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Abstract
Thanks to massive antenna arrays in millimeter wave communications, a much higher
resolution can be achieved for the estimation of angle of arrival. By taking full
advantage of beamforming capability and high angular resolution in millimeter wave
systems, a single anchor is sufficient to obtain a good position estimation for agents by
combining angle of arrival and time of arrival. In this paper, a single-anchor based
cooperative localization is proposed for millimeter wave systems. Fundamental limits of
cooperative localization with a single anchor is investigated, where all nodes are
equipped with massive antenna arrays. Bounds of time-based range and position
estimation are derived by Crámer-Rao bound in general multipath channels. For the
single-anchor based cooperative localization, the structure of the fisher information
matrix is investigated and the relationship between ranging accuracy and positioning
accuracy is theoretically clarified. Numerical results demonstrate a consistency with
theory behind the proposed millimeter wave’s cooperative localization network.

Keywords: Cooperative localization, Single anchor, Millimeter wave systems,
Positioning, Crámer-Rao bound, Massive antenna array

1 Introduction
As is well known, millimeter wave (mmWave) communication operates with the wide
spectrum from 30 GHz to 300 GHz [1]. With a large available bandwidth and mas-
sive antenna arrays, mmWave bands are very promising and attractive in wireless
communication [2]. The first standardized consumer radios were in the 60 GHz unli-
censed band, where 2 GHz signal bandwidth is common. By virtue of this advantage,
even though there exists a severe path loss in mmWave transmissions, the develop-
ment of wireless communication in the 60 GHz band has been attracting plenty of
attentions [3].
In addition to offering a large available bandwidth and massive antenna arrays,

mmWave transmissions have a higher transmit power that leads to a higher signal noise
ratio (SNR) compared with another probing signal with a large band named ultra wide-
band (UWB) ([4, 5]) in the frequency range of 3.1 ∼ 10.6 GHz. Consequently, mmWave
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has a tremendous potential for precise ranging and positioning and is capable of compen-
sating for the drawbacks of satellite based positioning systems such as global positioning
systems (GPS). So far, there have been many literatures conducting an investigation on
mmWave localization. By measuring mmWave’s received signal strength (RSS), a meter-
level positioning accuracy is obtained in [6]. Due to massive antenna arrays in mmWave
communications, a much higher resolution is achieved for the estimation of angle of
arrival (AOA) ([7–9]). Under this condition, a single anchor is sufficient for agents’ posi-
tion estimation by using AOA and time of arrival (TOA), instead of multiple anchors
involved in conventional localization networks ([10, 11]). This work has been extended to
the case of multipath environments in ([12–14]), where the fundamental bounds for posi-
tion and orientation estimation are derived. In [15], error bounds for uplink and downlink
3-dimensional (3D) localization in mmWave systems are derived based on single-anchor
localization with uniform rectangular arrays. In indoor scenarios ([11, 16]), position and
orientation error bounds are analyzed for single-anchor based 3D mmWave localiza-
tion with a perfect single beam whose direction is assumed to be known, where only
a single-path channel is considered. Our previous works investigate the multi-anchor
based mmWave localization in static and dynamic multipath channels and achieve a
millimeter-level (mm-level) positioning bound in the given mmWave localization systems
([17, 18]).
This paper proposes single-anchor based cooperative localization and investigates the

fundamental limits on ranging and positioning in mmWave-based cooperative localiza-
tion. Similar to ([19, 20]), the antenna array is regarded as a phased array because the
signal bandwidth B is much smaller1 than the carrier frequency fc, i.e.,B � fc, although
the band of mmWave is large ([3, 11]). Different from the existing literatures ([21, 22])
that achieve meter-level to centimeter-level positioning accuracy, we attempt to pursue
a mm-level positioning accuracy and achieve a similar accuracy level as our previous
work [19]. However, different from [19] that employs multiple anchors and adopts a large
antenna array only for the anchor, this paper considers a single anchor based cooperative
localization with the antenna array equipped for all nodes.
Figure 1 shows a genetic network topology for single anchor based cooperative localiza-

tion. In the communication range of an agent, there is only a single anchor to be used for
localization. For each anchor-agent connection pair, both TOA and AOA are measured;
however, for each agent-agent connection pair, only the TOA is measured. In this paper,
the fundamental limits of cooperative localization in mmWave systems are investigated,
where a single anchor is utilized for resource saving. In communication networks, due
to power control, the number of hearable anchors might be insufficient. Single anchor-
based cooperative localization can eliminate this problem. Bounds of range, orientation,
and position estimation are derived by Crámer-Rao bound (CRB) for general multipath
channels. The structure of the fisher information matrix (FIM) is investigated, and the
relationship between ranging accuracy and positioning accuracy is theoretically clarified.
The contributions of this paper is summarized as follows:

• We propose mmWave-based cooperative localization with a single anchor to reduce
the construction cost and overcome the hearability problem;

1Much smaller � is defined by | fc±B
fc | ≈ 1. In this paper, fc = 60 GHz while B ≤ 2 GHz so | fc±B

fc | ∈[ 0.97, 1.03].
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Fig. 1 Single anchor-based cooperative localization in mmWave systems

• In the proposed model associated with mmWave transmission and massive antenna
arrays, we derive the CRB for range and orientation estimations for a single anchor
and range estimation for agents;

• In the proposed model associated with mmWave transmission and massive antenna
arrays, we analyze the FIM structure and derive the CRB for position estimation in
single anchor-based cooperative localization;

• The close relationship between the bound for range estimation and that for position
estimation is theoretically disclosed in single-anchor based cooperative localization.

The remaining of this paper is organized as follows. Section 2 introduces the system
model and problem formulation. In Section 3, the bounds for range and orientation esti-
mations are derived for single anchor, and the bound for range estimation is derived for
agents. In Section 4, the FIM is structured and the bounds on position and orientation
estimations are derived, where the bound of position estimation is associated with that
of range estimation. Section 5 reports the numerical results, followed by conclusion in
Section 6.
Notations: The superscripts [ ·]∗ , |·|, [ ·]T , [ ·]−1 and [ ·]′ denote the conjugate, the mod-

ulus, the transpose, the inverse, and the first derivation of the argument, respectively;
A 	 B means that matrix A − B is positive semidefinite; [ ·]i,j denotes the element at the
ith row and jth column of its argument; [ ·]r1:r2,c1:c2 denotes a submatrix composed of the
rows r1 to r2 and the columns c1 to c2 of its argument; [ ·]n×n,k denotes the kth n × n
submatrix beginning from the element 2n(k − 1) + 1 on the diagonal of its argument; In
denotes a n × n identity matrix, 1m×n denotes a m × n matrix with all elements of 1 and
0m×n denotes am×nmatrix with all elements of 0;A⊗B denotes the Kronecker product
of A and B and A ◦ B denotes the Hadamard product of A and B; Ev{·} is the expectation
operator with respect to the random vector v; tr(·) denotes the trace of a matrix.

2 Systemmodel and localizationmethod
2.0.1 Systemmodel and problem formulation

Considering an mmWave localization system consisting of a single anchor with known
coordinate p0 = (x0, y0) and K agents with unknown coordinates pk = (xk , yk) to be
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localized, k ∈ {1, 2, · · · ,K} �= Nk , as shown in Fig. 2, where all nodes, indicating both
the anchor and agents, are equipped with massive antenna array [23]. The node k hasMk
antenna elements, k ∈ {0} ∪ Nk , where k = 0 indicates the anchor and k > 0 indicates
the agent.
Even though it is argued that small-scale fading in line-of-sight (LOS) link of mmWave

communications is not significant with strong beamforming and can thus be neglected
([1, 24]), we persist in considering a generic wireless propagation model that includes
small-scale fading for LOS path. Furthermore, according to [24] and [25], mmWave sig-
nals are sensitive to blockage effects, which result in distinct differences in the LOS and
non-LOS (NLOS) path losses. mmWave signals at 60 GHz band suffer much more as
shown by the path loss model in ([25, 26]). Moreover, shadowing is another nonnegligi-
ble factor to affect mmWave signals. Nevertheless, in wireless localization based on TOA,
we focus much more on the time of flight or equivalently the propagation delay than on
the path loss. Consequently, in order to simplify the analysis, the path loss in this paper is
comprehensively expressed as follows.
In Fig. 2, the red edge connecting a single anchor with each agent denotes the propa-

gation from anchor to the agent, and the blue edge connecting two agents denotes the
signal transmission between agents. After a simple geometric operation, the received sig-
nal matrix at node k ∈ Nk from node j ∈ {0} ∪ Nk\k, xkj(t) ∈ C

Mk×1, can be modeled as

xkj(t) =
Pkj∑

p=1
α

(p)
kj e

(
φ

(p)
kj ,φ

(p)
jk

)
Bkj(φT )s

(
t − τ

(p)
kj

)
+ wkj(t), (1)

where e
(
φ

(p)
kj ,φ

(p)
jk

)
= er

(
φ

(p)
kj

)
eTt
(
φ

(p)
jk

)
∈ C

Mk×Mj is composed of antenna steering

vector et
(
φ

(p)
jk

)
∈ C

Mj×1 and antenna response vector er
(
φ

(p)
kj

)
∈ C

Mk×1; Bkj(φT ) ∈
C
Mj×Mb denotes the beamforming vectors with the targeted angle of transmission φT ;

s(t) =[ s1(t), s2(t), · · · , sMb(t)]T ; Pkj denotes the number of multipath components; α(p)
kj

and τ
(p)
kj are the propagation amplitude and delay of the pth path, respectively;

τ
(p)
kj = 1

c

(
‖pj − pk‖ + b(p)

kj

)

Fig. 2 Location-aware network
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with the light speed c and range bias b(p)
kj ≥ 0 in which the range bias is zero for the direct

path; wkj(t) represents the observation noise matrix, where each elements are modeled
as additive white Gaussian processes with zero mean, variance of σ 2

w, and two-side power
spectral density N0/2.
Specifically, the received signal at antenna m of node k from node j ∈ {0} ∪ Nk\k can

be obtained from (1)

x(m)

kj (t) =
Pkj∑

p=1
α

(p)
kj e

jgm(φ
(p)
kj )eTt (φ

(p)
jk )Bkj(φT )s(t − τ

(p)
kj )

+w(m)

kj (t), (2)

where ejgm(φ
(p)
kj ) is the steering phase of antennam at the single anchor with respect to the

pth path.

2.0.2 Coperative localizationwith single anchor

A generic framework for cooperative localization has been proposed in [27] for wideband
signals, where multiple anchors are considered for only delay estimation. Similar to [27],
each agent in the cooperative network is localized by combining two components: single
anchor’s localization and other agents’ cooperative localization.
In single anchor’s localization, each agent receives transmissions from the single

anchor and then measures the angle as well as the propagation delay. The localization
is then accomplished by using both AOA and TOA. In agents’ cooperative localization,
each agent receives transmissions from all other hearable agents and then measures all
propagation delays, where the localization is accomplished by using TOA or TDOA.
To sum up, in the proposed single anchor-based cooperative localization networks, the

final localization is implemented by combining the AOA and TOA from single anchor
and the entire TOAs from all hearable agents.

3 Bounds of range and orientation estimation
In this section, we derive the FIM and CRB for range estimation as well as for orien-
tation estimation. Without loss of generality, we assume that each agent in localization
networks knows the array orientation for itself and for the fixed anchor; however, it has
no information about the array orientation for other agents.

3.1 FIM for range and orientation

Let θkj denote the parameters to be estimated during the propagation from node l to
agent k, l �= k, which consists of the multipath delays, massive antenna array vectors and
channel amplitudes. When j = 0, we attempt to measure the range between the single
anchor and agent k, and the orientation from the single anchor to agent k. When j �= 0,
we attempt to measure only the range between agents k and j. Therefore, we have

θkj =

⎧
⎪⎨

⎪⎩

[
lTkj, τ

T
kj ,ϕ

T
kj ,α

T
kj

]T
for j = 0

[
τTkj ,ϕ

T
kj ,α

T
kj

]T
for j �= 0,

(3)

where the special vector

lkj
�=
[
τ

(1)
kj ,φ(1)

k0

]T
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contains unknown LOS parameters to be estimated for j = 0;

τkj
�=

⎧
⎪⎨

⎪⎩

[
τ

(2)
kj , τ (3)

kj , · · · , τ (Pkj)
kj

]T
for j = 0

[
τ

(1)
kj , τ (2)

kj , τ (3)
kj , · · · , τ (Pkj)

kj

]T
for j �= 0,

(4)

with τ
(1)
kj being the unique unknown parameter to be estimated for j �= 0; ϕkj

�=
[
φT
kj ,φ

T
jk

]T
, in which

φkj
�=

⎧
⎪⎨

⎪⎩

[
φ

(2)
kj ,φ

(3)
kj , · · · ,φ

(Pkj)
kj

]T
for j = 0
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kj ,φ

(2)
kj ,φ

(3)
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(Pkj)
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]T
for j �= 0,

φjk
�=

⎧
⎪⎨

⎪⎩

[
φ

(2)
jk ,φ(3)

jk , · · · ,φ(Pjk)
jk

]T
for j = 0

[
φ

(1)
jk ,φ(2)

jk ,φ(3)
jk , · · · ,φ(Pjk)

jk

]T
for j �= 0,

(5)

and

αkj
�=
[
α

(1)
kj ,α

(2)
kj ,α

(3)
kj , · · · ,α

(Pkj)
kj

]T
(6)

for all j ∈ Nk\k. The observation vector is organized as

xkj =
[
x(1)
kj , x

(2)
kj , · · · , x(Mk)

kj

]T
, (7)

where x(m)

kj is obtained from the Karhunen-Loeve (KL) expansion of x(m)

kj (t) in (2). Let θ̂kj
denote an unbiased estimator of the parameter vector θkj based on the observation vector
xkj.
The mean squared error (MSE) of θ̂kj is bounded as [28]

Exkj|θkj
{
(θ̂kj − θkj)(θ̂kj − θkj)

T
}

	 J−1
θ ,kj, (8)

where Exkj|θkj [ ·] denotes the expectation operation parameterized by the unknown vec-
tor θkj, and Jθ ,kj denotes the FIM for the parameter vector θkj. Let τ̂

(1)
kj be an unbiased

estimator of the parameter τ
(1)
kj that is the LOS delay.

Let φ̂
(1)
k0 be an unbiased estimator of φ

(1)
k0 . Thus, τ̂

(1)
kj and φ̂

(1)
k0 are bounded respectively

as
⎧
⎪⎪⎨

⎪⎪⎩

Exkj|θkj
{(

τ̂
(1)
kj − τ

(1)
kj

)2} ≥
[
J−1
θ ,kj

]

1,1
j ∈ {0} ∪ Nk\k

Exkj|θkj
{(

φ̂
(1)
kj − φ

(1)
kj

)2} ≥
[
J−1
θ ,kj

]

2,2
j = 0.

(9)

And the FIM Jθ ,kj is defined as

Jθ ,kj
�= Exkj|θkj

{
− ∂2

∂θkj∂θTkj
ln f

(
xkj|θkj

)
}
, (10)

where f
(
xkj|θkj

)
is the likelihood ratio of the random variable matrix xkj

f
(
xkj|θkj

) =
Mk∏

m=1
f
(
x(m)

kj |θkj
)

(11)

with
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f
(
x(m)

kj |θkj
)
∝ exp

⎧
⎨

⎩− 1
N0

∫ T

0

∣∣∣∣∣∣
x(m)

kj (t) −
Pkj∑

p=1
α

(p)
kj

ejgm
(
φ

(p)
kj

)

eTt
(
φ

(p)
jk

)
Bkj(φT )s

(
t − τ

(p)
kj

)∣∣∣∣
2
dt
}
.

3.2 Bounds on range and orientation for anchor-agent pair

We firstly consider range estimation and orientation estimation when agent k commu-
nicates with the single anchor (j = 0). In this case, the FIM Jθ ,k0 can be structured
as

Jθ ,k0 =

⎡

⎢⎢⎢⎣

Flk0lk0 Flk0τk0 Flk0,φk0 Flk0αk0
Fτk0lk0 Fτk0τk0 Fτk0φk0 Fτk0αk0

Fφk0lk0 Fφk0τk0 Fφk0φk0 Fφk0αk0

Fαk0lk0 Fαk0τk0 Fαk0φk0 Fαk0αk0

⎤

⎥⎥⎥⎦ , (12)

where Fx1x2
�= �

{
Exkj|θkj

{
− ∂2

∂x1∂x2 ln f
(
xkj|θkj

)}}
.

By referring to [17], all elements could be easily obtained via a straightforward alge-
braic transformation. It is evidently known that

[
J−1
θ ,k0

]

1,1
and

[
J−1
θ ,k0

]

2,2
are of interest even

though the FIM Jθ ,k0 has a higher dimension. By partitioning Jθ ,k0 as

ϒ0,k0
�= Flk0lk0 ∈ R

2×2,

ϒ1,k0
�= [

Flk0τk0 , Flk0,φk0 , Flk0αk0
] ∈ R

2×(4Pk0−2),

ϒ2,k0
�=
⎡

⎢⎣
Fτk0τk0 Fτk0φk0 Fτk0αk0

Fφk0τk0 Fφk0φk0 Fφk0αk0

Fαk0τk0 Fαk0φk0 Fαk0αk0 .

⎤

⎥⎦

∈ R
(4Pkj−2)×(4Pkj−2), (13)

we then have

Jc,k0 = ϒ0,k0 − ϒ1,k0ϒ
−1
2,k0ϒ

T
1,k0, (14)

where Jc,k0 is defined as the Schur complement of Jθ ,k0.
Fundamental bounds of range estimation d̂k0 and orientation estimation φ̂

(1)
k0 can thus

be obtained as
⎧
⎪⎨

⎪⎩

σ 2
d̂k0

≥ c2[ (ϒ0,k0 − ϒ1,k0ϒ
−1
2,k0ϒ

T
1,k0)

−1]1,1
�= Bd̂k0

σ 2
φ̂

(1)
k0

≥[ (ϒ0,k0 − ϒ1,k0ϒ
−1
2,k0ϒ

T
1,k0)

−1]2,2
�= B

φ̂
(1)
k0
,

(15)

And the [ϒ0,k0]1,1 can be obtained as

[ϒ0,k0]1,1 = 8π2M0Mkβ
2SNR(1)

k0 , (16)

where β
�=
(∫ +∞

−∞ f 2|S(f )|2df
∫ +∞
−∞ |S(f )|2df

)1/2
denotes the mean square bandwidth (MSB) [29] and

SNR(1)
k0

�= |α(1)
k0 |2 ∫ +∞

−∞ |S(f )|2df
N0

denotes the received SNR of the LOS path at agent k from the
single anchor.
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3.2.1 Bounds on range estimation for agent-agent pair

We then consider range estimation between agents k and j ∈ Nk\k. In this case, the FIM
Jθ ,kj can be structured as

Jθ ,kj =

⎡

⎢⎢⎢⎣

Flkjτkj Flkj ,φkj Flkjαkj
Fτkjτkj Fτkjφkj Fτkjαkj

Fφkjτkj Fφkjφkj Fφkjαkj

Fαkjτkj Fαkjφkj Fαkjαkj

⎤

⎥⎥⎥⎦ , (17)

where all elements could be easily obtained via a straightforward algebraic transforma-
tion.
Similarly,

[
J−1
θ ,kj

]

1,1
is of interest although the FIM Jθ ,kj has a higher dimension. By

partitioning Jθ ,kj as

ϒ0,kj
�= F

τ
(1)
kj τ

(1)
kj

∈ R,

ϒ1,kj
�=
[
F

τ
(1)
kj τ̃kj

, F
τ

(1)
kj φkj

, F
τ

(1)
kj αkj

]
∈ R

1×(4Pkj−1),

ϒ2,kj
�=
⎡

⎢⎣
Fτ̃kjτkj Fτ̃kjφkj Fτ̃kjαkj

Fφkj τ̃kj Fφkjφkj Fφkjαkj

Fαkj τ̃kj Fαkjφkj Fαkjαkj .

⎤

⎥⎦

∈ R
(4Pkj−1)×(4Pkj−1), (18)

where τkj
�=
[
τ

(2)
kj , τ (3)

kj , · · · , τ (Pkj)
kj

]T
, i.e. τ (1)

kj is excluded.
By defining Jc,kj as the Schur complement of the matrix Jθ ,kj, we then have

Jc,kj = ϒ0,kj − ϒ1,kjϒ
−1
2,kjϒ

T
1,kj. (19)

The bound on range estimation d̂kj is similarly obtained as

σ 2
d̂kj

≥ c2
[(

ϒ0,kj − ϒ1,kjϒ
−1
2,kjϒ

T
1,kj

)−1
]

1,1

�= Bd̂kj
, (20)

And the ϒ0,kj can be obtained as

ϒ0,kj = 8π2MkMjβ
2SNR(1)

kj , (21)

where SNR(1)
kj

�= |α(1)
kj |2 ∫ +∞

−∞ |S(f )|2df
N0

denotes the received SNR of the LOS path at agent k
from agent j.

4 Bounds on position and orientation in single anchor-based cooperative
localization

In this section, we investigated the structure of FIM for position estimation as well as
for orientation estimation. Furthermore, we analyzed the contribution of single anchor’s
localization and agents’ localization.

4.1 FIM and structure

4.1.1 FIM

By considering all transmissions from a single anchor and from K agents, the parameter
vector to be estimated at agent k can be represented by

θ =
[
PT , θ̃T1 , θ̃T2 , · · · , θ̃TK

]T
, (22)
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where

P =
[
PT
1 ,P

T
2 , · · · ,PT

K

]T
with Pk =

[
pTk ,φ

(1)
k0

]T
(23)

consists of positions of all agents and orientations of all nodes;

θ̃k =
[
θ̃k0, θ̃k1, · · · , θ̃kj, · · · , θ̃kK

]T
(24)

with j ∈ {0} ∪ Nk\k;

θ̃kj =
[
bTkj,ϕ

T
kj ,α

T
kj

]T
(25)

contains

bkj
�=
[
b(2)
kj , b

(3)
kj , · · · , b

(Pkj)
kj

]T

and two other vectors ϕkj in (5) and αkj in (6).
The observation vector x includes the received waveforms at all agents, which is

represented by

x =
[
xT1 , x

T
2 , · · · , xTK

]T
,

where

xk = [
xk1, xk2, · · · , xkj, · · · , xkK

]

with j ∈ {0} ∪ Nk\k and

xkj =
[
x(1)
kj , x

(2)
kj , · · · , x(Mk)

kj

]T
.

And x(m)

kj , having the same expression as (7), is obtained from the Karhunen-Loeve (KL)
expansion of x(m)

kj (t) in (2). When node k cannot communicate with node j directly, the
corresponding terms xkj and xjk disappear from x.
Jθ is defined as the FIM of θ , so we have

Jθ
�= Ex|θ

{
− ∂2

∂θ∂θT
ln f (x|θ)

}
, (26)

where the overall likelihood ratio can be shown as

f (x|θ) =
∏

k∈Nk

∏

j∈0∪Nk\k

Mk∏

m=1
f
(
x(m)

kj |θ̃kj
)
. (27)

Let p̂k = (x̂k , ŷk) be an unbiased estimator of pk = (xk , yk). Similarly, we have the MSE of
p̂k and the orientation φ̂

(1)
k0 bounded as

⎧
⎪⎨

⎪⎩

EX|θ
{
(p̂k − pk)(p̂k − pk)T

} 	
[
J

−1
θ

]

2×2,k

Ex|θ
{(

φ̂
(1)
k0 − φ

(1)
k0

)2} ≥
[
J

−1
θ

]

3k,3k

(28)

in the proposed single anchor-based cooperative localization.

4.1.2 Structure of FIM

The log-likelihood function for single anchor-based cooperative localization can be
expressed as

ln f (x|θ) =
∑

k∈Nk

∑

j∈0∪Nk\k
ln f

(
xkj|Pk ,Pj, θ̃kj

)
, (29)
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where Pk =
[
pTk ,φ

(1)
k0

]T
is composed of the position of agent k and the orientation of the

direct transmission from the single anchor to agent k, and θ̃kj denotes the vector of the
channel parameters that are associated with nodes k and j. So, the FIM can be structured
as

Jθ =

⎡

⎢⎢⎢⎢⎢⎢⎣

F (P,P) F
(
P, θ̃1

)
· · · F

(
P, θ̃K

)

F
(
θ̃1,P

)
F
(
θ̃1, θ̃1

)
0

...
. . .

F
(
θ̃K ,P

)
0 F

(
θ̃K , θ̃K

)

⎤

⎥⎥⎥⎥⎥⎥⎦
,

(30)

where F (x1, x2)
�= Ex|θ

{
− ∂2

∂x1∂xT2
ln f (x|θ)

}
, P denotes the vector which includes all Pk

and θ̃k denotes the vector including all θ̃kj for k ∈ Nk and j ∈ {0} ∪ Nk\k. The fact
that F

(
θ̃k , θ̃j

)
= 0 for k �= j is used here and the corresponding Schur complement can

therefore be expressed as

Jc(P) = F (P,P) − F
(
P, θ̃

) [
F
(
θ̃ , θ̃

)]−1
F
(
P, θ̃

)T
, (31)

where F
(
P, θ̃

)
�=

[
F
(
P, θ̃1

)
, F
(
P, θ̃2

)
, · · · , F

(
P, θ̃K

)]
; F

(
θ̃ , θ̃

)
�=

diag
{
F
(
θ̃1, θ̃1

)
, F
(
θ̃2, θ̃2

)
, · · · , F

(
θ̃K , θ̃K

)}
.

Proposition 1 Jc(P), including all agent’s positions p̂k = (x̂k , ŷk) and orientations φ̂
(1)
k0

for all k ∈ Nk, can be divided into two independent components, where one component
originates from the contribution of single-anchor localization and the other is from the
contribution of all hearable agents’ cooperative localization.

Proof By referring to [27], it is not difficult to find

Jc(P) =
∑

k∈Nk

Fk0 (P,P) − k0
(
P, θ̃k0,P

)

︸ ︷︷ ︸
From single-anchor localization

−
∑

k∈Nk

∑

j∈∪Nk\k
Fkj (P,P) − kj

(
P, θ̃kj,P

)

︸ ︷︷ ︸
From agents’ cooperative localization

� Jc,N (P) + Jc,G(P), (32)

where Fkj (x1, x2) � Ex|θ
{
− ∂2

∂x1∂x2 ln f
(
xkj|Pk ,Pj, θ̃kj

)}
; kj (x1, x2, x3) �

Fkj (x1, x2)
[
Fkj (x2, x2)

]−1 Fkj (x2, x3).
Single anchor’s localization generates

Jc,N (P) = diag
{
Jc,k0(P1), Jc,k0(P2), · · · , Jc,k0(PK )

}
, (33)

where Jc,k0 represents single anchor’s localization for each agent. And all agent’s cooper-
ative localization generates Jc,G(P) as in (34), where Jc,kj is associated with agent k and
agent j. All Jc,k0 in (33) and Jc,kj in (34) will be found out in the following subsections.
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Jc,G(P) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑
j∈Nk\{1} Jc,1j(p1) 0 −Jc,12(p1) 0 · · · −Jc,1K (p1) 0

0 0 0 0 · · · 0 0

−Jc,21(p2) 0
∑

j∈Nk\{2} Jc,2j(p2) 0 · · · −Jc,2K (p2) 0

0 0 0 0 · · · 0 0
...

...
. . .

−Jc,K1(pK ) 0 −Jc,K2(pK ) 0 · · · ∑j∈Nk\{K} Jc,Kj(pK ) 0

0 0 0 0 · · · 0 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

3K×3K

, (34)

4.2 Single anchor’s localization

4.2.1 Contribution of single anchor’s localization Jc,n(P)

In order to find the details of Jc,N (P) and associate position estimation with range esti-

mation, we further consider a parameter transformation from ρk =
[
pTk ,φ

(1)
k0 , θ̃

T
k0

]T
to

ηk = θk0, where θ̃k0 is given in (24)-(25) and θk0 is given in (3). So, we have the FIM Jρk as

Jρk = �Jηk�
T , (35)

where Jρk and Jηk are the FIMs for the position’s parameter vector ρk and the range’s
parameter vector ηk respectively, and � is the Jacobian matrix for the transformation.
Thus, we have the diagonal block matrix

Jηk = Jθ ,k0, (36)

where Jθ ,k0 is given in (12). And,

� = ∂ηk
∂ρk

=
⎡

⎢⎣
Hk0
Dk0
Qk0

⎤

⎥⎦ , (37)

where

Hk0 =
[
1
c
qk0, q̃k0,

1
c
qk0 ⊗ uk0, 02×2Pk0−1, 02×Pk0

]

∈ R
2×4Pk0 , (38)

with

qk0 =
[
cosφ

(1)
k0 , sinφ

(1)
k0

]T
,

q̃k0 =
[
− sinφ

(1)
k0 , cosφ

(1)
k0

]T
,

uk0 = [1, 1, · · · , 1]︸ ︷︷ ︸
Pk0−1

; (39)

Dk0 = [
0, 1, 01×Pk0−1, 01×2Pk0−1, 01×Pk0

] ∈ R
1×4Pk0 ; (40)

and

Qk0 =
⎡

⎢⎣
0(Pk0−1)×2 IPk0−1 0
0(2Pk0−1)×2 I2Pk0−1
0(Pk0)×2 0 IPk0

⎤

⎥⎦

= [ 0, I4Pk0−2]∈ R
(4Pk0−2)×(4Pk0). (41)
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By substituting (38) through (41) into (37) and substituting (37), (36) into (35), Jρk can be
partitioned and represented as

Jρk =
[
�0 �1
�
T
1 �2

]
, (42)

where

�0 =
[
Hk0Jθ ,k0HT

k0 Hk0Jθ ,k0DT
k0

Dk0Jθ ,k0HT
k0 Dk0Jθ ,k0DT

k0

]
∈ R

3×3

�1 =
[
Hk0Jθ ,k0QT

k0
Dk0Jθ ,k0QT

k0

]

�2 = Qk0Jθ ,k0QT
k0. (43)

Let Hk0 =
[
1
c q̌k0, Ȟk0

]
and Dk0 =

[
Ďk0, 0

]
, where q̌k0 = [

qk0, cq̃k0
]
and Ďk0 =[ 0, 1]. By

using (13), we further have

Hk0Jθ ,k0HT
k0 = 1

c2
q̌k0ϒ0,k0q̌Tk0 + 1

c
Ȟk0ϒ

T
1,k0q̌

T
k0

+1
c
q̌k0ϒ1,k0ȞT

k0 + Ȟk0ϒ2,k0ȞT
k0

Hk0Jθ ,k0DT
k0 = 1

c
q̌k0ϒ0,k0ĎT

k0 + Ȟk0ϒ
T
1,k0Ď

T
k0

Dk0Jθ ,k0DT
k0 = Ďk0ϒ0,k0ĎT

k0

Hk0Jθ ,k0QT
k0 = 1

c
q̌k0ϒ1,k0 + Ȟk0ϒ2,k0

Dk0Jθ ,k0QT
k0 =

[
Qk0Jθ ,k0DT

k0

]T = 0

Qk0Jθ ,k0QT
k0 = ϒ2,k0. (44)

Accordingly, the Schur complement of matrix �2, which is actually Jc,k0(Pk), can be
associated with the performance of range estimation Jc,k0 in (14) as

Jc,k0(Pk) =
[

1
c2 q̌k0Jc,k0q̌

T
k0 ζk0

ζT
k0 Ďk0ϒ0,k0ĎT

k0

]
, (45)

where ζk0 = 1
c q̌k0ϒ0,k0ĎT

k0 + Ȟk0ϒ
T
1,k0Ď

T
k0.

4.2.2 Effect of orientation to position estimation Jc,k0(pk)

By applying a similar partitioning as (42)-(43) on (45), Jc,k0(pk) can be obtained as

Jc,k0(pk) = 1
c2
q̌k0Jc,k0q̌Tk0 − q̃k0q̃Tk0[ϒ0,k0]2,2

− 1
c2
q̃k0q̃Tk0 ◦ εk0, (46)

where

εk0 =
[

χ2
1,2 χ1,2χ2,2

χ1,2χ2,2 χ2
2,2

]

with χ = Īk0ϒT
1,k0 being a 2 × 2 matrix and Īk0 satisfying Īk0 = [

12×(Pk0−1), 02×(3Pk0−1)
]
.

By considering the definition of ϒ1,k0 in (13), we further have

χ =
Pkj∑

p=2

⎡

⎣
F

τ
(1)
k0 τ

(p)
k0

F
φ

(1)
k0 τ

(p)
k0

F
τ

(1)
k0 τ

(p)
k0

F
φ

(1)
k0 τ

(p)
k0

⎤

⎦ (47)
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and

εk0 =
⎛

⎝
Pkj∑

p=2
F

φ
(1)
k0 τ

(p)
k0

⎞

⎠
2

12×2. (48)

Consequently, Jc,k0(pk) can be obtained as

Jc,k0(pk) = 1
c2
q̌k0Jc,k0q̌Tk0

− q̃k0q̃Tk0

⎡

⎢⎢⎢⎣Fφ
(1)
k0 φ

(1)
k0

+

(∑Pkj
p=2 Fφ

(1)
k0 τ

(p)
k0

)2

c2

⎤

⎥⎥⎥⎦

= 1
c2
q̌k0Jc,k0q̌Tk0 − q̃k0q̃Tk0 Fφ

(1)
k0 φ

(1)
k0
, (49)

because φ
(1)
k0 and τ

(p)
k0 are mutually independent, where p ∈ {2, 3, · · · ,Pkj}.

4.3 Agents’ localization: Jc,g(P)

In order to find the details of FIM to be associated with the range estimation, we further

consider a parameter transformation from ρk =
[
pTk , θ̃

T
k1, θ̃

T
k2, · · · , θ̃Tkj , · · · , θ̃TkK

]T
to ηk =

[
θTk1, θ

T
k2, · · · , θTkj , · · · , θTkK

]T
, where θ̃kj is given in (24)-(25) and θkj is given in (3). So, we

have the FIM Jρk as

Jρk = �Jηk�
T , (50)

where Jρk and Jηk are similarly the FIMs for the parameter vector ρk and ηk respectively,
and � is the Jacobian matrix for the transformation.
Thus, we have the diagonal block matrix

Jηk = diag
{
Jθ ,k0, Jθ ,k1, · · · , Jθ ,kj, · · · , Jθ ,kK

}
, (51)

where Jθ ,kj is given in (17).
And,

� = ∂ηk
∂ρk

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

Hk1 Hk2 · · · HkK
Qk1 0

Qk2
. . .

0 QkK

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

, (52)

where

Hkj =
[
1
c
qkj ⊗ ukj, 0, 0, 0

]
∈ R

2×4Pkj , (53)

with

qkj =
[
cosφ

(1)
kj , sinφ

(1)
kj

]T
,

ukj = [1, 1, · · · , 1]︸ ︷︷ ︸
Pkj

, (54)

and

Qkj =
[
0 IPkj−1 0
0 0 I3Pkj

]
=[ 0, I4Pkj−1]∈ R

4Pkj×4Pkj . (55)
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By substituting (53) through (55) into (52) and substituting (51), (52) into (49), Jρk can be
partitioned and represented as

Jρk =
[
�0 �1
�
T
1 �2

]
, (56)

where all elements and the Schur complement of the matrix can be easily obtained
by referring to Section 4B. The Schur complement of the matrix �2, which is actually
Jc,kj(pk), can be associated with range estimation Jc,kj in (19) as

Jc,kj(pk) = 1
c2

∑

j∈Nk\k
Jc,kjqkjqTkj =

∑

j∈Nk\k

qkjqTkj
Bd̂kj

, (57)

where Bd̂kj
is the bound of range estimation in (15) and the directional matrix qkjqTkj

indicates the relative propagation direction between agents j and k.
By substituting (57) into (34), (45) into (33), we have the detailed Jc,G(P) and Jc,N (P).

Then, substituting Jc,G(P) and Jc,N (P) into (32), the final Jc(P) is obtained.

5 Numerical results and discussion
In this section, we use numerical results to simulate the fundamental limits of range esti-
mation, orientation estimation, and position estimation in mmWave-based cooperative
localization with only a single anchor involved.

5.1 Simulation setup

In a simple localization network, we consider to transmit mmWaves in a short range
between nodes (including a single anchor and agents) during an unlicensed band at a
carrier frequency of fc = 60 GHz and an available bandwidth of B = 1 GHz using
time division multiple access (TDMA) [16]. Computer simulation is used to demonstrate
the feasibility of a single anchor-based cooperative localization. Figure 3 shows a simple
localization network with a single anchor and multiple agents, where the yellow star indi-
cates the single anchor, the bigger red square indicates a hearable agent for the anchor,
the smaller red square indicates a nonhearable agent for the anchor, and a connection
between two nodes means that both nodes are hearable to each other.
More specifically, Fig. 4 shows the single anchor and its 4 hearable agents that are iden-

tified by k ∈ Nk , where the anchor is placed at the origin of p0 = (0, 0), K = 4 hearable
agents located on a given circle. Furthermore, Fig. 5 shows respectively agent k and its
4 neighbors including the single anchor and 3 other hearable agents, where agent k is
set as the focus. Therefore, in our simulations, we assumed 4 hearable neighbors for all
cases. Without loss of generality, the phased uniform rectangular array (URA) is consid-
ered for all nodes in our simulation. The inter-element spacing of the URA is assumed to
be �a = λ/2. The number of antenna elements for node k, Mk , is set to be same as for
node j,Mj, where k, j ∈ Nk , which is expressed asM without loss of generality. The trans-
mitted signal is compliant with the correspondent Federal Communications Commission
(FCC) energy mask [30].
Because mmWave transmission undergoes a sparse scattering multipath environment

[26], the probability and intensity of the LOS path suffering from the partial overlapping
of NLOS paths becomes smaller when we compare mmWave with sub-6 GHz waves. In
other words, the number of NLOS paths that might affect the TOA decreases significantly
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Fig. 3 A simple single anchor-based localization network: the yellow star indicates the single anchor, the
bigger red square indicates a hearable agent for the anchor, the smaller red square indicates a nonhearable
agent for the anchor, and a connection between two nodes indicates that both nodes are hearable to each
other

in mmWave systems. Moreover, when the separation between the NLOS path and the
LOS path is larger, the probability that the NLOS affects the TOA is lower. Thus, the
received waveform is assumed to go through a multipath model with two adjacent paths:
one LOS path and the nearest NLOS path, where we consider the path separation in a
wide range to evaluate the corresponding effect of the NLOS path to range estimation
and position estimation.
In Fig. 4, the corresponding directions of all LOS paths are respectively φ

(1)
k0 ∈

{π/4, 2π/3, 9π/5, 11π/6}. We consider that the directions of all 2nd NLOS paths are
respectively φ

(2)
k0 = φ

(1)
k0 − π/18 for simplification. And Fig. 5 provides similar informa-

tion for the agent k ∈ Nk . The reference SNR for the LOS path is considered to take the
following values, SNR ∈ {5, 10, 15}dB for each case, because of a higher transmit power
transmitted for short-distance estimation, whereas a 4 dB additional SNR loss is consid-
ered for NLOS path. The real received SNR at each antenna is calibrated for each case
with respect to the reference SNR.

5.2 Range and orientation estimations

The OFDM signal is transmitted to precisely measure the distance between nodes. The
separation of the two paths �τ1,0 = τ1 − τ0 is identical for all the following cases.
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Fig. 4 Single anchor and its 4 hearable agents: the anchor is placed at the origin of p0 = (0, 0), and K = 4
hearable agents located on a given circle

Figure 6 shows contours of ranging accuracy as a function of path separation where the
SNR ranges from−16 dB to 16 dB, a 5×5URA, i.e.,M = 25, is implemented in both nodes
and the ranging root mean squared error (RMSE) is in log scale 2, i.e., log 10(RMSE). It
is observed that the higher the SNR, the lower the RMSE; the variation of the SNR has a
uniform influence on the accuracy regardless of the value of the SNR; with a small �τ1,0,
the required least SNR is increased somewhat to attain an identical accuracy; with the
path separation greater than 2 ns, the mm-level ranging accuracy is achieved when the
SNR is greater than or equal to 5 dB.
Figure 7 shows the FIM of phase estimation as a function of the number of antenna

elements in the URA, where the SNR is considered to be 10 dB. The number of antenna
elements in the URA of each node, M, is increased from 4 to 50. It is observed that the
FIM reaches its maximum when the direction of the coming signal is π/4, 3π/4, 5π/4 or
7π/4 with respect to the URA plane, where we make full use of the URA to receive the
incoming signals. With a larger M, the FIM gets much bigger. When the direction of the
incoming signal is overlapped with or vertical to the URA plane, the FIM is equal to zero.
Figure 8 shows the bounds of phase estimation as a function of the number of antenna

elements in the URA, where the SNR is also considered to be 10 dB. The number of
antenna elements in the URA corresponding to each node, M, is identically increased
from 4 to 50. It is observed that the bound of phase estimation reaches its minimum
when the direction of the coming signal is π/4, 3π/4, 5π/4 or 7π/4 with respect to
the URA plane; with a larger M, the bound becomes smaller. When the direction of the

2As an example, the number −3 on the contour in Fig. 6 indicates 1mm.
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Fig. 5 Topology of agent k ∈ Nk in single anchor-based cooperative localization: its 4 neighbors include the
single anchor and 3 other hearable agents

Fig. 6 Contour of ranging accuracy in log scale, log 10(RMSE), as a function of path separation and
SNR ∈[−16, 16] dB
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Fig. 7 FIM of phase estimation as a function of the number of antenna elements in the URA

incoming signal is overlapped with or vertical to the URA plane, the bound is infinite so
the estimation cannot be carried out at this time.

5.3 Position estimation

The bound of position estimation is composed of the bound of range estimation and the
network topology.When the SNR is more or less the same3 for all anchors [31], the curves
of position estimation look similar as those of range estimation. The positioning accuracy
is evaluated in terms of position error bound (PEB) [28].
Figures 9 and 10 show PEBs of position estimation as a function of �τ1,0, where the

single anchor is used for localization without any assistance from other agents. Figure 9
considers different antenna elementsM = {16, 25} while Fig. 10 considers different SNRs
with more observations. Each horizontal line denotes the CRB in the case of no overlap-
ping NLOS paths and each curve asymptotically approaching the horizontal line denotes
the CRB in overlapping multipath channels. It is observed that the larger the number of
antenna elementsM, the lower the PEB; the overlapping of nonseparable NLOS path aug-
ments the PEB because it makes the estimation of the LOS path more difficult. When the
path separation exceeds 2 ns, the PEB is equal to the nonoverlapping case where the mul-
tipath has no effect on the estimation of the LOS path. Furthermore, the specific shape
of curves is related to the autocorrelation function of the transmitted waveform; because
it suffers from a sudden phase shift for different path separations, the curves have some
local bulges and are not so smooth as multi-anchor-based localization [19] when using

3This is a common case since the localization process will eliminate partial singular estimations (such as too low SNR or
too far from BS etc.) before implementing localization to guarantee the accuracy.
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Fig. 8 Bounds of phase estimation as a function of the number of antenna elements in the URA

OFDM transmissions. However, when the path separation gets larger, the bulge becomes
negligible.
Figures 11 and 12 show PEBs of single-anchor-based cooperative localization as a func-

tion of path separation. Figure 11 considers different antenna elements while Fig. 12
considers different SNRs with more observations. Apart from the observations from

Fig. 9 PEB of single anchor localization without cooperation, as a function of path separation, where
different antenna elements are considered
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Fig. 10 PEB of single anchor localization without cooperation, as a function of path separation, where
different SNRs are considered

above as in Figs. 9 and 10, it is further observed that cooperative localization is able to
enhance the positioning performance and to lower the PEB with the same condition; the
curves become smooth because the sudden phase shift for different path separations are
filtered through multiple nodes. From Fig. 11, it is observed that an improvement of PEB
from approximately 10 mm to 5 mm is achieved when considering cooperative localiza-
tion with the number of antenna elementsM = 16 for all nodes; an improvement of PEB

Fig. 11 PEB of single anchor-based cooperative localization, as a function of path separation, where different
antenna elements are considered
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Fig. 12 PEB of single anchor-based cooperative localization, as a function of path separation, where different
SNRs are considered

from approximately 5 mm to 2.5 mm is achieved when considering cooperative local-
ization with the number of antenna elements M = 25 for all nodes. From Fig. 12, it is
observed that an improvement of PEB from approximately 8 mm to 4 mm is achieved
when considering cooperative localizationwith the reference SNR = 5 dB for all nodes; an
improvement of PEB from approximately 4 mm to 1.8 mm is achieved when considering
cooperative localization with the reference SNR = 15 dB for all nodes.
To sum up, the proposed single anchor-based cooperative localization in mmWave sys-

tems considerably improves the single anchor’s localization. It is shown that a mm-level
positioning accuracy has been achieved in the proposed localization network from both
theoretical bounds and computer simulations.

6 Conclusion
We have conducted a study on the theoretical performance for range and position estima-
tion in mmWave’s cooperative localization with a single anchor, where massive antenna
arrays are implemented in all agents and in the single anchor. The performance has been
evaluated by theoretically deriving the CRB, where the FIM is analyzed and structured.
The fundamental limit of range estimation is associated with that of position estima-
tion. Numerical results show a consistency with the proposed theory. It is observed that
mm-level ranging and positioning accuracy can be accomplished in such cooperative
localization by taking advantage of mmWave’s massive antenna array, large available band,
and a high SNR based on the allowed large transmit power.
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