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Abstract

This paper studies the estimation problem for multisensor networked systems with
mixed uncertainties, which include colored noises, same multiplicative noises in
system parameter matrices, uncertain noise variances, as well as the one-step random
delay (OSRD) and packet dropouts (PDs). This study utilizes the centralized fusion (CF)
algorithm to combing all information received by each sensor, which improve the
accuracy of the estimation. By using the augmentation method, de-randomization
method and fictitious noise techniques, the original uncertain system is transformed
into an augment model with only uncertain noise variances. Then, for all uncertainties
within the allowable range, the robust CF steady-state Kalman estimators (predictor,
filter, and smoother) are presented based on the worst-case CF system, in light of the
minimax robust estimation principle. To demonstrate the robustness of the proposed
CF estimators, the non-negative definite matrix decomposition method and Lyapunov
equation approach are employed. It is proved that the robust accuracy of CF estimator
is higher than that of each local estimator. Finally, the simulation example applied to
the uninterruptible power system (UPS) with colored noises and multiple uncertainties
illustrates the effectiveness of the proposed CF robust estimation algorithm.

Keywords: Centralized fusion, Multisensor networked system, Colored noises,
Minimax robust estimation principle, One-step random delay, Packet dropouts

1 Introduction

1.1 Background

The multisensor information fusion technology uses computer to automatically analyze
and synthesize the data from each sensor under certain criteria, so as to complete the
required decision-making and estimation [1]. In recent years, the multisensor informa-
tion fusion estimation has received considerable attention because it’s performance in
accuracy and stability has a significant improvement compared to the single sensor sys-
tem. According to whether raw data are directly utilized by the system, there are two
most frequent information fusion techniques: distributed fusion and CF [2].
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Kalman filtering method is a powerful tool in estimation field since the convenience
to calculate on the computer. It is an algorithm that uses the linear system state equa-
tion to obtain the estimation of the state through the system input and output observa-
tion data. Since the observation data include the noise and destabilization in the system,
the optimal estimation can also be regarded as a filtering process. For the conventional
Kalman filtering approach to work, we should know precisely the model parameters and
noise variances of the system [3]. However, this condition may not always hold in many
engineering applications due to some uncertainties always appear in the system, such as
stochastic parameters, uncertain perturbations, and unmodeled dynamics. One of the
most well-known approach to deal the uncertainties is to introduce the robust Kalman
filters [4], which was selected for its reliability and validity. The key characteristic of the
robustness of the filters is that its actual filtering error variances are guaranteed to have a
minimal upper bound when all of the permissible uncertainties are included.

State-dependent and noise-dependent multiplicative noises are the most common
means to describe the stochastic parameter uncertainties [5-7]. Some previous studies
have traditionally relied upon a basic fact that the state-dependent and noise-dependent
multiplicative noises in the system model are completely different. The current study
considers the same multiplicative noises in system parameter matrices, which allow us
to resolve the unsettled issues.

Additionally, it is usually assumed that the noise in the uncertain systems is white
noise. However, in engineering practice, the system is often disturbed by colored noise.
The colored noise is also called self-correlation noise, that is, the state of noise at each
time is not independent, but correlated with the state before this time [8, 9]. There are
generally two methods to deal with the state estimation problem with colored noise: one
is to transform the system into a new form with uncorrelated noise, and then obtain
the estimator by apply the filter algorithm; the other is to directly construct a general
estimation algorithm under the colored noise. The uncertainties of noise variances can
be described by deterministic uncertainties. We can assume that the actual uncertain
noise variances have the known conservative upper limits, because of the noise variance
matrices are positive semi-definite [10, 11].

At present, the research on filtering of mixed uncertain networked systems with
colored noises is also one of the hot fields. In the past years, too many researchers have
been studied on the system with colored noises in observation equation or state equa-
tion, but few focuses on that the colored noises and uncertain noise variances exist
simultaneously.

Compared with the traditional point-to-point control mode, the networked system
reduces the system wiring, saves the system design cost, and enhances the system main-
tainability, interactivity and fault diagnosis ability [12—14]. It has been applied in many
fields. Networked control has also become one of the core contents in the international
control field. However, due to the limited bandwidth and energy in the communication
process, it is inevitable to cause random uncertainties such as random sensor delays,
PDs, and missing observations [15—18]. Using Bernoulli random variables with values of
0 or 1 to describe the uncertainty in networked systems is one of the common methods
[19-21].
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1.2 Related work

Over the past years, a great deal of research into robust or optimal state estimation
has focused on the multisensor networked systems with mixed uncertainties [8, 9,
22-29].

For uncertain multi-rate sampled-data systems with norm bounded uncertain param-
eters, stochastic nonlinearities and the colored observation noises [8], a new fusion esti-
mation scheme is proposed with the help of covariance intersection method, and the
consistency of the proposed fusion estimation scheme is shown. However, the reference
[8] failed to deal with the multiplicative noises and networked random uncertainties. For
uncertain networked systems with state-dependent multiplicative noises, time-corre-
lated additive noises and PDs, on the basis of the linear minimum variance (LMV) cri-
terion, [9] designed the optimal linear recursive full-order state estimators. However, [9]
have not been able to address the random sensor delays and the noise-dependent mul-
tiplicative noises. According the neighboring information from each sensor, [22] pro-
posed the distributed filters for the multisensor systems with fading observations and
time-correlated observation noises. However, the random sensor delays and multiplica-
tive noises are not considered in [22]. By utilizing the Lévy—Ito theorem, for the discrete
time-varying systems with non-Gaussian Lévy and time-correlated additive observation
noises, [23] designed a modified recursive Tobit Kalman filter. However, [23] have not
studied the multiplicative noises and networked random uncertainties. For linear dis-
crete time-varying stochastic systems with multiple PDs and colored observation noises
[24], based on the estimated observation values, the optimal estimators (filter, predictor,
and smoother) are developed via an innovation analysis approach. However, [24] have
not considered the random sensor delays and multiplicative noises in the system models.
In the sense of minimum mean-square error, [25] have been established the recursive
state estimation algorithms for the systems with OSRD, PDs, and time-correlated mul-
tiplicative noises. However, [25] have failed to consider the state-dependent and noise-
dependent multiplicative noises in the system models.

Based on the transformed observations, [26] introduced the recursive distributed and
CF estimation algorithms to solve the problem about multisensor systems with time-
correlated observation noises in both the sensor outputs and the transmission con-
nections. However, [26] have not taken the noise-dependent multiplicative noises and
random sensor delays into account. For systems with multiplicative and time-correlated
additive observation noises, a convergence condition of the optimal linear estimator is
obtained in [27]. However, the studies in [27] have failed to take the noise-dependent
multiplicative noises and networked random uncertainties into account. For multisensor
system with random parameter matrices, colored observation noises, uncertain observa-
tions, random sensor delays, and PDs [28], the optimal linear CF estimators are obtained
via an innovation approach. However, in [28], the uncertainties in system model do not
contain the noise-dependent multiplicative noises.

According to the linear minimum mean square error criterion, [29] have proposed
an optimal state estimator for the discrete-time linear systems with multiplicative
observation noises and time-correlated additive observation noise. However, [29]
have failed to address the multiplicative noises in the state matrix, the noise-depend-

ent multiplicative noises, and the networked random uncertainties.
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Additionally, the studies in [8, 9, 22—29] are all assume that the noise variances be

exactly known. In many cases, however, this condition is not valid.

1.3 Innovation

The main innovation in this paper is as follows:

1. The paper gives an innovative and comprehensive multisensor networked system
model, which considered simultaneously the colored noises, multiplicative noises,
OSRD, PDs, and uncertain noise variances. Previous studies generally assumed that
the noise in the systems was white noises, and few studies focused on the robust esti-
mation problem with colored noises.

2. By using the augmented method, de-randomization method and the fictitious noise
technique, as well as defining some perturbation direction matrices, the original
system with colored noises and multiple uncertainties is transformed into the aug-
mented CF system only with uncertain noise variances. In light of the minimax
robust estimation principle, the robust CF steady-state Kalman estimators are pro-
posed.

3. By employing a mixed approach, which consists of non-negative definite matrix
decomposition method and Lyapunov equation approach, the robustness of CF esti-
mators for all allowable uncertainties is proved.

4. A simulation example applied to the UPS with colored noises and mixed uncer-
tainties is given, which verifies the effectiveness and applicability of the proposed
method.

Nomenclature

R" n-Dimensional Euclidean space
diag() Diagonal matrix

AT Transpose of matrix A

Prob(;) Occurrence probability of event”.”
tr(A) Trace of matrix A

=8 Mathematical expectation operator
Rnxn Set of nxn real matrices

® Kronecker product

AT Inverse of matrix A

[ n by n identity matrix

o) Spectrum radius of matrix A

0 Zero matrix with suitable dimension

2 Problem statement

The system model to be researched is as follows:

q q
xt+1D) =0+ EOP |x@®) + [T+ &OTk |wt) )

k=1 k=1
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q q
zi(t) = (H,- +Zsk<t>Hik>x(t> + <ci + Zsk(t)cik) wit) +gi(®), i=1,...,L

k=1 k=1
(2)
w(t + 1) = Dw(t) + n(t) (3)
i) = 5i(®)zi®) + A = 5@)A — &t — 1)z (£ — 1) (4)

where x(t) € R” is the state to be estimated, z;(t) € R 1is the observation
of ith sensor, y;(¢) € R™ is the observation received by the estimator in net-
work, w(t) € R" is the colored noise, gi(¢) € R™,i=1,...,L , and n(t) € R" are
the additive white noises, & (t) € R,k =1,...,q are the multiplicative noises.

® € R, € R™MLT € R, Ty € R™,H; € R"*",Hy € R"*",C; €
Rm,'xr ik c RWI,‘XV
tiad}

and D € R are known constant matrices with suitable dimensions, g is the number of
multiplicative noises, L is the number of sensors.

Hypothesis 1 The probabilities of mutually uncorrelated scalar Bernoulli white noises
G(t) eRYi=1,...,Lis.

Prob(gi(t) =1) = gi, Prob(gi(t) =0) =1—g;

where ¢;,i = 1,...,L are known and 0 < ¢; < 1, and ¢;(¢) are uncorrelated with other
stochastic signals.

The following results can be got from Hypothesis 1:

E[G0)] = i E[670)] = s E[@0) — 0?] = i1, B[ = s (500 — )] =0, i #)

(5)

The aims of (4) are to describe the uncertainties in the networked system, including

OSRD and PDs. If ¢;(¢) =1, then y;(¢) = z;(£), (no OSRD and PDs); if ¢;(¢) = 0 and

gi(t — 1) = 0, then y;(t) = z;(t — 1) (OSRD); if £;(¢) = 0and ¢;(¢ — 1) = 1, then y;(t) =0
(PDs).

Hypothesis 2 1n(t),gi(¢),i=1,...,L and &(¢),k =1, ..., q are mutually uncorrelated
white noises with zero means. E[n(&)n' ()] = R,8u,E [g,-(t)gjT (u)} = Ry;8;j0 and

E[Ek(t)éhT (u)] = 63,2:/( S1nluy are, respectively, their covariances, where the unknown
uncertain actual (true) variances are, respectively, R,, Ry, and Egk. The Kronecker delta
function §;; is defined as S = 1, 85 = 0(k # ).

Hypothesis 3 x(0) is wuncorrelated with n(¢),g(¢),& (&), and ¢(¢), and
E[x(0)] = po, E[(x(0) — 120)(x(0) — 110) "] = Po.

Hypothesis 4 R, ﬁg,.,ﬁgk and Py have, respectively, known conservative upper bounds
Ry, Rg;, crgzk, and P, that is

Ry <Ry, Ry < Ry,07 <o07,Py <Py (6)
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If the noise variances in system (1)—(4) take Ry, Ry;, agk , and P, then the system (1)—(4)
is called “worst-case” system. The minimax robust estimate principle means that, for the
“worst-case” system, proposing the “minimum” variance estimator. The purpose of this
paper is to introduce a estimators with robustness for state x(¢) via the “minimax robust
estimate principle”

The meaning of robustness is that there are the minimal upper bounds P,(N) for the
actual CF steady-state estimation error variances P.(N),ie., P,(N) < P,(N).

3 Methods
3.1 Augmented CF system
To begin this process, a new vector §;(¢) is introduced, which is defined as follows:

8i(0) = (1 = &i()zi(®) (7)

combining (2) and (7), we get that

q q
8i() = (1 = &i(®) <Hi + Z fk(t)Hik> x()+1 = &i(®) <Ci + Z ék(t)Cik> w()+1 = &i(0)gi(t)
k=1 k=1
(8)

meanwhile, combining (2), (4), and (7), the local observations y,(t) given by (4) can be
converted into the following form:

q q
yit) =¢i(t) (H,- +) ska)Hik) x() + 4i() <C,- +Y ska)qk)

k=1 k=1
w(t) + i()gi() + (1 — ()8t — 1)

9)

The corresponding CF observations can be obtained by, respectively, combining the
local observations given by (8) and (9)

q q
8O®) =Um — ¢(®) (H@ - Zsk(t)Hk@)xm + U — ¢(0)) <c<c> +> ékmc;”)

k=1 k=1

w(t) + U — £ ()g° (t)
(10)

q q
YO =¢(t) (H@ +> &(t)H,S”)x(t) +2@) <C<c> +> sk<t)c;c>)

k=1 k=1
w(t) + g @) + (I — ¢8Ot — 1)

(11)

where

T T T
00w =[sT@,...of o], 0o =plo. . ofe], Co=do. . do],

T
£(t) = diag(COhmyr - L OLny), T = diag(Ds oo Dony)s =Y oy, HE = [HIT ..... HT ] ,

(12)

Combining (1), (3), (10), and (11), the following augmented CF system can be obtained

Page 6 of 23
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Xa(t + 1) = Pg()xa(2) + La(B)wa () (13)
¥ @) = Ha®)xa(t) + Ca(®)Wa(t) (14)
where
q q
D+ 3 & () Dy I+ > &OTk (0)nxm
x(t) k=1 k=1
x4(t) = w(t) , Du) = (0)rxn D (0)rxcm
[89¢-D U — £(®)) (H“’ + kf sku)H;”) Uy — c(t))(c@ +ki sk<z>c;”> O
=1 =1

r (t) (O)an (O)nxm
wa®) = | 1 (t)], Fa®=| L O
- O I = £

[ q q
Ha(®) = | ¢(®) (H“’ +3 sku)H;”) c<t><c<”> +3 &(t)d”) I — £ ()
L k=1 k=1

F GO = [ Oy 0]
(15)
By means of the de-randomization method, the system (13) and (14) with random param-

eter matrices can be transformed into the following system with constant parameter matri-
ces and multiplicative noises

q L L q
Xa(t+1) =| O+ EOPF + D GO+ )Y E&(BOPY

k=1 i=1 i=1 k=1

. (16)
%) + [ T0+ > (O |wa(t)
i=1
q L L q
YO =\ H + Y &OH + Y e OHS + ) )Y &(OHY
k=1 =1 i=1 k=1
5 L 1% (17)
%)+ [ CF 4+ 6 (OCE | wal®)
i=1
where

(D F (O)VIXWI (0>n><r (O)YIXWI

Mn=E[¢®)] = diag(gllrm v SLlmy ), ®Zn = (0)rxn D ) rxm |» r:‘ = 1y (0)rxm

U =THHO Ly = THC@ (0)xm Omxr I =T

H" = [nH(C) nce 1, —n], cm = [(O)W, n],

M:diag((o)mlxml (O)Mx—lxmt—l Imz (O)mH»lXW’H»l (0)m1.><ml.)’ i=1L...,L
@ I O Ouxn Ouxr O
@ik = O)rxn Orxr Orsm |+ P = Orcn Orsr O
U = HE Uy —CE (O)xm ~N;H© —N;CO (0)xm
Ouxn Ouxr  Opsm Oxr Oxm
=1 Orn Orer O |+ TE = | Orr O |, HE = [ THE TIC O |-
—NH —NiC® (O Omxr  —Ni

H,ﬁi = [N,-H“’ N;C© —N; }, H,fi = [NiHlic) Nicl(f) )i ]l Céi = [(O)anr N; ]’

Ciz(t) = Gi(8) — i

Page 7 of 23
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Noting that the matrices N; € R”*", and N} = diag([m1 O yxmy -+ (O xmy ),
Ny = diag((O)myxm; Imy  Omgxms -+ (g xmy )» ete. In addition, utilizing (5)
yields that the statistic properties of ¢;, (¢) are as follows:

ER=(0] =0, of =E[t0l®)] =E[s20)] = at-a), Elw@gio] =0, i)

Lemma 1 [10] Let R; be the m; x m; positive semi-definite matrix, i.e., R; > 0, then
the block-diagonal matrix Rs = diag(Ry,...,Ry) is also positive semi-definite, i.e.,
Rs = diag(Ry,...,R) > 0.

From (12), and conservative variances ﬁg) = diag(Rg,,...,Ry) and
Rf;) = diag(Ry,, . .., Ry, ) of g (tlcan be obtiined. AEcording to the Lemma 1 above,
subtracting the actual variances Rg) = diag(Ry,, . . ., Ry, ) from conservative variances

Réc) = diag(Ry,, . . ., Rg, ) of g9 (¢), the following inequality can be obtained:
5(©)
R <RY (19)

From (15), for the white noise w,(£), we get its actual variances Q, = diag (ﬁn,ﬁg)) and
conservative variances Q, = diag (R,,,Rg)). Similarly, based on the Lemma 1, subtract-

ing Q, from Q,, and utilizing (6), (19), the following relationship can be obtained:

Q< Q (20)

3.2 Actual and conservative state second order non-central moments
On the basis of the form of x,(t) from (16), the actual second order non-central

moments X, (¢) and conservative value X,(¢) can be calculated
q L ‘ ‘
Xa(t +1) = OUX (00T +3 72 o5 X ()5 + 3 0 05X ()04
k=1 i=1

L q L
2 —2 ki~ kiT - T 2 7oy T
+3 02 Y 5t ol X (ol + QT+ 02 THQ, I
=1 k=1 i=1

(21)
q L ' '
Xt +1) = X, )00+ 02 DN, (DT + > 02 05X, (1) D5
k=1 i=1
L q ) ' L ‘ ' (22)
+D 08, Do VX + T QI+ of T QurE
i=1 k=1 i=1
‘Y“(O) = dlag()T(O) (0)yxr (O)mxm )’X(O) = ﬁO + MOMg; and

X,(0) = diag( X(0) (0),5; (0)yixm ),X(O) =Py + /,L()/Lg are, respectively, the initial val-
ues of X, () and X ,(t).
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Lemma 2 Under the conditions of Hypothesis 4, the relationship between actual and
conservative state second order non-central moments of the state x,(t) can be obtained.

Xa(t) < Xa(0), t>0 (23)

Proof It is completely similar to the proof of Lemma 5 in [6], we can prove Lemma 2.
The proof is completed. []

Lemma 3  Under the conditions of Hypotheses 1-4, if
— — q L . . L q .
p(®) < 1,® = OO+ 52 0@+ 02 0@ +3 0 Y 7 ¢k®
k=1 i=1 i=1 k=1
Pk
then we have the following convergences.

th&Xa(t) = )Tay tl_i>r1;oXa(t) = Xﬂ (24)

q L L q
Xo =X, 007 +> 77 05X, 0T+ 02 04X, 05T+ 0l Y "t o X, 0kT
k=1 i=1 i=1 k=1

L
F QT+ o TEQ ST

i=1
(25)
q L L q
X, = "X, 07T + Z oz iR X, DEKT 4 Z of PLXP4T + Z ol Z oZ, ki, pkiT
k=1 i=1 i=1 k=1
L
FT7QT +) 02 TH QLT
i=1
(26)

Proof If p(®) < 1, similar to the proof of references [30, 31], by utilizing the practical
application scene of the result in [32, 33], the Lemma 3 can be proved to be true. This
completes the proof. []

Combining (23) and (24), we have that

Xo < Xa (27)

3.3 Fictitious process and observation noises
A noise w(?) is introduced as the fictitious process noise, which can compensate the multi-
plicative noise term in (16)

q L L q
wy(t) = (Z GO+ Y+ )Y sk(t)cbii)
k=1 i=1 i=1 k=1

L
Xa(t) + <F:,” +Y gizu)rg“) Wa(2)

i=1

(28)

where the wj(t) is white noise with zero mean.
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Thus, (16) will be rewritten in the following form:
Xq(t +1) = O'x, (&) + wyr(t) (29)

From (28), the actual and conservative steady-state variances of fictitious process noise
w(t) are, respectively, calculated by

R TS XL ST RTINS S SR R
k=1 . i=1 i=1 k=1 (30)
FIPQIYT +) o THQIiT
i=1
q L L q
Q =) 02 BFX DT+ 02 X DET+D 0l Y o DX, NT
k=1 i=1 i=1 k=1 (31)

L
FTTQT +) 0l TEQ IS T
i=1

Define AQr = Qr — Qf, AXy = X, — Xy, A%Zk = aszk — E%k, then subtracting (30) from
(31) yields

q q
AQr =Y o} 5 AX, @ T+ Ao 05 X, 8T
k=1 k=1

L L q
+ Y 0 OFAX DT+ 02 Y 5t N aX, 0N (32)
i=1 i=1 k=1
L q L
+3 02 " AR OEXOKT + T AQUTIT + Y 02 T AQUTET
i=1 k=1 i=1

by analyzing (32) through utilizing (20) and (27), we can get that AQ; > 0, i.e.,
Q= (33)
Similarly, the noise v(?) is introduced as the fictitious observation noise in (17)

q L L q
v (t) = <Z EOHS +3 " e HS + )Y ska)Hé“)

k=1 i=1 i=1 k=1

, (34)
EAGES (C;" +) gzof)cg") Wq(t)
i=1
and the Vf(t) is white noise with zero mean.
Therefore, (17) will be rewritten in the following form:
YO ) = H'xa(t) + v () (35)

The actual and conservative steady-state variances of v(f) are, respectively,
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q L L q
B =3 L HITHT + Y oL HITHT + 3 02, S o M
k=1 i=1 k=1

i=1

. (36)
+CrQ.CrT + > of CEQCHT
i=1
q L ‘ ) L q ) )
Re =Y o2 HE X HEKT + "ol HEXHET +Y 02 Y 0l HYXHY'T
k=1 =1 =1 k=1
L 14 14 (37)
+CrQuCyT +> 02 CHQLCT
i=1
Define ARy = Ry — Ef, subtracting (36) from (37) yields
q q L ) .
ARp =Y Gg HE AXHEKT +3 " Ao HE* X HEKT + o HY AXHET
k=1 k=1 i=1
£ 0l Y O HIAKHET £ 3 02 Y Aok HEXHLT 39)
i=1 k=1 i=1 k=1
L . .
+CIAQLCYT + ) ol CHAQ.CHT
i=1
utilizing (20) and (27), it is easy to prove that
Ry < Ry (39)

Next, the correlate matrices of the two fictitious noises introduced above are calculated,

and their actual and conserved values are as follows

q L L q
5 =3 52 WXL HET + 3 02 SN HIT +3 02 3 52 kR HAT
k=1

=1 i=1 k=1
i i i (40)
+TPQCIT +) of TQ,CET
i=1
q L 4 ' L q ) )
=3 o GHIT + 02 OfGHT + 3 02 Y od el HiT
k=1 =1 i=1 k=1
K L 1 (41)

L
+T0QCTT + ) 0l TEQ.CET
i=1

Define ASy = Sy — §f, subtracting (40) from (41) yields

Page 11 of 23
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1 q L
ASp =Y 57 O AXHE T+ Acp 05X, HEKT 4> " 02 @f AXHET
k=1 k=1 i=1

L q L q
30 Y o BANHET Y02 Y Aok ok, T @
i=1 k=1 i=1 k=1

L . o
+TTAQUCT + ) 0l T AQ.CET

i=1

Hypothesis 5 Assume that the pair (®”7, H") is completely detectable, and the pair
(P> Y) is completely stabilizable, where
®y = O — SyuHJ S = SR YT = Q — SRS

4 Results

4.1 Robust CF steady-state Kalman predictor

The CF system (29) and (35) with known conservative noise statistics Qs Rp and Syare
called worst-case conservative system. Under the conditions of Hypotheses 1-5, apply-
ing the standard Kalman filtering algorithm [3], for the worst-case conservative system,
yields that the steady-state one-step Kalman predictor is given as

Ra(t +1|t) = Wapka(t]t — 1) + Kapy© (1) (43)
ea(t) = ¥ (t) — H"Ra(t]t — 1) (44)

W = OV —KypHY,  Kyp = [@Z“Pa(—l)H;fT + Sf} Qs Quu=HI'Po(~D)HI +Ry
(45)

with the initial value 2,(0] — 1) = [ 1} ((0),x1)T ((0)mxl)T}T, and W, is stable.
The conservative steady-state prediction error variance P,(— 1) satisfies the following
steady-state Riccati equation

m mT m mT m mT -t
Pa(=1) =0 Pa(~ D)@ — [@2Po(~DHT + ;| x [HIPu(-=DH™ + Ry |

T
(o1 (—DHT +5;| +
(46)

Remark 1 The local observations y,(,), produced by the “worst-case” system (1)—(4), are
called conservative local observations and are unavailable (unknown). Thus, the con-
servative CF observations y(£), consisted by conservative local observations y,(¢), are
also unavailable. The observations y(f) generated from the actual system (1)—(4) with
the actual variances En,ﬁgi,ﬁgk, and P are called actual observations and are available
(known). Furthermore, the actual CF observations y“(£), consisted by actual local obser-
vations y,(¢), are also available. In (43), replacing the conservative CF observations y(f)
by the actual CF observations y(t), the actual CF Kalman predictor can be obtained.
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The steady-state prediction error is X, (¢t + 1|t) = x,(t + 1) — X, (¢ + 1|t), subtract-
ing (43) from (29) yields

Xa(t+11t) = ‘papia(ﬂt_l)'i'wf(t) _I<apr(t) = ‘Ilapia(ﬂt_l)'i‘ [In+r+m: _I(ap} /Lf(t>
(47)

where
T
2 = [wio v (48)

the actual and conservative steady-state variances of augmented noises /¢ (¢) are, respec-
tively, calculated by

— &S [Qf Sf}
= =T — 5 = T (49)
TS R N R

Furthermore, the actual and conservative CF steady-state prediction error variances sat-
isfy the following Lyapunov equations, respectively,

> > - T
Py(—1) = \Duppa(_l)\l";rp + [[n+r+m, _Kap] Af [[n+r+m, _I(ap]

T T
Pa(_l) = \I/appa(_l)\pap + [[n+r+m; _1<ap] Af [In+r+m: _I<ap}

Lemma 4 [10] If ® € R™" js the positive semi-definite matrix, i.e., ® >0, and
05 = () € R™>ML, 0y = ©,i,j =1,2,...,L, then ®5 > 0.

Lemma 5 Under the conditions of Hypothesis 4, we have that.
Kf < Af
Proof Define AAf = Ay — Kf, utilizing (32), (38), and (42), we have that

[ AQr ASs
At =1 AST ARy

q
77 O AXHET + " Ao &5 X HEKT
1 k=1

q
77 P AX 5T + 3 Ao 5FX, 8T
1 k=1

-
M-

>~
I

L L q
2 i iT 2 =2 pki kiT
+) 02 OV AXPLT +> "0 > 7 okl ax, ol
i=1 i=1 k=1
L a

2 2 gki kiT
+2 05, 2 Aok UK
i=1 k=1

L
T AQIYT +Y 02 THAQIET

i=1

L L q

2 i iT 2 =2 gki kiT
+> 02 OYAXHIT +Y 62 Y FE R AXHY
i=1 i=1 k=1
L a

2 2 ki prkiT
+D_ 0, > Aok OUXH,
i=1 k=1

L
T AQLCYT 4> 0 TEAQ,CET
i=1

q q
ST HEFAX DT+ Ao HEF X, 05K
k=1 k=1
L . . L q .
+> 0 HEAX, 5T +3 02 Y57 HY aX, KT
i=1 i=1 k=1

L q
2 2 prki kiT
+Y 07, Y Ao HYX, @
i=1 k=1

L
FCPAQIYT +> 0l CHAQIET

i=1

q q
ST HFAXHET + Ao HEF X HEKT
k=1 k=1
L . L q ) )
+Y R HEAXHIT + " 02 > FE HE AXHET
i=1 k=1

i=1
L q

2 2 prki kiT
+Y 07, Y Aof HEX.HY
i=1 k=1

L
FCPAQCYT + Y " 0F CHAQ.CET
i=1
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Partition A Ay into AN = AAJ(}) + AA}Z) 4ot AAJ(]), with the definitions

r 4 q
> 52 o5 Ax, 0T Z 2 o ax H T
AA}D =T k kT T k kT
> 52 Hy AX, @7 | 3D 52 H  AX H;
L k=1 k=1
r 4 q
k kT k kT
> A2 07 X, @5 | 3D Aok 0 X H
AA}Z) _ | k=1 k=1
- q q
> Ao Hy X, @5 | 32 Ao H X H
L k=1 k=1
r L , , L .
> 02 @5 AX, T | Y o of AX HET
AA(S) — =1 i=1 ,
! 02 HEAX, 05T | S0 02 HE AX,HET
Zaiiz a a®a Zaiiz a allg
Li=1 i=1
[ L L q
Z ol Z o7 PHAXONT | Y02 > o7 PHAXHLT
AAD = Y k=1 i=1 k=1
o ki kiT L 2 d ki kiT
zl%zz 2 HN AX, X lzl%zza HN AX,HF
l = :
[ L . . ,
Z ol Z Ao DEX, AT Z ol Z Ao DX HNT
®) k=1 =1
AA = ’
! ELj o Z Ao H¥ X, ok Z o} Z Ac? H¥ X, HNT
l 1 Ciz = Sk = Ciz A= Ek
AA(6) — [ I*Z’IAQZFZ’IT ‘ FZ’IAQ‘ZC;”T
f _CmAQaFV”T | C"AQ.CI'T
L . .
Z o2 TE'AQ TS | Y 02 Th AQLCE™
AAJ(‘7) L—l
Za - Ca'AQarT ZUClZCClAQaCC’T
Li=1

Noting that AA;D, AAJ(}), AA}S), AA;4), and AA}S) can equivalently be expressed in the

following forms

AN = Z LB AXBEMT, AN = ZAU BfXBET, A = Za{ B AX;BST
k=1 i=1

) ki kT © ki pkiT
AAs Zog Zcrng 'AXfBYT,  AAS Zo{ ZAang X, B
i=1 i=1

where
£k 0 . o) |
Bék _ @y ( )(n+r+m);(n+r+m) BSi — a ( )(n+r+m)><(n+r+m)
= ’ = i
¢ (O)mx(n+r+m) Hg (0)m><(n+r+m) ‘ Hg
Bki — @’;" (0)(n+r+m)k>i< (n+r+m) , AXf _ ﬁﬁa ﬁia , Xf _ §a §a
O)imx (r-r+m) H, a a a a

the application of (27) and Lemma 4 yields AXy > 0, which yields AA}U >0, AA}S) >0,
AA}‘D > 0. According to the positive semi-definiteness of variance matrix, and applying

Lemma 4 yields X; > 0, which yields AA{”’ > 0and AA{” > 0.
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Table 1 Comparison of actual and robust accuracies

N=—1 (predictors) N =0 (filters) N=1 (one-step N=2
smoothers) (two-step
smoothers)
trPy(N) 0.3816 0.1249 0.1176 0.1152
trP1 (N) 0.2388 0.0752 0.0709 0.0694
trP5(N) 05318 0.2692 0.2326 0.2264
Py (N) 03351 0.1672 0.1442 0.1404
trP5(N) 04610 0.2022 0.1822 0.1774
trP3(N) 0.2897 0.1245 01121 0.1092
trP(N) 0.3469 0.1187 0.0830 0.0816
trPc(N) 0.2058 0.0656 0.0581 0.0473
0.3 0.3
g 5
] =
£ £
g 3
2z ]
o =
8 g
Q Q
S s
n n
-0.3 .
1 10 20 30 40 50 1 10 20 30 40 50
t/step t/step
x¥(¢) and xV(t|1+2) x¥(f) and XV (t]t+2)
0.3 0.3
@ 3
[0} +~
+= <
g E 015
Z 8
o j2]
E £ o
E 5
<
o «:-é -0.15
E +
7 n
-0.3
10 20 30 40 50 1 10 20 30 40 50
t/step t/step
¥P(@t) and 20 (¢]¢+2) xP(t) and O(¢|1+2)
the true values of third component of actual state x(#)
............. the local and CF two-step smoothers of third component of x(¢)
Fig. 1 The third component of state x(t) and its actual local and CF two-step smoothers

Additionally, AA ;6) and AA}7) can be expressed as

L
ANT = DPAQDLT, AN =" of D5 AQDLT.
i=1

where

Page 15 of 23
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0.5

I T e +302(1)

g _

2‘) 0 »A,NMMMN%J»M\MMMWMM #0870
£ =363 (1)
£ osb-""""" elaiaileleiaietaleletlrialleleiletr bl Palulatulaie —30()
2 50 100 150 200 250 300

t/step

(a) The actual smoothing error curves of the third component of CF one-step smoother
and the corresponding +36"°¥ (1) and 36> (1) bounds for the group (1)

L +30(1)
: W“M}MMWMMMWM o
an
g 0L
= _
2 . -3620(1)
5 gl °—- el S falniaialeliele -30(1)

’ 50 100 150 200 250 300

t/step

(b) The actual smoothing error curves of the third component of CF one-step smoother
and the corresponding 3623 (1) and 30 (1) bounds for the group (2)

B +309(1)
5 +3689(1)
on
£ 0r
=
g ' _35-53)0)(1)
2 -0.5 L 1 L L Al -30%(1)

1 50 100 150 200 250 300

t/step

(c¢) The actual smoothing error curves of the third component of CF one-step smoother
and the corresponding #3650 (1) and +30% (1) bounds for the group (3)

—— the actual errors +36M3 (1) bounds - - - =30 (1) bounds

Fig. 2 The actual smoothing error curves of the third component of CF one-step smoother and the
corresponding :|:3E§h)(3)(1 )and :I:SJCG)(U bounds

D" — [ F;n (0)(n+r+m)x(r+m)
L Omxrtm ' ’
- G
szi _ Fal (0)(n+r+;qu)><(r+m) )
L (0)m><(r+m) Ca
_ [AQs AQ,
A= AQ. AQ. |

the application of (20) and Lemma 4 yields AQ, > 0, which yields AA}& >0 and
AN >0,

In conclusion, we obtain AA; = AA}D + AA}Z) + .4 AAJ(j) > 0, i.e., (52) holds. This
completes the proof. []

Lemma 6 [34] Counsider the following Lyapunov equation.

Page 16 of 23
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tuP(0)

Fig. 3 Changes of trP(0) with respect to o and 6

U=cuct+v

where U, C and V are the n x n matrices, V is a symmetric matrix, C is a stable matrix
(i.e., all its eigenvalues are inside the unit circle). If V>0, then U is symmetric and
unique, and U > 0.

Theorem 1 For the time-invariant augmented CF system (29) and (35), on the basis of
Hypotheses 1-5, the actual CF steady-state Kalman predictor given by (43) is robust, i.e.,
for all admissible uncertainties, we have that.

Pa(=1) < Pa(=1) (53)

, and P,(— 1) is the minimal upper bound of P,(—1).

Proof Letting AP, (—1) = P,(—1) — P,(—1), from (50) and (51) one has.

AP, (—1) = \IJaI,APa(—l)\IJ;p +Ar, Ap = [Lnprm —Kap| AN [Lngrsoms —1<ap]T,
Using (52) yields Ay > 0. Noting that W, is stable, accordingly, using Lemma 6 yields
AP4(—1) > 0, i.e., (53) holds. Taking R, = R, Ry, = Rg;’Eg%k = oé_.zk, and Py = Py, then
the Hypothesis 4 still holds. From Ry, = Ry, , one has ﬁéc) = Réc), further, we have that
Q, = Qu. From X(0) = Py + popd and X(0) = Py + popd , we get that X(0) = X(0),
furthermore, we have that X,(0) = X,(0). By way of recurrence, it is easy to prove
that X, (t) = X,(t). From Lemma 3, we have that X, = X,. Comparing (30) and (31)
yields Qf = af, comparing (36) and (37) yields Ry = Ef, comparing (40) and (41) yields
Sy = Sf. Accordingly, from (49) we obtain that Ay = Ay, further, we have that Ay = 0.
Applying Lemma 6 yields AP,(—1) = 0, that is P,(—1) = P,(—1). If P} is an arbitrary
other upper bound of P,(—1), then P,(—1) = P,(—1) < P¥, this means that P,(—1) is
the minimal upper bound of P,,(—1). The proof is completed. []
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The actual CF steady-state Kalman predictor given by (43) is called robust CF steady-
state Kalman predictor. The relation given by (53) is called its robustness.

4.2 Robust CF steady-state Kalman filter and smoother

For the worst-case time-invariant CF system (29) and (35) with conservative noise statistics
Qs Ry and Sp based on the actual CF steady-state Kalman one-step predictor &, (¢|¢ — 1),
the actual CF steady-state Kalman filter (N=0) and smoother (N>0) %, (¢|t + N) are given

as [35]
N
Ro(tlt+N) =&, (tlt — 1) + > Kap(k)e,(t+k), N =0 (54)
k=0
Kap(k) = Po(—1)WIXHITQ.), k=0 (55)

Similar to the derivation in [35], the steady-state filtering and smoothing errors
X,(t|t + N) = x,(¢) — x,(¢t|t + N) are given as

N
Rl + N) = W&, e — D+ > [K;\f,w,KNV} I+ p) (56)
p=0

where ¢ (Z + p) is defined by (48), and

N
Yon = Lntrimyxnirem — > Kap(Q)HWE,
k=0
N
KN == " Kyp(OH, W !, N >0,
k=p+1

,0=0,...,N—1, KNv =0, N>0, p=N,

KN = Z Kap (Y HJ WP Ky — Kop(p), N > 0,
k=p+1
p=0,...,N—1, KN =-K;,(N), N>0, p=N

Utilizing (56) yields that the actual and conservative steady-state estimation error vari-

ances are, respectively, computed by

P,(N) = WP, (—1)w], Z[](%W,KNV} f[Kg)W,KNV}T, N>0 (57)
P,(N) = W P, ()W Z[(%W,KNV} f{gﬁiW,Ker, N =0 (58)

Theorem 2  Under the conditions of Hypotheses 1-5, the actual CF steady-state Kalman
Sfilter and smoother given by (54) are robust, i.e.,
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P,N)<P,N), N>0 (59)
, and P,(N) is the minimal upper bound of P,(N).

Proof Letting AP, (N) = P,(N) — P,(N), from (57) and (58) one has.

N
T
AP,(N) = Wy AP (=W + > (KN KO | Ay [k, KA
p=0

utilizing (52) and (53) yields AP, (N) > 0, i.e., (59) holds. In a similar way to the proof of
Theorem 1, we can prove that P, (N) is the minimal upper bound of P, (N), the details are
omitted. The proof is completed. []

Corollary 1 From the definition x,(t) = [xT(t) wl@t) §©OT — 1)]T, the robust
CF steady-state Kalman estimator of the original system (1)—(4) can be obtained as
Zc(tlt+N) = [Li (0nxr (Onxm |%,(tlt +N),N=—1,N >0, and their actual and
conservative CF steady-state estimation error variances are, respectively, given as.

Pe(N) = [Ln 0)uxr O)nxm |Py(N) [ Ly (0)nxr (O)nxm}T (60)

Pe(N) = [In Onxr (O nxm |Py(N) [ I (0 (0)nxm ]T (61)
the robust CF steady-state Kalman estimators x.(t|t + N) are robust, i.e.,
P.(N)<P.(N), N=-1, N>=0 (62)

, and P(N) is the minimal upper bound of P.(N).

Corollary 2 [t is completely similar to the derivation of (7)—(62), we easily obtain the
robust local steady-state Kalman estimators x;(t|t + N),N = —1,N > 0,i =1,...,L, of
the original system (1)—(4), and their actual estimation error variances P;(N) have the
corresponding minimal upper bounds P(N), i.e.,

Pi(N)<Pi(N), N=-1, N>0, i=1,...,L (63)
Remark 2 Applying the projection theory, it can be proved that

PN)<P(N), N=—-1, N>0, i=1,...,L (64)

Pe(N) < Pe(N —1) <+ <Pc(1) <Pc(0) < Pe(—1), N=1 (65)

Taking the trace operations to (62)—(65) yields the accuracy relations with the matrix
trace inequalities as

trPe(N) < trPc(N),  trPi(N) < ttPi(N), trPe(N) < trP;(N),
N=-1, N=>0, i=1,...,L

trP,(N) < trP,(N — 1) < --- < trP.(1) < trP,(0) < trP.(—1), N >1 (67)
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Remark 3 In Remark 2, trP.(N) and trP;(N) are defined as the actual accuracies of the
corresponding robust Kalman estimators, while trP (N) and trP;(N) are defined as their
robust accuracies (or global accuracies). The smaller trace means the higher accuracy.
The robust accuracy of CF is higher than that of each local estimator.

5 Discussion

This section is to verify the effectiveness of the estimators produced by Sect. 4. We select
the uninterruptible power system (UPS) [30] to complete the simulation experiment by
MATLAB R2018a. Let the UPS with 1KVA and sample time 10 ms at half-load operating
point, then the system with colored noises and multiple uncertainties is given as follows:

0.9226 —0.633 0 0.1 0.3 0.02 0.15 0.2 0.01
x(t+1) = 1 0 0| +&@®]0102 01 | +&()]01501 0.1 | |«

0 1 0 0.1 0.2 0.05 0.15 0.1 0.04
+ (

0.5 1 0
0| +&@|0 w(t)
0 1

0-7] +81(0)
0

(68)

zi(t) = ([23.737 20.287 0] + & (1)[1 0 0] 4+ &(H)[0 1 0])x(2) (69)
+ (0.55 + 0.87£1(t) + 0.76&,(t))w(t) + gi(t), i=1,2,3

wt +1) = Dw() + n(®) (70)

yi@®) = ¢i(D)zi(®) + L - &@)A - ¢ — D))z —1), i=123 (71)

In the simulation experiment, we take R, =0.2,R, =0.3,R, = 0.16,R, = 0.2,
Ry = 0.13,Rg, = 0.25Rg; = 05 Ry, = 08,57 = 002,07 = 003,57 =
0.03,02 = 0.04 ,
Ry =02, Egz = 0.13,Ry, = 0.25, 1=0.9, 2=0.7, c3=0.8, D=0.405. In the follow-up

phase, the significant simulation results are given.

Table 1 below presents the comparison of actual and robust accuracies of local and CF
robust steady-state estimators. By comparing the values in the table, the accuracy rela-
tions given by (66) and (67) are cleared, which meet our expectations.

The tracking results of &53) (tlt +2),i =1,2,3 and 9%23)(t|t + 2) are, respectively, shown
in Fig. 1. In order to show the best results, we select the third component of state x(z).
Apparently, compared with the local smoothers, the CF smoother has better tracking
performance.

To illustrate the robustness of CF steady-state one-step smoother x.(¢|¢ + 1), we take
any three groups of different actual noise variances x(¢), h=1, 2, 3 satisfying (6), such
that

(1) ®Rp® = 0.06, (Egl)ﬂ) = 0.04, (Egz)m =0.05, (ﬁgg)ﬂ) =016, ()" =0006, ()" =0.008
@ ®R)P =015 ®R,)® =01, ®,)?®=0125, [®R,)?® =04, @;)? =0015 GZ)? =002

(3) ®)N® =024, (Ry, Y3 =0.16, (R, )3 = 0.2, (Eg3)<3> =064, (@) =002, (2)® =0.032

Page 20 of 23
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We easily get the corresponding three robust CF smoothers fcéh) (tt+1),h=1,2,3,
as well as the steady-state one-step smoothing error variances ﬁih)(l) and P,(1). The
corresponding three actual smoothing error curves of the third component of
&2’“ (t|lt +1),h=1,2,3 and their 3-standard deviation bounds are shown in Fig. 2,
where the actual standard deviation Eﬁh)(g) (1) are computed via the actual CF smooth-
ing error variances T)Eh’ (1) given by (60), whose (3, 3) diagonal element is (Egh)(g) (1)) 2,
and the robust standard deviation ac(s) (1) is computed via conservative CF smoothing

2
error variances P (1) given by (61), whose (3, 3) diagonal element is (O‘C(B)(l)) . We see

from Fig. 2 that for each error curve, over 99 percent of CF smoothing error values lie
between —36£h)(3)(1) and +3€£h)(3)(1), and also lie between —30}3)(1) and +360(3)(1),
this verifies the robustness of the third component of x.(¢|t + 1), and the correctness
of the actual standard deviations Egh)(g) (1).

Figure 3 gives the influence of multiplicative noises & (¢), kK = 1,2 on the robust accu-
racy of x.(¢|¢). In other words, the changing trend of trP,(0) with respect to U&'21 and oé.zz
is illustrated in Fig. 3. Obviously, when the variances agl and 0522 increase, the values of
trP,(0) increase, i.e., the robust accuracy of x. (¢|t) decrease.

6 Conclusions

This study set out to explore the robust CF steady-state Kalman estimators (predictor,
filter, and smoother) for multisensor networked systems with colored noises and multi-
ple uncertainties. The OSRD and PDs are described by a Bernoulli distributed random
variable with known probability, and random parameter uncertainties are described by
multiplicative noises. The original system model has been converted into a CF system
only with uncertain noise variances via using the augmented approach, de-randomiza-
tion approach, and fictitious noise technique. The process and observation noises in the
CF system are same, which avoids solving the correlation matrix between them. Based
on the minimax robust estimation principle, the target estimators have been proposed.
Their robustness has been proved by using decomposition approach of non-negative
definite matrix and Lyapunov equation approach. The results of this study indicate that
the robust accuracy of CF estimator is higher than that of each local estimator. Finally,
a simulation example with application to UPS with mixed uncertainties has been pro-
posed, which shows the applicability and correctness of the introduced estimators.

Abbreviations
CF: Centralized fusion; OSRD: One-step random delay; PDs: Packet dropouts; UPS: Uninterruptible power system.
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