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Abstract

renewable energy sources in future smart grids.

In this paper, a new analytical estimator for light flicker in frequency domain, which is able to take into account also
the frequency components neglected by the classical methods proposed in literature, is proposed. The analytical
solutions proposed apply for any generic stationary signal affected by interharmonic distortion. The light flicker
analytical estimator proposed is applied to numerous numerical case studies with the goal of showing i) the
correctness and the improvements of the analytical approach proposed with respect to the other methods
proposed in literature and ii) the accuracy of the results compared to those obtained by means of the classical
International Electrotechnical Commission (IEC) flickermeter. The usefulness of the proposed analytical approach is
that it can be included in signal processing tools for interharmonic penetration studies for the integration of

Keywords: Light flicker; IEC flickermeter; Interharmonic; Distributed energy resources; Power quality; Smart grids

1 Introduction

Light flicker (LF) phenomenon is still considered one of
the most important power quality (PQ) problems due to
its ability to be directly perceived by customers, produ-
cing complaints from them.

LF is caused by the modulation of the supply funda-
mental voltage, which produces modulated light emis-
sions whose severity, in terms of annoying effects on
humans, depends on modulation amplitudes and fre-
quencies as well as on lamp technologies [1]. LF is
commonly measured by means of the International
Electrotechnical Commission (IEC) flickermeter [2]
that, for historical reasons, was designed and tested
only with reference to voltage amplitude modulation
(AM), which was the first source of LF identified and refer-
ring only to 60-W incandescent bulbs, which were the most
diffused lamps all over the word at that time.

Today, incandescent lamps are going to be banned,
in particular in Europe, Australia and North America,
but the IEC flickermeter is still the only instrument
used also because international standards are based
on it.
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The main drawbacks of the IEC flickermeter are as
follows: i) it is based on the incandescent bulb model;
ii) it requires 10 min of time domain signals to give
the short-term flicker sensation index output, Pg;
and iii) the output data cannot be used to study LF
propagation effects in distribution and transmission
networks.

Basic literature demonstrates the perfect equivalence
of amplitude modulation to the summation of interhar-
monic tones of proper amplitudes and phase angles
superimposed to the fundamental [3].

Starting from the beginning of the last decade, sev-
eral papers aimed to model the IEC flickermeter in the
frequency domain have been written [4-13]. Some of
them [4,7,10,11] are pure frequency domain methods.
Some others [6,9,12] are hybrid time-frequency do-
main methods.

Mayordomo et al. obtained very accurate analytical
formulas that were applied to the voltages of DC and
AC electrical arc furnace (EAF) measurements. In [13],
the analytical formulas have been used to evaluate the
propagation in the network of flicker produced by rapidly
varying loads. In [11], a spectral decomposition-based ap-
proach is proposed to estimate LF caused by EAFs where
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the system frequency deviates significantly due to the
EAF operation. Both methods start from the discrete
Fourier transform (DFT) performed over 200 ms,
which is perfectly compatible with the IEC Standard
61000-4-7 [14] that defines harmonic and interharmo-
nic measurement techniques.

All of the above-mentioned methods are based on
simplified assumptions essentially based on the con-
cept that, due to the design specifications of the filters
of the IEC flickermeter, the interharmonic compo-
nents below 15 Hz and above 85 Hz can be neglected,
with reference to 50 Hz systems. This assumption is
demonstrated to be valid when the interharmonic
source is an EAF which mainly produces modulation
of the fundamental voltage in the frequency range
from 0 to 20 Hz, that is to say modulations produced
by interharmonics in the frequency range from 20 to
80 Hz. Recent studies have demonstrated that modern
distributed energy resources, in particular wind tur-
bines, are able to produce interharmonics in a wide
range of frequency from DC to some kilohertz [15].
Moreover, in [16-18], it was demonstrated that inter-
harmonic components produced by adjustable speed
drives can cover all the frequency range from DC.

In this paper, the above-mentioned simplified as-
sumption is overcome, leading to analytical solutions,
of different complexities, able to take into account
also the frequency components neglected by the
classical methods. The analytical solutions proposed
apply for any generic stationary signal affected by
interharmonic distortion. The LF analytical estimator
proposed is applied to numerous numerical case stud-
ies with the goal of showing i) the correctness and the
improvements of the analytical approach proposed
with respect to the other methods proposed in litera-
ture and ii) the accuracy of the results compared to
those obtained by means of the classical IEC flicker-
meter. The usefulness of the proposed analytical
approach is that it can be included in signal processing
tools for interharmonic penetration studies for the
integration of renewable energy sources in future
smart grids.

Page 2 of 12

2 Analytical assessment of IEC flickermeter
response due to interharmonics

In this section, the behaviour of the IEC flickermeter in
terms of instantaneous flicker sensation (PU), that is the
output of the block 4 of the IEC flickermeter (Figure 1),
is analytically assessed.

The analytical solutions proposed apply for any generic
stationary signal affected by interharmonic distortion. The
generic signal is decomposed into N interharmonic pairs.
Each pair is constituted of two tones in symmetrical
frequency positions with respect to the fundamental fre-
quency. Moreover, each of two components of the pair
has generic amplitude and generic phase angle. Obviously,
the case of single interharmonic components can be easily
obtained assuming the amplitude of one of the two com-
ponents of the pair equal to zero.

Here, explicit reference is made to 50-Hz systems,
but the considerations developed may also be ap-
plied to 60-Hz systems by changing the constants
and parameters.

2.1 Single pair

A normalized voltage with a couple of superimposed inter-
harmonic tones (N =1) in symmetrical angular frequency
positions (lower and upper) with respect to the fundamen-
tal signal (0; . =@ — Aw; and w; y=w; + Aw;) can be
expressed as:

u(t
é ) = apcos(wit + ¢;)

+ ay_rcos|(w1-Awr )t + ¢y 1]

+ ay_ycos|(w; + Aw1)t + 91 yl, (1)

with # representing the half cycle rms value processed
through a first-order filter with a time constant of
27.3 s; ag, w1 and ¢, respectively, representing the
relative amplitude, the angular frequency and the
phase angle of the fundamental tone; a4, | and a; y
representing the relative amplitudes of the interhar-
monic tones and ¢; ; and ¢, ; representing their
phase angles, respectively.
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Figure 1 Simplified scheme of the IEC flickermeter.
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The squaring of (1) (block 2 in Figure 1) yields a demo-
dulated signal that is very close to the luminous flux @:

u®)]* 1
MO =@ rat, vty

+ % {a? cos(2w1t + 2¢,) + a2 | cos[2(w1-Aw )t + 20, ]

+a? |y cos[2(w; + Awr )t + 20, 4]}

+apar 1{ cos(Awit-¢; | +¢,)+ cos[(2o1-Aw1 )t + @1 1 +o4]}
taoar_uf{ cos(Awrt + ¢,y +¢1) + cos[(201 + Aw1)t + 9, y + ¢4}

+a1 a1 _u[cos(2Awit-¢;, | + 91 y) + coseit + ¢y |+ ¢ y)l,
(2)

Block 3 is composed of a cascade of two filters. The
first is used to eliminate the DC component and the
component at twice the fundamental frequency present
at the output of the demodulator. This filter is composed
of a cascade of a high-pass filter (HPF) of first order with
a cutoff frequency of 0.05 Hz and a Butterworth
low-pass filter (LPF) of the sixth order with a cutoff
frequency of 35 Hz for 230 V/50 Hz systems. The sec-
ond is used to weigh the voltage fluctuation according to
the lamp-eye-brain sensitivity. The transfer functions
and the Bode diagrams for these filters are reported in
(3) and (4) and in Figure 2 together with their product
G(s) = X(s) E(s).

_ S Ho
5+ wppp & + dss® + dust + d3s3 + doas? +dis+dp’

(3)

X(s)
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B ko s 1+s/w
$24+2As + 0} (14 s/w3)(1 +s/ws)’

E(s) (4)

being the coefficient of X(s) and F(s) shown in Table 1
and in Table 2, respectively [2].

Under the hypothesis that block 3 gates the DC com-
ponent and all the components at a frequency certainly
higher than 100 Hz (frequencies greater than the cutoff
frequency of 35 Hz) and considering G(s) = X(s) F(s) the
output of the block 3 is:

A@;H{ |Gaw, |@oar 1, cos(Awit-¢, | + @1 + LGrw,)

+ |Gaw |aoar_u cos(Awit + ¢y =91 + LGao,)
+ |Gaaw, |1 141 U c0s(2801E-¢; | + 91y + LGosw,)
+ |Gawy -0y [@0a1 1 c08[(201-Aw1)t + ¢ 1 + @1 + LGow, -0,

2
a
+ |Gao, 280, | % cos[2(w1-Aw1)t + 29, 1 + £Gaw,-200]}

(5)

where H = /1238400 is a gain factor related to the
normalization of the weighting curve, and four different
magnitude and phase gains Guy,, Goaw,, Goo,-40, and
Gow,-240, are introduced for the five components de-
pending on their angular frequency distances.

Block 4 of the flickermeter squares and filters the in-
put signal. The filtering is obtained by means of a low-
pass filter with a cutoff frequency of 0.5305 Hz and
transfer function equal to:

-20

~

a0 G(s)=F(s)*X(s)
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Figure 2 Magnitude Bode diagrams of block 3 filters.
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Table 1 Design parameter of X(s)
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wHPF no do d d, ds d, ds
2m0.05 11310 11310 199 10" 17510 97210 36110 849.7
Y(s) = 2710.5305 6) With reference only to the residual AC component of
s+ 270.5305 PU; and applying at the block 4 the signal (5), it is pos-

This filter has the goal to attenuate all the sinusoidal
components, leaving the continuous component un-
affected. Although the bandwidth of the filter is very nar-
row, not all the sinusoidal components may be void. For
this reason, the instantaneous flicker sensation due to the
single interharmonic pair can be written as:

PU; (t) = PU; pc + PUl_Ac(t), (7)

where PU; pc and PU; sc(f) are the DC and the residual
AC component of the instantaneous flicker sensation,
respectively.

With reference only to the DC component of PU; and
applying at the block 4 the signal (5), it is possible to
demonstrate that:

PU;_pc = PU; pc1 + PUp pea, (8)

where PU; pc; and PU; pe; are equal, respectively, to:

1
PUI,DCI = EHz | GAwl |2a§

X [ﬂf_L + a2 +2a; 1a ycos(py | + o1 u-201)]

(©)

(10)

1
1o 29 9 29 9
PUI_DC2=§H |Goen a7 187+ |Gooy 400, | “0087 1

4
+|G2w1+2Am1|2% .

As it will be shown in a more comprehensive manner
in the following sections, the first component (9) as-
sumes prevalent values for all the values of Aw; while
the second (10) assumes values increasingly larger how
close is the frequency of the lower interharmonic tone
to zero.

It is worth noting that (9) corresponds to the analo-
gous expressions reported in [7] and in [10]. The differ-
ence is that in cited references, the filter X(s) was
considered ideal, that is to say that G(s) = X(s)F(s) = F(s);
so (9) considers the red curve of Figure 2 instead of the
green one considered in [7] and in [10].

Table 2 Design parameter of F(s)

k A W, [ w3 Wy
174802  2m4.05981 2 915494 27 227979  2m 1.22535 21219

sible to demonstrate that:

PU;_ac(t) = PUi_ac1(f) + PUp_aca(2),

(11)

where PU; ac1 and PU; s, considering only the com-
ponent of major interest, are equal, respectively, to:

PUy_ac1(8)2PUs_act_aw, (£) + PU1_aci 246, (£)
+PU1_aci 380, (£) + PUt_act_ane, (),
(12)

PU_aca2(8)2PU}_ac2_(20,-200,) (£) (13)

+PU ) _ac2_(401-2801) (E)-

PU; ac1 and PU; o, are oscillating components due
to the summation of sinusoidal signals with different an-
gular frequencies (the angular frequency of each sum-
mand is indicated in the subscript). In particular,
PU; sc1 assumes higher values how close Aw; is to zero,
while PU; sc, assumes higher values how close Aw; is
to the fundamental angular frequency.

For the sake of brevity, the analytical assessment of
the summands of (12) and (13) are reported extensively
in Appendix A.

2.2 Two pairs

A normalized voltage with two pairs of superimposed
interharmonic tones in symmetrical frequency positions
(Aw; and Aw,) with respect to the fundamental signal
can be expressed as:

u(t)it = ag cos(wit + ¢1) + a1_1 cos[(w1-Awy )t + @1 1]
+a1_y cos[(@1 + Awr)t + ¢, ]
+ay 1. cos|[(w1-Awy)t + ¢, ]
+ay y cos[(w1 + Aw)t + ¢, ),
(14)

where a; 1, and 4; y and ¢; 1 and ¢; y represent the
relative amplitudes and the phase angles of the first
interharmonic pair, respectively, and a, | and a, y
and ¢, 1, and ¢, y of the second interharmonic pair,
respectively.

Using the same procedure used for the single pair of
interharmonic tones (shown in Section 2.1) and neglect-
ing the effect on the AC component of the instantan-
eous flicker sensation of the interaction between the two
interharmonic pairs, it is possible to demonstrate that:
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PU; 3 = PU; + PU; + PUyp pc = PUp_pc + PUi_ac
+PUj pc + PUz_ac + PUia pc
= (PUi_pc + PUz_pc + PUra pe)
+(PUy_ac + PUs ac)
= PU; 2 pc + PUi s ac,
(1)

where PU; and PU, are obtained by means of (7) for the
interharmonic pair tones and PU;y pc is the DC com-
ponent of instantaneous flicker sensation due to the
interaction between the two interharmonic pairs. For
sake of brevity, the analytical assessment of PU;5 pc is
reported in Appendix B. Again, as in (7), two different
components, one DC (PUy,5 pc) and the other AC
(PU142_ac), are defined.

From the previous formulas, it should be noted that in
case of two interharmonic couples superimposed to the fun-
damental signal, the PU is not only due to the sum of the
contributions to the instantaneous flicker sensation of the
single interharmonic pair, but there is also a component due
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where PUror pc and PUror ac are the DC and
the AC components, respectively, of the instantaneous
flicker sensation due to N symmetric interharmonic
pairs superimposed to the fundamental signal.

3 Numerical case studies
In this section, different numerical case studies are
shown to validate the analytical assessment presented
in Section 2. The results obtained by a numerical im-
plementation of the IEC flickermeter (according with
the standard IEC 61000-4-15) and the results obtained
by the formulas of the analytical flickermeter pre-
sented in this paper, both implemented in MATLAB,
are compared. The block diagram of the numerical
case studies is shown in Figure 3.

The steps performed to obtain the results of each nu-
merical case study are as follows:

1. A time domain signal with a length of 10 min with
different characteristics, according with the case
study, is generated.

2. The signal is analysed by means of the IEC
to the combination effect of the interharmonic pairs. The en- ﬂicker?neter WhiC}; re tu};ns both the reference
tity of this effect will be evaluated in the following sections. of the instar;taneous flicker sensation and of
23 N pairs the short-term flicker severity value, PU,¢f and
_— , . , Py cep, respectively.
Starting from the analytical assessments of Section 2.2, it 3 A tbrle:fT is gerformz d only on the Fourier period of
is possible to generalize the analytical assessment to the the signal-generated [1] since the signal is stationary
case ,Of, N palrs of mterharmomc tones. In fact, from in terms of fundamental and interharmonic signals
(15), it is possible to obtain: in all the 10 min
. R 4. The output of the DFT is analysed by means
PUror = ZPUf + Z Z PUj;j pc of the gnalytical formulas of Section 2,
=0 =0 k=jr1 according with the case study, to obtain the
it i value of instantaneous flicker sensation (PU).
- ;(PUf—DC +PUjac) + 2; Z PUspc 5. The instantaneous flicker sensation is used as
= J=0k=H input to the statistical evaluation (like that
- - - described in the Standard IEC 61000-4-15)
= PU; PUy; PU; . . .
= < Ujci + k;I Uk"DC> t ,Z:o: Uj.ac to obtain the short-term flicker severity (P).
/ 6. The values of PU,s Py ey PU and Py so obtained
= PUror_pc + PUror.ac, have been post-processed to calculate the error of
(16) the analytical estimation.
Analytical PU Statistical P,
DFT Estimations Evaluation ]
PU Evaluation
Time Domain > Error
Signal
1IEC Pl —> P_Evaluation
Flickermeter — Error
Pt rer

Figure 3 Block diagram of the numerical case studies.
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3.1 Single pair producing AM

The interharmonic pairs have modulation frequencies
varying between 0.1 and 49.9 Hz with steps of 0.1 Hz.
For each modulation frequency, the amplitude of the
pair taken from Figure 4, where the interharmonic

tones superimposed to the fundamental causing a Py
equal to 1 versus the lower interharmonic frequency
of the pair, is shown. Furthermore, it should be
noted that since the Fourier period of the signal
generated is 10 s, a DFT with a spectral resolution

amplitudes of pairs of symmetric interharmonic of 0.1 Hz is used.
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BASE
Pst
BASE |
35 — P Pst
P"
st
[}
30 — PS!
g
% 25
o
$ Jir
[s}
< /\‘/ F,
T 20
£ \
@
w
£
= 15 1
e
i / Pst PI
ST\
10
R08 X:62 X:20.8 X: 48.1
L 5'734\ Y:5.368 Y:5.157 Y:5.051 X: 49.8
5 L ] n m— V:3671
\_ ]
_o—"/
0
0 5 10 15 20 25 30 35 40 45 50

BASE pl
Pst' Psﬂ 7Psﬂv

Lower Interharmonic Frequency (Hz)
Figure 5 Percentage errors in estimation of Py, versus lower frequency of symmetric interharmonic pairs producing AM and unitary

P, and PY, indicate the short-term flicker severity index considering, respectively, the analytical estimation proposed in [7] (cyan),
the AC and the DC component of PU; (17) (blue), only the DC component of PU; (18) (green) and only the PU; pc; component of PU; (19) (red).
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Three different analytical estimations of the instantan-
eous Flicker sensation, with decreasing complexity, have
been considered:

D) PU} = PU; = PU; pct + PUypea + PUpacs (17)
1) pUY = PU; pc = PUy_pc1 + PUppeys (18)
1) pylll = PU, pe. (19)

Obviously, the corresponding values of P.,,P and
P have been calculated. Moreover, the results obtained
implementing the analytical assessment proposed in [7]

are reported and referred to as P2ASE

In Figure 5, the percentage errors (- P35

- cyan curve, -
PU! - blue curve, - PUY - green curve, - PUI - red curve)
versus the lower interharmonic frequency of the symmetric
interharmonic pair are shown.

From Figure 5, it is possible to observe the following:

e The blue curve (Piﬂ), in all the frequency range
analysed, gives the best results and only for the
pair with the frequency of 49.9 Hz shows an error
greater than 5% (black line). For this frequency,
the error is caused mainly by the transient
behaviour of the filters contained in the IEC
flickermeter, which becomes non-negligible for
interharmonic frequencies very close to the
fundamental. This transient behaviour is not
taken into account by pure frequency domain
methods differently from hybrid methods [12].

o The green curve (PY;) and the red curve (Py;) are
virtually indistinguishable for frequencies greater
than 15 Hz. Below this frequency (as mentioned in
Section 2), the impact of PU; pc on the total value
of PU; is non-negligible, and for this reason, in this
frequency range, the error committed by the analytical
estimation P!, is less than that produced by Pl .

o The P!, estimation makes an error greater than 5%
(black line) for the pairs with frequencies higher
than 48 Hz and lower than 0.8 Hz. The reason of
these errors (in addition to the previously
mentioned transient behaviour of the IEC
flickermeter for interharmonic frequencies very
close to the fundamental) is due to the AC
component of PU;, which is more consistent for
interharmonic tones with Aw; both close to the
fundamental frequency or close to zero.

o The P estimation makes an error greater than 5%
(black line) for frequencies lower than 6.2 Hz and
higher than 48 Hz. The reasons of the different
trend of the red curve with respect to the other two
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curves are the same as the ones mentioned in the
previous point.

o The PB/SF (cyan curve) makes an error almost equal
to the P, and the P, for frequencies higher than
25 Hz, but for lower frequencies, as a result of the
simplifying assumptions, the error diverges, rapidly
reaching the 40% already for a frequency of 15 Hz.

3.2 Two pairs producing AM
The amplitude of the single pair of interharmonic tones has
been chosen to produce singly a P equal to 1 (Figure 4).
The frequency modulation of the two pairs, which are
defined Aw; and Aw, in (14), has been chosen to vary be-
tween 1 and 49 Hz, with steps of 1 Hz, and all their possible
combinations have been evaluated. Since the Fourier period
of the input signal is equal to 1 s, a DFT with a spectral
resolution of 1 Hz is used.

Three different analytical estimations of the cumula-
tive Py (Pg142) have been considered, all based on (15):

I) PUI1+2 = PUiyy = PU 5 pc + PUr4o ac. (20)
II) PUY,, = PUy45 pnc. (21)
1) PUYL, = PU; + PU,. (22)

Obviously, the corresponding values of Pl ,, P,

and PY} , have been calculated. Moreover, the results

obtained implementing the analytical assessment pro-

BASE
P st1+2°

In Figures 6, 7, 8 and 9, the percentage errors for the
analytical estimation, PU],,, PU},,, PU}, and PB}%5 are
shown.

From these figures, it should be noted that

posed in [7] are reported and referred to as

e The x-axis and the y-axis represent the frequency of
lower interharmonic tone of the first and of the
second interharmonic pair, respectively.

e The most complete analytical estimation P .,
(Figure 6), for the most part of the cases analysed,
makes a mistake lower than 5% (light green
squares). The cases with an error greater than the
5% occur essentially when the interaction between
the two interharmonic pairs produces one or more
oscillating component of the PU;,, with an angular
frequency that the filter Y(s) (6) is not able to
eliminate, which is not evaluated analytically.

These events occur when
i) Aw;~Aw, (main diagonal);

ii) Both the lower interharmonic tones of the two pairs
are lower than 5 Hz (in the top left corner);
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Figure 6 Percentage errors in the evaluation of Py, of two pairs of interharmonic tones producing AM for P'st1 42 (20).
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Figure 7 Percentage errors in the evaluation of P of two pairs of interharmonic tones producing AM for PU'1'+2 (21).
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Figure 8 Percentage errors in the evaluation of P of two pairs of interharmonic tones producing AM for PU'1"+2 (22).
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Figure 9 Percentage errors in the evaluation of Py of two pairs of interharmonic tones producing AM for PE35E,.
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iii) Aw; = 2(w1 — Aw,) (in the top right corner);
iv) Awy = 2(w; — Aw,) (in the bottom left corner).

e Comparing the results obtained for P.; 42
(Figure 6) and for Piln 4o (Figure 7), it should be
noted that neglecting the effects of the AC
components produced by the single
interharmonic pair increases the number of non-

light green squares when

i) Aw;~Aw, (main diagonal);
il) Aw; =~ 2(w; — Aw,) (in the top right corner) and
when Awy = 2(w; — Aw;) (in the bottom left corner);
iii) Aw; = 1 (last column to the right) and when Aw, =1
(last column to the bottom).
e Comparing the results obtained for PL,,
(Figure 6) and for Piltll 4o (Figure 8), it should be
noted that neglecting the effects of the
interactions between the two interharmonic pairs
on the DC component of the PUy,, are present
with a non-negligible entity when

i) Both the pairs have the lower interharmonic tone
frequency lower than 15 Hz (in the top left corner);
il) Aw; = 2(w; — Aw,) (in the top right corner) or when

Awy =~ 2(w — Aw,) (in the bottom left corner).

e In similar mode to the case of an interharmonic
pair shown in Figure 5, the analytical assessment
Pftﬁ% (Figure 9) makes errors very high
(sometimes even more than 100%) when one
or both the pairs have the lower interharmonic
tone with frequencies lower than 20 Hz.

e Finally, it is worthwhile to note that from the
implementation point of view on a general PQ
instrument, the proposed analytical approach
requires only some manipulations, of different
complexities depending on the level of
approximation desired (see (20), (21) and (22)),
of the spectra which are already evaluated by
the PQ instrument for the harmonic and
interharmonic analysis. On the other hand, the
digital signal processing of the conventional IEC
flickermeter requires the implementation of blocks
1 to 4 independently from the spectral analysis.

4 Conclusions

In this paper, a new analytical estimator for LF in the fre-
quency domain, which is able to take into account also
the frequency components neglected by the classical
methods proposed in literature, has been proposed. The
analytical solutions proposed apply for any generic sta-
tionary signal affected by interharmonic distortion. The
LF analytical estimator proposed has been applied to
numerous numerical case studies with the goal of showing
i) the correctness and the improvements of the analytical
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approach proposed in respect with the other method pro-
posed in literature and ii) the accuracy of the results com-
pared to those obtained by means of the classical IEC
flickermeter. The usefulness of the proposed analytical ap-
proach is that it can be included in signal processing tools
for interharmonic penetration studies for the integration
of renewable energy sources in future smart grids.
The main outcomes of the paper are as follows:

o In the presence of interharmonic tones in the
frequency range from DC to 15 Hz and from 85
to 100 Hz, the simplified assumptions made by
classical methods proposed in literature can lead
to very inaccurate results.

o The analytical formulas can be used to perform
interharmonic penetration studies in transmission
and distribution networks.

Future development of the research will be aimed to
generalize the methodology adapted to interharmonic
components at frequencies higher than 100 Hz which is
proven to affect modern lighting systems different from
incandescent bulbs.

5 Appendix A Analytical assessment of PU; ac(t)
With reference to (11), it is possible to demonstrate that
the summands of (12) are equal to the following:

PU;_aci_ner (1)= % {2|Ga0,||G2na, |aoa? | a1y cos(Aw;t
+01 u=01-LGaw, + LGosw, + LY awy)
+2|Gaw ||Gane |@0a1 1a? 4 cos (Awrt-¢;
+01-LGpo, + LGonw, + LY pwy)
+|Gao 2801 || G201 -a0 |03 | cOS (Awrt-¢;
+01-LGru 280, + LG20-00, + LY p0r)
(23)
PU;_ac1200(2)= HTZ Y200, ||Gawn *a2[ @1 1, cOS(28012-20; 1
+20; +2£Gpo, + LY 200,) + a7 15 cOS(28w1E
+20, 11 +20,-2LGro, + LY 200,)
+2a; 1a1_y cos(281t-¢, | + ¢_y + 2£Gae,

+LY2A¢01 )]7
(24)
PU1_ac1 380 (£)2H|Y 380, || Gaor || Ganen |0
x[at La1_y cos(3A@1t-29, 1 + 91 y—9,
+LGAm1 + LGZAml + LYSA&)I) (25)

+ﬂ1_Lﬂ%,U cos(3Awit + 20, y—-¢, -0,
+LGA(L)1 + LGZAml + LY3A&)1)]7
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HZ
PULac1a00 (8)2 - [Yas0 ]| Gaso, a} a3 cos(4hw t-2p, |

+2(/)1,U + ZLGzAml + LY4A&)1),
(26)

and that the summands of (13) are equal to the following:

PUL_ac2.201-200, (t) =H’ | You,-200 ||GAM1 HGZml—Am |a(2)
{a} | cos[2(w1-Aw1)t + 20, ;-2 G e,
+LG2&11—A&)1 + LYZml—ZAml]
+ ay_1a;_u cos[2(w1-Awy )t + 91 -1 U
+2¢1_LGA“’1 + LGZUJ*AM + LY2wl—2Aw1]}
(27)
H? -
PUL_Ac2 10140, ()2 3 1Y 400,200, || G20y 200, | a7 1 cOS[4(01-Awy )t

+491 1 + 22 Grw, 200, + LY 40, -200,)
(28)

6 Appendix B Analytical Assessment of PU;; pc
With reference to (15), PU;5 pc can be expressed as:

PUjy_pc = PUyz pc1 + PUia_pea- (29)

It is possible to demonstrate that PU;5 pc; is equal to:

PUy pc1 = %Hz{ |G2w1—Aw1—sz|2“%_L“§_L (30)
+|Gaoy A0y +Aws |2“%_L“%_U
+ ‘ G2w1+Aw1*sz |2a%_Ua§_L
+HGao a0, 'la} ya3, +at a3
+2a,_1a,_uas_Las_ucos(g; |
+01 u=02 1.-02.1)]
+|Gaw-s0s |2[“%_L“%_L + "%-U“%-U
+2a;_1a,_uas_1as_ucos(g; |

+01 u=P2 10211}

and that PU;, pco, considering Aw; > Aw,, assumes dif-
ferent values according to the relationship between Aw;
and Aw,:

e For 3Aw; - Aw, =2wy, it is equal to:
1
PUp pc2 = EHZ{ |G awi-80s ‘2[“§_L“2-L cos(3¢1 1,-¢5 1)
+ai | a1_uar_u cos(20; L -91 y + 05 1))

+2|Gone, [Pa1 142 yas 1. cos(=; 1-05 1)},

(31)

e For Aw, + 2Aw; = 2wy, it is equal to:
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1
PU1 pe> =5 H 2{|Gaa, [*lara} yacos(=py 1 =20y

+9) + ayyai acos(p, y—20, 1 + )]
+2|Gao a0, ) a1 Lar_vas_1acos(py | ~¢;
o1+ ) +ai 14 yacos(2p, 1 -p; y + 9)]
+2|Gao, [*laz.1a] acos(~p, | 20, 1 + ¢)

+a1_1.as 141 ua cos(~p; 1 -9y 1 + @1 y—9)]
+2|Gane, a2 1a1 1a1 va cos(~p, L9y 1
+p1.u-0)}s

(32)

e For Aw; =2Aw,, it is equal to:

PUjy pcr = %HZ{ 2|Gan | @112 12 ua cos(~py 1 + 09 1~0s
+9) + a1 vaz 1az va cos(p; y + ¢y 1 ~¢3 y=9)]
+2|GAm2|2[ﬂ1,Lll§,L“ cos(+¢,_1~2¢; 1, + ¢)
+a1_yas 142 va cos(~g1_y=ps 1 + P2y
+¢) + a1.1a2 18> va cos(p; L ~¢5 1, + P2 u=9)
+a1_uay yacos(—p, y + 20, y—9)]
+2|Gao,-t01 +A0n| @1 L2 _La2_ua cos(~p; |
105 1-02 u + 0) + |Groy 200, | @113 1 a

cos(~¢y 1 + 20, 1-0)}-
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