory effect is reduced. On the contrary, when nonlinearity
plays a key role, the total power of interference is a negative.

The power of interference increases as the memory effect is
reduced. This is why the power ratio has an upward trend.
To measure the memoryless nonlinearity of PA, we assumed that a3 = −0.01 × (x + j), h1 = 10−5 and A1 = 19.3
dBm, where x is an independent variable. Figure 6 shows
that when the input signal power A1 is 19.3 dBm, the
power ratio of the different h1 is almost identical.
However, when A1 is 9.8 dBm, the power ratio of the

70
a3=−0.01×(1+j),h1=10−5
60

a3=−0.01×(1+j),h1=10−2
a3=−0.01×(2+j),h1=10−2

50
40
30
20
10
0
−10
−10

−5

0

5
10
15
the input signal power(dBm)

Figure 5 The power ratio of original signal versus interference plus noise of input signal.
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the power ratio of original signal vernus interference plus noise(dB)
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40

35

30

25
h1=10−5,A1=19.3dBm
h1=10−2,A1=19.3dBm
20

h1=10−5,A1=9.8dBm
h1=10−2,A1=9.8dBm

15

10

1

1.1

1.2

1.3

1.4

1.5
x

1.6

1.7

1.8

1.9

2

Figure 6 The power ratio of original signal versus interference plus noise with x.

the power ratio of original signal versus interference plus noise(dB)

different h1 is different. The same conclusion can be
found in Figure 6.
a3 = −0.01 × (1 + j), A1 = 9.8 dBm, and A1 = 19.3 dBm are
assumed to measure the memory effect of PA. From
Figure 7, it can be seen that when the input signal power
A1 is 9.8 dBm, h1 which is more than 10−4 will affect the ratio. However, it hardly affects the ratio when h1 is less than
10−5. On the other hand, when the power of input signal

A1 is 19.3 dBm, it is a turning point that h1 is 10−2. So, it is
concluded that the low power of input signal is sensitive to
the memory effect. The reason for the upward trend in
Figure 7 has already been explained in Figure 5.

5 Conclusion
In this paper, starting from the signal form, the output
signal of PA is obtained via the establishment of the PA

40
A1=19.3dBm
A1=9.8dBm
35

30

25

20

15

10
-80

-70

-60

-50
-40
h0/h1(dB)

-30

Figure 7 The power ratio of original signal versus interference plus noise with memory effect.
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model. Then the influence of the memory effect and nonlinearity of PA is presented by analyzing the composition of
the final output signal. Lastly, computer simulations verify
that the memory effect plays a key role, in the presence of
the small power signal, while the nonlinearity plays an important role in the presence of the large power signal. A detailed theoretical basis and reference to linearize PA is
provided in this paper for other researchers. When the
transmitted signals are small power signals, the memory effect should gain attention in linearizing PA. However, if
large power signals are transmitted, the importance of the
nonlinearity of PA should be attached.
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