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Abstract

In this paper, we introduce the g-ratio block constrained minimal singular values (BCMSV) as a new measure of
measurement matrix in compressive sensing of block sparse/compressive signals and present an algorithm for
computing this new measure. Both the mixed £,/£4 and the mixed £, /£; norms of the reconstruction errors for stable
and robust recovery using block basis pursuit (BBP), the block Dantzig selector (BDS), and the group lasso in terms of
the g-ratio BCMSV are investigated. We establish a sufficient condition based on the g-ratio block sparsity for the exact

Convex-concave proced ure

recovery from the noise-free BBP and developed a convex-concave procedure to solve the corresponding
non-convex problem in the condition. Furthermore, we prove that for sub-Gaussian random matrices, the g-ratio
BCMSV is bounded away from zero with high probability when the number of measurements is reasonably large.
Numerical experiments are implemented to illustrate the theoretical results. In addition, we demonstrate that the
g-ratio BCMSV-based error bounds are tighter than the block-restricted isotropic constant-based bounds.
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1 Introduction

Compressive sensing (CS) [1, 2] aims to recover an
unknown sparse signal x € RN from m noisy measure-
mentsy € R”:

y=Ax+e¢, (1)

where A € R"N js a measurement matrix with m <«
N, and € € R is additive noise such that |€]y < ¢
for some ¢ > 0. It has been proven that if A satisfies
the (stable/robust) null space property (NSP) or restricted
isometry property (RIP), (stable/robust) recovery can be
achieved [3, Chapter 4 and 6]. However, it is computa-
tionally hard to verify NSP and compute the restricted
isometry constant (RIC) for an arbitrarily chosen A [4, 5].
To overcome the drawback, a new class of measures for
the measurement matrix has been developed during the
last decade. To be specific, [6] introduced a new measure
called ¢;-constrained minimal singular value (CMSV):
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lAz(1>

min
lIzll2

2£0,|z]1}/llzl5 <s
ery error bounds in terms of the proposed measure for
the basis pursuit (BP) [7], the Dantzig selector (DS) [8],
and the lasso estimator [9]. Afterwards, [10] brought in

a variant of the CMSV: w¢(4,5) = Izl

20,1zl / |zl <s 120
with ||-|l¢ denoting a general norm and expressed the
{~ recovery error bounds using this quantity. The lat-
est progress concerning the CMSV can be found in
[11, 12]. Zhou and Yu [11] generalized these two mea-

sures to a new measure called g-ratio CMSV: p,s(A) =
lAzZ]|>

min o T
z#0,(l|lzll1/llz| 7/ @D <s "
lished both £, and £1 bounds of recovery errors. Zhou and
Yu [12] investigated geometrical property of the g-ratio
CMSYV, which can be used to derive sufficient conditions
and error bounds of signal recovery.

In addition to the simple sparsity, a signal x can also
possess a structure called block sparsity where the non-
zero elements occur in clusters. It has been shown that
using block information in CS can lead to a better sig-
nal recovery [13-15]. Analogue to the simple sparsity,

ps(A) =

and obtained the £ recov-

with ¢ € (1,00] and estab-
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there are block NSP and block RIP to characterize the
measurement matrix in order to guarantee a successful
recovery through (1) [16]. Nevertheless, they are still com-
putationally hard to be verified for a given A. Thus, it is
desirable to develop a computable measure like the CMSV
for recovery of simple (non-block) sparse signals. Tang
and Nehorai [17] proposed a new measure of the measure-
ment matrix based on the CMSV for block sparse signal
recovery and derived the mixed €3/ and ¢2 bounds of
recovery errors. In this paper, we extend the g-ratio CMSV
in [11] to g-ratio block CMSV (BCMSV) and generalize
the error bounds from the mixed ¢3/¢~ and £ norms
in [17] to mixed £3/¢,4 with g € (1,00] and mixed £3/¢;
norms.

This work includes four main contributions to block
sparse signal recovery in compressive sensing: (i) we
establish a sufficient condition based on the g-ratio block
sparsity for the exact recovery from the noise-free block
BP (BBP) and develop a convex-concave procedure to
solve the corresponding non-convex problem in the con-
dition; (ii) we introduce the g-ratio BCMSV and derive
both the mixed £5/¢, and the mixed ¢/¢1 norms of the
reconstruction errors for stable and robust recovery using
the BBP, the block DS (BDS), and the group lasso in terms
of the g-ratio BCMSYV; (iii) we prove that for sub-Gaussian
random matrices, the g-ratio BCMSV is bounded away
from zero with high probability when the number of mea-
surements is reasonably large; and (iv) we present an
algorithm to compute the g-ratio BCMSYV for an arbitrary
measurement matrix and investigate its properties.

The paper is organized as follows. Section 2 presents
our theoretical contributions, including properties of the
g-ratio block sparsity and the g-ratio BCMSYV, the mixed
£3/t4 norm and the mixed ¢3/¢; norm reconstruction
errors for the BBP, the BDS and the group lasso, and
the probabilistic result of the g-ratio BCMSV for sub-
Gaussian random matrices. Numerical experiments and
algorithms are described in Section 3. Section 4 is devoted
to conclusion and discussion. All the proofs are left in the
Appendix.

2 Theoretical methodology

2.1 g-ratio block sparsity and g-ratio BCMSV—definition
and property

In this section, we introduce the definitions of the g-ratio

block sparsity and the g-ratio BCMSV and present their

fundamental properties. A sufficient condition for block

sparse signal recovery via the noise-free BBP using the

g-ratio block sparsity and an inequality for the g-ratio

BCMSYV are established.

Throughout the paper, we denote vectors by bold lower
case letters or bold numbers and matrices by upper case
letters. x” denotes the transpose of a column vector X.
For any vector x € RN, we partition it into p blocks,
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T

each of length 7, so we have x = , | and

x; € R” denotes the ith block of x. We define the mixed
£5/€o norm ||x]|2,0 = Zle 1{x; # 0}, the mixed £3/4+
norm |x[l2,00 = maXi<i<pllX;ll2, and the mixed £5/¢,

T T
I:xl,x2,... ,xT

norm ||x|l2,4 = ( 1;21 ||xi||g) Ya for 0 < g < oo. A sig-
nal x is block k-sparse if ||x]2,0 < k. [p] denotes the set
{1,2,---,p} and |S| denotes the cardinality of a set S. Fur-
thermore, we use S¢ for the complement [ p] \S of aset Sin
[»]. The block support is defined by bsupp(x) := {i €[p]:
Ix;]l2 # 0}. If S C[p], then xg is the vector coincides with
x on the block indices in S and is extended to zero outside
S. For any matrix A € R”*N kerA := {x € RN : Ax = 0},
AT is the transpose. (-, -) is the inner product function.

We first introduce the definition of the g-ratio block
sparsity and its properties.

Definition 1 ([18]) For any non-zero x € RN and non-
negative q ¢ {0,1,00}, the g-ratio block sparsity of x is
defined as

q

y(x) = <||X||2,1>’11 ' 2)

lIxll2.4

The cases of q € {0, 1, 00} are evaluated by limits:

ko(x) = ;g)% kq(x) = IIxll2,0 3)

ki(x) = ;ILHI kq(x) = exp(Hy (7 (x))) (4)

koo () = lim ky(x) = JXl21 5)
g l1x12,00

Here, m(x) € RP with entries mi(x) = |x;ll2/lxl2.1

and H; is the ordinary Shannon entropy Hi(w(x)) =
— Zf;l 7i(x) log 7;(x).

This is an extension of the sparsity measures proposed
in [19, 20], where estimation and statistical inference via
a-stable random projection method were investigated. In
fact, this kind of sparsity measure is based on entropy,
which measures energy of blocks of x via m;(x). Formally,
we can express the g-ratio block sparsity by

exp(Hy(m(x))) ifx #0
0

ifx=0, (©)

kq(x) = {
where H, is the Rényi entropy of order g €[0,00] [21,
22]. When g ¢ {0,1, 00}, the Rényi entropy is given by
Hy(n(x)) = flq log( le m(x)q), and for the cases of
q € {0, 1, 00}, the Rényi entropy is evaluated by limits and
results in (3), (4), and (5), respectively.

Next, we present a sufficient condition for the exact
recovery via the noise-free BBP in terms of the g-ratio
block sparsity. Recall that when the true signal x is block k-
sparse, the sufficient and necessary condition for the exact
recovery via the noise-free BBP:
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min ||z]]2,; s.t. Az = Ax (7)
zeRN

in terms of the block NSP of order k was given by [16, 23]

lzsll2,1 < llzsell2,1, Vz € kerA \ {0}, S C[p] and [S] < k.

Proposition 1 If x is block k-sparse and there exists at
least one q € (1,00] such that k is strictly less than

min

_q
277 kg (), (8)
zekerA\{0}

then the unique solution to problem (7) is the true signal x.

Remark 1 The proof can be found in A.1 in Appendix.
This proposition is an extension of Proposition 1 in [11]
from simple sparse signals to block sparse signals. In
Section 3.1, we adopt a convex-concave procedure algo-
rithm to solve (8) approximately.

Now, we are ready to present the definition of the g-ratio
BCMSYV, which is developed based on the g-ratio block
sparsity.

Definition 2 For any real number s €[ 1,p), g € (1, 00]
and matrix A € R™N the q-ratio block constrained
minimal singular value (BCMSV) of A is defined as

|Az]|2

min .
27£0,k;(z)<s Izl 2,9

)

Bgs(A) =

Remark 2 For measurement matrix A with unit norm
columns, it is obvious that Bys(A) < 1 since ||Ae;ll = 1,
leill2g = 1, and ky(e;) = 1, where e; is the ith canonical
basis for RN, Moreover, when q and A are fixed, Bgs(A) is
non-increasing with respect to s. Besides, it is worth notic-
ing that the g-ratio BCMSV depends also on the block
size n, we choose to not show this parameter for the sake
of simplicity. Another interesting finding is that for any
a € R, we have B5(aA) = |a|Bys(A). This fact together
with Theorem 1 in Section 2.2 implies that in the case of
adopting a measurement matrix «A, increasing the mea-
surement energy through || will proportionally reduce the
mixed £ /Lq norm of reconstruction errors. Comparing to
the block RIP [16)], there are three main advantages by
using the q-ratio BCMSV:

e Itis computable (see the algorithm in Section 3.2).

e The proof procedures and results of recovery error
bounds are more concise (details in Section 2.2).

® The g-ratio BCMSV-based recovery bounds are
smaller (better) than the block RIC-based bounds as
shown in Section 3.3 (see also [11, 17], for another
two specific examples).

As for different g, we have the following important
inequality, which plays a crucial role in deriving the
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probabilistic behavior of B,s(A) via the existing results
established in [17].

Proposition 2 If 1 < gy < q1 < 00, then for any real
_ 2@=1

= qig—1y Wehave

number1 <s < pl/‘? with q

Bars(A) = B, a(A) = 5718, a(A). (10)
Remark 3 The proof can be found in A.2 in Appendix.
Let q1 = o0 and qy = 2 (thus, ¢ = 2), we have B s(A) >

~ —1
o (A) = BBc2(A). If gy = @2 > 1, then § = L1—3 =
1+

qf(lq;qfl) > 1,50 B, 1(A) < By, s(A). Similarly, we have
for any t €[1,p] By t(A) = %,Bql,t(A) by letting t = 1
in (10). Based on these facts, we can not obtain the mono-
tonicity with respect to q when s and A are fixed. However,
since for any z € RN with p blocks, kq(z) < p, it holds

trivially that B, ,(A) is non-decreasing with respect to q by
using the non-increasing property of the mixed £ /£, norm.

2.2 Recovery error bounds

In this section, we derive the recovery error bounds in
terms of the mixed £3/¢, norm and the mixed ¢5/£1 norm
via the g-ratio BCMSV of the measurement matrix. We
focus on three renowned convex relaxation algorithms for
block sparse signal recovery from (1): the BBP, the BDS,
and the group lasso.

BBP: min [lzll21 st. ly — Azll> < ¢.
zeRN
BDS: min |zl21 s.t. [AT(y — Az)|200 < 1.
zeRN
Group lasso: min %Hy —Az||% + nllzll2,1-
zeRN

Here, ¢ and pu are parameters used in the constraints to
control the noise level. We first present the following main
results of recovery error bounds for the case when the true
signal x is block k-sparse.

Theorem 1 Suppose x is block k-sparse. For any q €
(1, o], we have
1) If|€ll2 < ¢, then the solution X to the BBP obeys

2¢

X — < — 11

X —xll24 < 5 . A (11)
29 1k

3 ak'—ag

X —xll21 < ——. (12)
B a4 (A)
4,29 1Tk



Wang et al. EURASIP Journal on Advances in Signal Processing

2) If the noise € in the BDS satisfies |AT€|200 < p, then
the solution X to the BDS obeys

4k =1/
S
B* 4 (A

q.29 1k
8k2—2/4

B* 4 (A

q.29 1k

X —x|l24 < (13)

X —xll2,1 < M (14)

3) If the noise € in the group lasso satisfies |AT €200 < k1t
for some k € (0,1), then the solution X to the group lasso
obeys

N 1+« 2k1—1/a
X —x|l2,4 < C— M, (15)
1-x B 4 (A
4 %)‘Hk
. 1+« 4,221
X —xll21 < 5 3 I (16)
1-x)> B 4 A
a(%)" Tk

Remark 4 The proof can be found in A.3 in Appendix.
Obviously, if B quﬁk(A) # 0 in (11) and (12), then the
329~

noise free BBP (7) can uniquely recover any block k-sparse
signal by letting ¢ = 0.

Remark 5 The mixed £3/{; norm error bounds are gen-
eralized from the existing results in [17] (¢ = 2 and oo)
toany 1 < q < oo and from [11] (simple sparse sig-
nal recovery) to block sparse signal recovery. The mixed
Lo /Lq norm error bounds depend on the q-ratio BCMSV of
the measurement matrix A, which is bounded away from
zero for sub-Gaussian random matrix and can be com-
puted approximately by using a specific algorithm, which
are discussed later.

Remark 6 As shown in literature, the block RIC-based
recovery error bounds for the BBP [16], the BDS [24], and
the group lasso [25] are complicated. In contrast, as pre-
sented in this theorem, the q-ratio BCMSV-based bounds
are much more concise and corresponding derivations are
much less complicated, which are given in the Appendix.

Next, we extend Theorem 1 to the case when the signal
is block compressible, in the sense that it can be approxi-
mated by a block k-sparse signal. Given a block compress-
ible signal x, let the mixed €3/¢; error of the best block

k-sparse approximation of x be ¢y (x) = inf Ix —
zeRN ||zl2,0=k

z||2,1, which measures how close x is to the block k-sparse
signal.

Theorem 2 Suppose that x is block compressible. For
any 1 < q < oo, we have
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1) If ||€ll2 < ¢, then the solution X to the BBP obeys

1R = xlag <~ kYT g ), 17)
B 4 (A)
g4 1k
. akt=Yag
% — Xll21 < ————— + 4¢ (). (18)
B _a (A)
q49 1tk

2) If the noise € in the BDS satisfies |AT€|200 < w, then
the solution X to the BDS obeys

K1-1/q a1 (19
I% = xllog < —5——p + kM gy (), 19
g, @
g4 1k
k2—2/q ( )
% = x|l21 < —5————— it + 4 (%). 20
B* 4 (A
g4 1k

3) If the noise € in the group lasso satisfies | AT €||2,00 < ki
for some k € (0,1), then the solution X to the group lasso
obeys

1+« 41-1/a 1
X —X[2q < . + KM L g (x),
I l2g = 1=« B N (A)M Pr(x)
(i)
(21)
. 14+« 8k>=2/4 4
J— < . .
X —xll21 < A2 p N @t t 1 ™
()T
(22)

Remark 7 The proof can be found in A.4 in Appendix.
All the error bounds consist of two components, one is
caused by the measurement error, and another one is due
to the sparsity defect.

Remark 8 Comparing to Theorem 1, we need stronger
conditions to achieve the valid error bounds. Concisely,
we require A > 0 a (A) > 0 and

q ﬁwgk( ) ﬂq’lek( )

B ( . )%1 (A) > O for the BBB BDS, and group lasso

o= )" k

in the block compressible case, while B ) e ](A) > 0,
4,297 K

B a4 (A) > O0and B g (A) > 0 in the block

g2 1k q, 1y

2
1-«

sparse case, respectively.

2.3 Random matrices

In this section, we study the properties of the g-ratio
BCMSYV of sub-Gaussian random matrix. A random vec-
tor x € RN is called isotropic and sub-Gaussian with
constant L if it holds for all u € RN that E|(x,u)|® = ||u||%

and P(|(x,u)| > t) < 2exp (—#j”z) Then, as shown in
Theorem 2 of [17], we have the following lemma.
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Lemma 1 ([17]) Suppose the rows of the scaled measure-
ment matrix /mA to be i.i.d isotropic and sub-Gaussian
random vectors with constant L. Then, there exists con-
stants ¢y and cy such that for any n > 0and m > 1
satisfying

L?s(n + log p)

mzca——>—
772

we have
E|1 = Bos(A)| <1

and

P(B2s5(A) = 1—n) = 1 —exp (_62,72%) ,

Then, as a direct consequence of Proposition 2 (i.e.,
ifl < g < 2, Bgs(4) = S_lﬂgs(A) if2 < g <
00, Bys(A) > /3 Z(q 1 (A).) and Lemma 1, we have the

following probablhstlc statements for B, (A).

Theorem 3 Under the assumptions and notations of
Lemma 1, it holds that
1) When 1 < q < 2, there exist constants ¢, and ¢y such
that for any n > 0 and m > 1 satisfying

L?s(n + log p)
mza——— 55—
n
we have
E[fgs(A)] =57 1 =), (23)
P(fgs(A) 2 570 =) = 1 - exp (~ear ).
(24)

2) When 2 < q < oo, there exist constants ¢i and ¢ such
that for any n > 0 and m > 1 satisfying

2(g—=1)
L?s @ (n+logp)
mz=c 3 ,
n
we have
]E[;Bq,s(A)] >1-n, (25)
o m

P(fgs) = 1—n) = 1—exp (—em’75).  (26)

Remark 9 Theorem 3 shows that for sub-Gaussian ran-
dom matrix, the q-ratio BCMSV is bounded away from
zero as long as the number of measurements is large
enough. Sub-Gaussian random matrices include Gaussian
and Bernoulli ensembles.

3 Numerical experiments and results

In this section, we introduce a convex-concave method
to solve the sufficient condition (8) so as to achieve
the maximal block sparsity k and present an algorithm
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to compute the g-ratio BCMSV. We also conduct com-
parisons between the g-ratio BCMSV-based bounds and
block RIC-based bounds through the BBP.

3.1 Solving the optimization problem (8)

According to Proposition 1, given a g € (1, 0], we need to
solve the optimization problem (8) to obtain the maximal
block sparsity k which guaranties that all block k-sparse
signals can be uniquely recovered by (7). Solving (8) is
equivalent to solve the problem:

max ||z||2,4 s.t.Az=0and ||z]; < 1. (27)
zeRN

However, maximizing mixed {3/£, norm over a polyhe-
dron is non-convex. Here, we adopt the convex-concave
procedure (CCP) (see [26] for details) to solve the prob-
lem (27) for any g € (1, co]. The algorithm is presented as
follows:

Algorithm: CCP to solve (27).
Give an initial point to z; with [ = 0.
Iterate
1. Linearity. Approximate ||z||2,4 using the first order
Taylor expansion
Izll2q = l1ztll2q + V(lzll24) =y, (2 — 21)
1- -2
= lzillag+ zilly, 1z, 152" (2 — 2),
Where zlb =[ ”le ”2’ T

’ ”le ”21 ||Z]2 ”27 ] ||Z[2 ”27

n n
zg, N2, 124, l12) with [z, ll2 denoting the €,
— —

n
norm of the i-th block of z; for i in [ p].
2. Maximization. Set z;, 1 to be the result of

1—q q-2_14T
max ||lz;ll2q+[ 1zl 12, Il “2i]" (2 —zp)
zeRN

st. Az =0, ||z]|2,1 < 1. (28)

3. Updating iteration. Let / =/ + 1.
until stopping criterion is satisfied and k is the largest
integer smaller than z;.

We implement the algorithm to solve (27) under the
following settings. Let A be either Bernoulli or Gaussian
random matrix with N = 256, varying m, block size #, and
q. Specifically, m = 64,128,192, n = 1,2,4,8, and g =
2,4, 16,128, respectively. The results are summarized in
Table 1. Note that when n = 1, the algorithm (28) is iden-
tical to the one in [11]. The main findings are as follows: (i)
by comparing the results between Bernoulli and Gaussian
random matrices under the same settings, there is no sub-
stantial difference. Thus, we can now merely focus on the
left part of the table, i.e., Bernoulli random matrix part;
(ii) it can be seen that the results are not monotone with
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Table 1 Maximal sparsity levels from the CCP algorithm for both
Bernoulli and Gaussian random matrices with N = 256 and
different combinations of n,m, and g

Bernoulli random matrix Gaussian random matrix

nm
g=2g=4g=16 qg=128 g=2 g=4 g=16 g=128
1 64 4 4 3 2 4 4 3 3
128 12 9 6 5 13 12 7 6
192 23 22 12 10 23 20 1 10
2 64 3 3 2 2 3 3 2 2
128 9 7 5 4 9 7 5 4
192 16 16 10 8 14 14 9 8
4 64 2 2 1 1 2 2 2 2
128 5 5 4 3 5 5 3 3
192 9 10 6 5 9 10 7 6
8 64 1 1 1 1 1 1 1 1
128 3 3 2 2 2 3 3 2
192 5 6 4 4 5 6 4 4

respect to g (see the row with n = 4, m = 192), which ver-
ifies the conclusion in Remark 3; (iii) when m is the only
variable, it is easy to notice that the maximal block spar-
sity increases as m increases; and (iv) conversely, when # is
the only variable, the maximal block sparsity decreases as
n increases, which is in line with the main result in ([27],
Theorem 3.1).

3.2 Computing the g-ratio BCMSVs
Computing the g-ratio BCMSV (9) is equivalent to solve
, -1
min [|Az[lz s.t. [lzll21 <s 9 ,]zl24 = 1. (29)
zeRN
Since the constraint set is not convex, this is a non-
convex optimization problem. In order to solve (29), we
use Matlab function fmincon as in [11] and define z =

zt — z7 with z¥ = max(z,0) and z= = max(—z,0).
Consequently, (29) can be reformulated to:
min (z" —z7)TATA@z" —27)
zt,2- RN
a-1
st. |zt —z a1 —s 7 <0,
Izt — 27 llag =1,
zt >0,z7 >0. (30)

Due to the existence of local minima, we perform an
experiment to decide a reasonable number of iterations
needed to achieve the “global” minima shown in Fig. 1.
In the experiment, we calculate the g-ratio BCMSV of a
fixed unit norm columns Bernoulli random matrix of size
40 x 64, n = s = 4, and varying g = 2,4,8, respec-
tively. Fifty iterations are carried out for each g. The figure
shows that after about 30 experiments, the estimate of 8,
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Bq,s, becomes convergent, so in the following experiments,
we repeat the algorithm 40 times and choose the smallest
value Bq,S as the “global” minima. We test indeed to vary
m, s, n, respectively, all indicate 40 is a reasonable number
to be chosen (not shown).

Next, we illustrate the properties of B, which have
been pointed out in Remarks 2 and 3, through experi-
ments. We set N = 64 with three different block sizes
n = 1,4, 8 (i.e., number of blocks p = 64, 16, 8), three dif-
ferent m = 40, 50, 60, three different g = 2,4, 8, and three
different s = 2,4, 8. Unit norm columns Bernoulli random
matrices are used. Results are listed in Table 2. They are
inline with the theoretical results:

(i) Bgs increases as m increases for all cases given that
other parameters are fixed.

(ii) Bgs decreases as s increases for most of cases given
that other parameters are fixed. There are exceptions
when m = 40,n = 8 with s = 4, and s = 8 under
q = 4, 8, respectively. However, the difference is
about 0.0002, which is possibly caused by numerical
approximation.

(iii) Monotonicity of By, does not hold with respect to q
even given that other parameters are fixed.

3.3 Comparing error bounds

Here, we compare the g-ratio BCMSV-based bounds
against the block RIC-based bounds from the BBP under
different settings. The block RIC-based bound is

4+/1 + 891 (A)
1— (14 v2)8u(4)
if A satisfies the block RIP of order 2k, i.e., the block RIC
89k (A) < +/2—1[14, 17]. By using the Holder’s inequality,
one can obtain the mixed ¢5/¢, norm

4/1 + 695 (A)
1— 1+ +/2)8%(A4)

% — xll2 <

(31)

ka2, (32)

% — xll24 <

for0 <g<2.

We compare the two bounds (32) and (12). With-
out loss of generality, let ¢ = 1. §y(A) is approxi-
mated using Monte Carlo simulations. Specifically, we
randomly choose 1000 sub-matrices of A € R"™N
of size m x 2unk to compute 8yk(A) using the maxi-
mum of max (02, — 1,1 — 02;,) among all sampled sub-
matrices. It turns out that this approximated block RIC
is always smaller than or equal to the exact block RIC;
thus, the error bounds based on the exact block RIC
are always larger than those based on the approximated
block RIC. Therefore, it would be enough to show that
the g-ratio BCMSYV gives a sharper error bound than the
approximated block RIC.

We use unit norm columns sub-matrices of a row-
randomly-permuted Hadamard matrix (an orthogonal
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Fig. 1 g-ratio BCMSVs calculated for a Bernoulli random matrix of size 40 x 64 with n = 4,5 = 4,and g = 2,4,8 as a function of number of

Bernoulli matrix) with N = 64, k = 1,2,4, n = 1,2,
g = 1.8, and a variety of m < 64 to approximate the g-
ratio BCMSYV and the block RIC. Besides the Hadamard
matrix, we also test Bernoulli random matrices and Gaus-
sian random matrices with different configurations, which
only return very fewer qualified block RICs. In the sim-
ulation results of [17], the authors showed that under all
considered cases for Gaussian random matrices, 8y (A) >
/2 — 1, which is coincident with our finding. Figure 2
shows that the g-ratio BCMSV-based bounds are smaller
than those based on the approximated block RIC. Note
that when m approaches N, 8,(A) — 1 and 83 (A) — 0,
as a result, the g-ratio BCMSV-based bounds are smaller
than 2.2, while the block RIC-based bounds are larger than
or equal to 4.

Table 2 The g-ratio BCMSVs with varying m,n, p,g, and s

4 Conclusion and discussion

In this study, we introduced the g-ratio block sparsity
measure and the g-ratio BCMSV. Theoretically, through
the g-ratio block sparsity measure and the g-ratio BCMSYV,
we (i) established the sufficient condition for the unique
noise-free BBP recovery; (ii) derived both the mixed £5/¢,
norm and the mixed £3/£; norm bounds of recovery
errors for the BBP, the BDS, and the group lasso estima-
tor; and (iii) proved the g-ratio BCMSV is bounded away
from zero if the number of measurements is relatively
large for sub-Gaussian random matrix. Afterwards, we
used numerical experiments via two algorithms to illus-
trate theoretical results. In addition, we demonstrated that
the g-ratio BCMSV-based error bounds are much tighter
than those based on block RIP through simulations.

g=2 g=4 g=2=8
m n p
s=2 s=4 s=8 s=2 s=4 s=38 s=2 s=4 s=38
40 1 64 0.7025 0.5058 0.2732 0.7579 0.5495 0.1863 0.7223 0.3954 0.0726
4 16 0.4953 02614 3.5e—04 0.5084 01741 5.1e—04 04592 0.0662 52e—04
8 8 0.3240 0.0256 5.1e—04 0.2987 4.1e—04 6.1e—04 0.2492 3.9e—04 6.6e—04
50 1 64 0.7199 05169 0.3547 0.7753 0.5766 0.2676 0.7366 0.5250 0.1573
4 16 0.5389 03137 0.0767 0.5235 0.2975 0.0015 0.4870 0.1816 9.5e—04
8 8 04324 01274 9.9e—04 03783 0.0398 0.0010 03190 8.5e—04 9.3e—04
60 1 64 0.7345 0.5835 04316 0.7948 0.6256 0.3797 0.7620 05757 0.2877
4 16 0.5626 0.3675 0.1502 0.5275 0.3249 0.1126 04926 02753 0.0361
8 8 04554 0.2147 0.0023 04046 0.1809 0.0021 0.3695 0.1063 0.0017
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Fig. 2 The g-ratio BCMSV-based bounds and the block RIC-based bounds for Hadamard sub-matrices with N = 64,k = 1,2,4,n=1,2,andg =18

There are still some issues left for future work. For
example, analogue to the case for the g-ratio CMSV, the
geometrical property of the g-ratio BCMSV can be inves-
tigated to derive sufficient conditions and error bounds
for block sparse signal recovery.

Appendix - Proofs

Basically, the main processes of proofs follow from those
in [11] with extensions to block sparse signals. We list all
the details here for the sake of completeness.

A1

Proof Suppose there exists z € kerA \ {0} and |S| < k
such that ||zs||2,1 > ||Zs¢|l2,1, then we have

zll21 = llzsll21 + lIzsell21 < 2l|zsll2,1

< 2k V4 ||y, < 2k |2))0,, Vg € (1,00],

which is identical to k > Z%qkq(z), Vq € (1, 00].
In contrast, suppose 3 ¢ € (1,00] such that k <

a_
min  21-9k,(z), then ||zs|l21 < ||zs¢||2,1 holds for all
zekerA\ {0}

z € kerA \ {0} and |S| < k, which implies that the block
null space property of order & is fulfilled; thus, any block
k-sparse signal x can be obtained via (7). O

A.2

Proof (i) Prove the left hand side of (10):
Foranyz € RV \ {0}and 1 < g2 < g1 < oo, sup-

q1

llzll2,1 | 71-1
< 3 <
pose k4, (z) < s, then we can get (I\Zl\z,q1> < s =
-1 q1-1
: ~ __ q2(q1—1)
2y <5 % llzllag, < s % lzlag,. Since g = 20D

llzll2,1
l1zll2,4,

lzlly1 \ @1

VA 2,1 Q2

kﬂh (z) = ( )
I2zll2q,

from which we can infer

q1-1
and <s 71 ,we have

q2(q1 -1 -
< sn@-D = g9

{z:ky(z) <5} CS{z:ky(z) < s1y.

Therefore, we can get the left hand side of (10) through

lAz]|2 I Az]l2
Bqs(A) = min > min
2£0kg @)=s [Zll2,q1 — 220k, @ <s7 [Zll2,q1
Azlly Izl
C o Mzl Tzl
27#0,kg, (2) <s7 ||z||2,q2 ||z||2,q1
Az|l2
> min = By, 51 (A).
2£0,kg, ()<s? ||Z]|2,g,

(ii) Verify the right hand side of (10):

Suppose kg, (z) < s, for any z € RN \ {0}, by using the
non-increasing property of the g-ratio block sparsity with
respect to g and go < g1 < oo, we have the following two

inequalities: {2121 = ko (z) < kg,(2) < 7 and ky, (2) <

kg, (z) < s4.Since 1 < q2 < q1 < 00, the former inequality

z 7 z 7
l2logy _ Nzl gy e o G The
l2lg = Tzl2ee = [2l2g, =

latter inequality implies that

implies that

(21 kg, (2) <87} C (22 kg (2) < 7).
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Therefore, we can obtain the right hand side of (10)
through

(A) = lAz]|2

By si(A) = min
2£0,kg, ) <s? [|Z]|2,4,
lAz]|2

T 20k, @ <5t |1Zll2,4,
lAzl2  l1zll2,q

min T
2£0,kg, (2)<s7 ||Zll2,q,

> B (A) s

I1Zll2,4>

A3

Proof The proof procedure follows from the similar
arguments in [6, 10], and the procedure can be divided
into two main steps.

Step 1: We first derive upper bounds of the g-ratio block
sparsity of residual h = x — x for all algorithms. As x is
block k-sparse, we assume that bsupp(x) = Sand |S| < k.

For the BBP and the BDS, since [|X||2,1 = [Ix + hll2,1 is
the minimum among all z satisfying the constraints of BBP
and BDS (including the true signal x), we have

Ixll2,1 > IXll2,1 = Ix+hll21 = lIxs+hsll2,1 +[Ixsc +hge 2,1
> [Ixsll2,1 — IIhsll2,1 + [hsellz,1

= [Ixll2,1 — Ilhsli2,1 + lhsell2,1,

which can be simplified to ||hsc|2,; < ||hs|l2,1. Thereby,
we can obtain the following inequality:

Ithilo,1 = llhsll2,1 + llhsell2, < 2[thgll21
< 26V hgllp,, < 2KV h]|o,, Vg € (1,00],

which is equivalent to

q
[h]j2,1 ) 7T a4
k,(h) = ’ < 24Tk,
a® <||h||2,q) =

For the group lasso, since the noise € satisfies
AT €200 < & for k € (0,1) and X is a solution of the
group lasso, we have

1. . N 1
SIAK = Y15 + Kl < 114X = ylI5 + plxll21.
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Substituting y by Ax + € leads to
s Lo Lo e 2
miIxllz1 = Sll€lly = SIAK =x) — €l + ulix|21

1 2 1 I 2 s
= 5 llelz = SIAX =x)llz + (A —x), €)

1 2
— 5 llels + plixlizn
< (A& —x),€) + 1|x]21
=& —x,AT€) + pllxll21
< 1% = xlI2,1 AT €ll2,00 + 121XII2,1
< «ptllhll21 + plixla.

The last second inequality follows by applying Cauchy-
Schwarz inequality block wise and the last inequality can
be written as

IXll21 < «llhll2,1 + [Ix[I2,1. (33)

Therefore, it holds that

[xll2,1 = 1Xll2,10 — «[Ihll2,
=[x+ hge + hgll2,1 — «|lhge + hgll2,1
> [|x + hgell2,1 — [Ihsll2,1 =« ([lhse 2,1 + [hsll2,1)
= [Ixll2,1 + (1 = ©) [lhsell21 — (1 + «)[ths]l2,1,

which can be simplified to
1+«
Ihsell2,1 < ——lhsll21.
1—«
Thus, we can obtain
lhll21 = llhsell2,1 + lThsll2,1

2
< ——llhgll21
1—«

IA

2
_ = Ve
kT sl

IA

2
_ = Ve ,
kT

which can be reformulated by

q q
[Ihil2,1 ) 1T 2 \at
h) = - k.
ka(h) (nhnz,q) 5(1_,() ‘

Step 2: Obtain upper bound of ||Ah||; and then con-
struct the mixed £3/¢; norm and the mixed ¢2/¢; norm
of the recovery error vector h via the g-ratio BCMSV for
each algorithm.

(i) For the BBP, since both x and x satisfy the constraint
ly —Az||2 < ¢, by using the triangle inequality, we can get

ARz =lAK = x)ll2 < [|AX — yll2 + [ly — Ax|l2 < 2¢.
(34)
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Following from the definition of the g-ratio BCMSV and
q_
kg(h) < 2471k, we have

28
¢ (A)]h <||Ahly <2¢ = ||h < .
ﬂqyzqzlk( )Ihll24 <[Ahll2 <2¢ = |hllgq < 5 . @A)
—1
q29 vk
. 1/q
Furthermore, we can obtain |h|y; < ﬁ4k% (‘:4) by
q29 "  k

using the property [[hll2,; < 2k"/4|[h||2,.

(ii) Similarly for the BDS, since both x and X satisfy the
constraint ||AT(y — Az)|2,00 < i, we have

AT AR|l2,00 < IAT (y — AR)ll2,00 +IIAT (y— AX) 12,00 < 211

By applying the Cauchy-Schwarz inequality again as in
Step 1, we obtain

|Ah||3 = (Ah, Ah) = (h,ATAh)
< |21 AT Ahl2,00 < 21]|hl2,1.

(35)

At last, with the definition of the g-ratio BCMSV, k;(h) <
2quk and |h|jp;1 < 2k1’1/q||h||2,q, we get the upper

bounds of the mixed ¢3/¢; norm and the mixed £3/¢;
norm for h :

B 4

oty IR < JARIE < 2ullhlz <4k’ 2,
e

4k' =1/
= by < —5——n
B° 4 (A

q.29 1k
8k2—2/4
2, @t

g2 1k

and [[h|l,1 < 2k'V4|h|y, <

(iii) For the group lasso, with AT e l2,00 < k1, we have
IATA|l2,00 < IAT (y — AX)ll2,00 + AT (y — AD) 12,00
< AT €ll2,00 + AT (y — A% 12,00
<k + AT (y — A% 2,00

Moreover, since X is the solution of the group lasso, the
optimality condition yields that

AT(y — A%) € pd X1,

where the sub-gradients in d||X||2,1 for the ith block are
X;/|IX;ll2 if X; # 0 and is some vector g satisfying ||g|ls <
1if x; = 0 (which follows from the definition of sub-
gradient). Thus, we have |[AT(y — AX)[2,00 < 1, which
leads to

AT ARll200 < (e + Dpe.
Following the inequality (35), we get

IAR[3 < (« + Dpelhll2,1. (36)
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a_
As a result, since k;(h) < (%) !k and [Ihlj21 <
%kl_l/qﬂhng,q, we can obtain

F2 o VNI, < JARIE < (¢ + Dyl

(271
2 +1)  _
< u————k""V|h|lq (37)
1—«
which is equivalent to
1-1/q
Ihllsg < — etD
B 4 (A) 1—«
o) 10
Ik 4k2%/1
and ||h||2,1 S (17K)2 ,32 q (A)
(2 T Tk
O

A4

Proof Since the infimum of ¢x(x) is achieved by an
block k-sparse signal z whose non-zero blocks equal to the
largest k blocks, indexed by S, of x, s0 ¢ (x) = [|xs¢|l2,1 and
let h = x — x. Similar as the proof procedure for Theorem
1, the derivations also have two steps.

Step 1: For all algorithms, bound |/h||5; via |hl|24 and
Pk (x).

First for the BBP and the BDS, since [|X|l2,1 = [|x+ h|[21
is the minimum among all z satisfying the constraints of
the BBP and the BDS, we have

[xsll2,1 + lIxsell2,1 = lIxll2,1 > [1X]l2,1 = [Ix + hll2,1

= |Ixs + hsll21 + [Ixse + hgell2,1
> [Xsll2,1 = Ihsll2, 1+ lThse | = [1xse 12,1,

which is equivalent to

Ihsell21 < lhgll2,1 + 2lxsell2,r = IThs 21 + 2¢(X).

(38)
In consequence, we can get
Ihil2,1 = llhsll2,1 + lThsell2,1 (39)
< 2|lhgll2,1 + 2% (x)
< 2k V4| |hg |l + 201 (%)
< 2k'4||h||2,q + 26k (x). (40)

As for the group lasso, by using (33), we can obtain

xsll2,1 + [Ixsellz,n = lIxll2,1 > [1Xll2,1 — «[Ihl2,1
> ||xs + xsc + hg + hse|l2,1
— k|ths + hgell2,1
> |lxs + hgella,1 — [Ixsell2,1
— lIhsliz,1 — «llhsliz,; — « Ihsell2,1
= [Ixsll2,1 + (1 — «) | hgell2,1
— IIxsell21 — (1 + «)[fhs]l2,1,
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which points to that

1+«
lIhsell2,1 < ——lhsll21 + lIxsell2,1- (41)
1—« 1—«
Therefore, we have
lhil21 < lhsll21 + lhsell2,1
2
< —||h c
=T Ihsll2,1 + T« [Ixse ll2,1
2 _ 2
< ——k"" M|l + Pr (). (42)
1—« 1—«

Step 2: Verify that the g-ratio block sparsity of h has
lower bound in the form of |hl|4 for each algorithm,
when |[|h||24 is larger than the part of recovery bounds
caused by the measurement error.

(i) For the BBP, we assume that h # 0 and |hl, >

%; otherwise, (17) holds trivially. Since ||Ah|y <

g4 k

2¢ (see (34)), we have ||h|l2, > #“”2@. Then, it holds

q,4qT1k

that
Ah Ah
L LI}
Ihll2g  ga7 Tk A, hll2g

h#0,k;(h)<49- Tk

which implies that

_4q_
kq(h) > 47Tk = ||hl, > 4k'~4||hl|y,,. (43)

Combining (40), we have |hll3, < kY714, (x), which
completes the proof for (17). The error bound of the
mixed £5 /€1 norm (18) follows immediately from (17) and
(40).

(ii) As for the BDS, similarly we assume h # 0 and

lhil2, > %M; otherwise, (19) holds trivially.
q,4%k
As lAh3 < 2ulhll21 (see (35)), we have [hllz4 >
akl-Ya__ |AR|3
FLR—Y IIth,1‘Then’ we can get
qule
v jangd (arie)
B 4 A= 2, 2 ,
AT Tk a3, I3, \ k)
4 h#0,ks(h) <471 k A 4
which implies that
_q_
kq(h) > 45Tk = |[h]ly,1 > 4k 9|y, (44)

Combining (40), we have ||h|y, < kY714, (x), which
completes the proof for (19). (20) holds as a result of (19)
and (40).

(iii) For the group lasso, we assume that h # 0 and

[hllgg > £ %M; otherwise, (21) holds triv-

1 g2 a_
a1 T Tk

ially. Since in this case ||Ah||% < (A +«)u|h|

2,1 (see (36)),
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4kt—1/a lAN|3 .
we have |hl2, > o —@ " TR which leads
a2 T Tk
to
Ah||?
52 L A= |Ah]3
4 gTg . |3
(=) h£0ky () <(12) 7Tk 1112
q 1*%,
_ llang (27 Tk
Iz, \ kg
ky(h) > (—— )@k
= > =
1 1—«
4 1-1/q
= |hll21 > 1 _Kk [hll24. (45)

Combining (42), we have |h]2, < kYa-1¢, (x), which
completes the proof for (21). Consequently, (22) is
obtained via (21) and (42). O
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