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Abstract
Tensor decomposition is widely used to exploit the internal correlation in multi-way
data analysis and process for communications and radar systems. As one of the main
tensor decomposition methods, CANDECOMP/PARAFAC decomposition has advantages of uniqueness and interpretation properties which are significant in practical
applications. However, traditional decomposition method is sensitive to both predefined rank and noise that results in inaccurate tensor decomposition. In this paper, we
propose a improved algorithm called the Element-wise Average Alternating Direction Method of Multipliers by minimizing the sum of all factors’ trace norm and the
noise variance. Our algorithm could overcome the dependence on predefined rank in
traditional decomposition algorithms and alleviate the impact of noise. Moreover, this
algorithm can be transferred to solve the problem of tensor completion conveniently.
The simulation results show that our proposed algorithm could decompose the noisy
tensor to the factors with above 90% similarity in various SNR and also interpolate the
incomplete tensor with higher similar coefficient and lower relative reconstruction
error when the missing rate is less than 0.5.
Keywords: Tensor decomposition, Noise interference, Element-wise average, Tensor
recovery, Tensor completion

1 Introduction
Traditional matrix model of modern communications and radar systems with large-scale
terminals has limitations to process the massive volume of signals and has been shifted
towards more versatile data analysis tool, namely tensor [1, 2]. Tensor provide a natural and compact representation for such multi-ways data, and can be used to express
more complicated intrinsic structures in higher-order data [3]. For further analysis of
data components, tensor decomposition has great flexibility in the choice of data constraints and could decompose more interpretable latent components than matrix-based
methods [4, 5].
CANDECOMP/PARAFAC (CP) decomposition [6] has been widely used in many
applications [7–10] due to its attractive property of uniqueness which is essential for
solving practical problems. Moreover, it is analogous to singular value decomposition
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(SVD) of matrix in expression format which decomposes a tensor into the sum of several rank-one tensors. The basic CP decomposition approach named alternating least
squares (ALS) could decompose a tensor accurately if the actual rank is already known.
However, one main obstacle of ALS in practical is that the tensor actual rank is usually
unknown which results in the inappropriate decomposed factors. Another obstacle is
that its performance is sensitive to the noise due to the least-square formulations. The
measured tensor data is common to be interfered by noise in the process of signal acquisition which would degenerate the decomposition performance by ALS. So accurate tensor recovery from noisy measurements is the primary problem.
For accurately fitting the CP model, existing approaches include the DIFFerence in
FIT (DIFFT) [11], Numerical Convex Hull (NumConvHull) [12], CORe CONsistency
DIAgnositc (CORCONDIA) [13], Automatic Relevance Determination (ARD) [14],
and reconstruction-err-based CP rank selector [15]. All of them enumerate the possible ranks and calculate the factors based on the ALS algorithm that naturally involves
multiple batches to converge and thus time-consuming. To avoid the influence of tensor unknown rank, the regular approach is to constrain the total ranks of all factors
and reconstructed error, then optimize this objective function by alternating direction
method of multipliers (ADMM) [16] or block coordinate descent (BCD) [17] on the
assumption that the tensor is noiseless. However, the noise interference is inevitable and
affects the tensor actual rank which results in inaccurate decomposed factors. Therefore,
both the unknown CP rank and the noise should be considered simultaneously for tensor recovery by ADMM.
In this paper, we propose an element-wise average ADMM algorithm (EA-ADMM) to
decompose a tensor interfered by independently identical distribution noise into correct
factors and then verify the effectiveness in various signal-noise-ratio (SNR). Besides, we
testify the tensor completion capability of this algorithm. All experiments show that our
algorithm not only recover the actual components of a noisy tensor effectively but also
complete the missing elements in the tensor accurately.
The rest of this paper is organized as follows. The preliminary of CP decomposition is
introduced in Sect. 2 and then our element-wise average ADMM algorithm is detailed
in Sect. 3. The experiments about tensor recovery and completion are implemented in
Sect. 4. In the last Sect. 5, we conclude the results and figure out the future works.

2 Preliminary
Before reviewing CP decomposition, we firstly introduce the basic tensor notions and
related operations. Scalars are denoted by lower-case letters such as i, j, k, vectors are
denoted by bold lower-case letters such as a, b, c and matrices are denoted by uppercase letters, e.g., X. As for tensor, an Nth-order tensor is denoted by a calligraphic letter,
e.g., X ∈ RI1 ×I2 ×···×IN , and its elements are denoted by xi1 ,··· ,in. The order N of a tensor is
the number of dimensions, also known as ways or modes. A tensor X which is unfolded
along mode-n also named as matricization can be denoted by X(n) ∈ RIn × j�=n Ij . Tensor
matricization rearranges the elements of X into the matrix X(n) in lexicographical order
and makes rank calculation convenient.
The inner product of two tensors with same size A, B ∈ RI1 ×I2 ×···×IN is the sum of the
element-wise product.
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ai1 ,··· ,in bi1 ,··· ,in

(1)

i1 ,··· ,in

The Frobenius norm of an Nth-order X ∈ RI1 ×I2 ×···×IN is defined as

 I1
IN


···
xi21 ,··· ,in
�X �F := 
i1 =1

(2)

in =1

Assume A and B as two matrices with the size m × n and p × q respectively. The Kronecker product of these two matrices denoted by A ⊗ B is an mp × nq matrix given by

(3)

A ⊗ B := [aij B]mp×nq

If A = [a1 a2 · · · ar ] and B = [b1 b2 · · · br ] are two matrices with same column number,
the Khatri-Rao product of these two matrices is defined as the column-wise Kronecker
product and represented by the operator ⊙

(4)

A ⊙ B := [a1 ⊗ b1 · · · ar ⊗ br ]

Tensor decomposition contains two main approaches namely Tucker decomposition
[18] and CP decomposition. Tucker decomposition outputs a core tensor and related
factors by calculating singular value decomposition of each n-mode matrices and then
multiplying the tensor with each left singular matrix. Its results lack uniqueness due to
the matrix SVD operation. However, CP decomposition as the specific case of Tucker
decomposition constrains the core tensor as super-diagonal identity tensor and could
decomposes a tensor into the sum of several rank-one tensors. Each rank-one tensor
is generated by the outer product of the same column in all factors. CP decomposition
only outputs each mode’s factor matrix and has the property of uniqueness, so it is convenient to analyze the definite components of one tensor.
The vectors in the same mode were assembled to constitute each factor matrix of
(i) (i)
(i)
CP composition, such as U (i) = [u1 u2 · · · uR ], where 1 < i < N and R is defined as
the CP-rank which represents the minimum number of rank-one components. So
the CP decomposition can be expressed as Eq. 5 which is similar with matrix SVD in
format.

X =

R

r=1

(2)
(N )
u(1)
=
r ◦ ur · · · ◦ ur



U (1) , U (2) , · · · U (N )



(5)

where ◦ denotes the outer product and [[·]] denotes the Kruskal operator [19] as the sum
of outer products by columns in a set of matrices.
The basic algorithm used for CP decomposition is ALS to establish the projection
from tensor matricization of each mode to factors as Eq. 6.


T
X(n) = U (n) U (N ) ⊙ · · · U (n+1) ⊙ U (n−1) · · · ⊙ U (1)

(6)

where n = 1, 2, · · ·, N . The core idea of ALS is to solve each factor matrix one by one
with the other factors fixed until all factors converge to stability. Each factor matrix
could be calculated by least-square as Eq. 7
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(1)

T †

(7)

where † denotes pseudo inverse of one matrix.
The ALS algorithm needs a predefined rank R and randomly initializes all factors in
the first. However, it is difficult to choose a proper rank in advance generally. If the predefined rank R is less than actual rank R⋆ , the difference between reconstructed tensor
and original tensor is unacceptable due to under fitting. If the predefined rank R is larger
than the actual rank R⋆ , the reconstructed tensor over fits the noise which results in a
large difference between the decomposed factors and the actual ones. Therefore, a noiseless tensor and corresponding proper rank are necessary for CP decomposition.

3 Methods
3.1 Problem formulation

Accurate tensor decomposition is essential to analyze and interpret each component of
data. Traditional CP decomposition by ALS assumes that the tensor is noiseless with the
already known rank. However, both assumptions are usually dissatisfied in the practical
application. In general, the measured tensor is defined as Eq. 8 in which the noisy tensor
M is the sum of original tensor X and the independently identical distribution noise N
where X can be decomposed by CP strictly and N has the same size with X .

M=X +N


s.t. X = U (1) , U (2) , · · · U (N )

(8)

ni1 ,i2 ,··· ,in ∼ N (µ̂, δ̂ 2 )

Noise and improper rank degenerate the decomposition accuracy and result in faulty
diagnosis. If we could obtain the accurate factors U (n) , n = 1, 2, · · · , N from the the
noisy tensor M as Fig. 1 illustrated, the original tensor can be reconstructed by the
decomposed factors.
Therefore, our aim is to recover the original tensor from the noisy measurements
without the prior knowledge about actual rank. If the original tensor has a low rank, this
problem can be formulated to calculate the lowest-rank factors to minimize the noise
variance. So the optimization objective function is to minimize the sum of factors’ rank
and the noise variance as Eq. 9.

min
U (i) , µ

N

i=1


 
αn rank U (i) + �N − µI1 �2F
2

(9)

s.t. M = X + N , X = U (1) ◦ U (2) ◦ . . . ◦ U (N )
where both αn and  in Eq. 9 denote the adaptive coefficients to balance the factors’ rank
and noise variance in the same order of magnitude and avoid any one term predominant
in the optimization process.
The first term in Eq. 9 represents the sum of weighted rank and the second term is
more generic about noise variance formulation. Assuming that the actual noise mean
µ̂ and variance δ̂ 2 are unknown and µ is a variable representing noise’s means distribution, the variance of N − µI1 can be expressed as var(N − µI1 ) = var(N ) + var(µI1 )
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Fig. 1 The structure of the noisy tensor decomposition. The green box denotes the tensor that needs to be
obtained and the red box denotes the noise interference

where I1 denotes the tensor whose all elements is one. At the same time, the variance of
a tensor can be calculated by Frobenius norm � · �2F . If µ = µ̂, the unbiased variance will
be larger than δ̂ 2 as the simple proof below where N = I1 × I2 · · · IN − 1 denotes the element number of tensor:

2

�N − µI1 �2F = N − µ̂I1 + µ̂I1 − µI1 F
2 
2

= N − µ̂I1 F + µ̂I1 − µI1 F
2

≥ N − µ̂I1 F

(10)

= N × δ̂ 2

3.2 Element‑wise average ADMM

Because matrix rank minimization is a NP-hard problem, Eq. 9 can not be solved
directly. Fortunately, the trace norm is proved to be a tightest convex relaxation form of
rank minimization [20] and it is easy to be optimized by gradient descent. Therefore, the
optimization objective function can be reformulated as follows:

min

U (i) ,µ

N

i=1


2
 




αn (U (i) ) + M − U (1) ◦ U (2) ◦ · · · ◦ U (N ) − µI1 
∗ 2
F

(11)

s.t. M = X + N

where U (n) ∈ RIn ×R for n = 1, 2, · · · , N and R is a positive integer which denotes the
rank upper boundary of a tensor.
ADMM is widely used to solve the optimization programming no matter the problem
is convex or nonconvex [21, 22]. In this paper, we also use ADMM algorithm to solve our
optimization objective function. Due to the interaction between the trace norm and the
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noise variance, some auxiliary variables A(i) need to be employed in our model and we
rewrite the Eq. 11 as follow:

min

U (i) ,µ

N

i=1





αn A(i)  +
∗

2



M − U (1) ◦ U (2) ◦ · · · ◦ U (N ) − µI1 
F
2

(12)

s.t. M = X + N , A(i) = U (i) , i = 1, 2, · · · N

In order to eliminate the constraints, the augmented Lagrangian function is used to
transfer Eq. 12 as follows:


Lβ A(1) , · · · , A(N ) , U (1) , · · · , U (N ) , µ, Y (1) , · · · , Y (N )
N


2



αn �A(i) �∗ + M − U (1) ◦ U (2) ◦ · · · ◦ U (N ) − µI1 
F
2
U (i) ,µ
i=1
N 
2 
 β



+
< Y (i) , A(i) − U (i) > + A(i) − U (i) 
F
2

= min

(13)

i=1

where Y (i) is the Lagrange multipliers and β > 0 is a penalty parameter. Then we use
ADMM to minimize Lβ iteratively in the following sequence:
Firstly, for updating {U (1) , · · · , U (N ) }, it is needed to unfold the tensor (M − µI1 ) along
each mode and then update related factor matrix one by one with the others fixed. So, the
optimization is rewritten as follows:

2
2
β





(n)
(n)
min U (n) B(n) − (M − µk I1 )(n)  + U (n) − Ak − Yk /β 
(14)
(n)
F
F
2
U 2


(N )
(n+1)
(n−1)
(1) T
⊙ Uk+1 · · · ⊙ Uk+1
and U (n) could be solved by
where B(n) = Uk · · · ⊙ Uk

Eq. 15:

(n)
=
Uk+1




−1


T
T
(n)
(n)
(n)
B
(M − µk I1 )(n) B(n) + βA(n)
+
Y
B
+
βI
(15)
k
k



Secondly, for updating A(1) , · · · , A(N ) , the object is to minimize the sum of a matrix
trace norm and its Frobenius norm as follows:
min αn �A(n) �∗ +
A(n)

2
β
 (n)

(n)
(n)
A − Uk+1 + Yk /β 
F
2

(16)

and such format has a closed-form solution [23] which can be calculated as follows:


(n)
(n)
(n)
Ak+1 = SVTαn /β Uk+1 − Yk /β
(17)
where SVTδ (A) = U diag({(σ − δ)+ })V T is the singular value threshold (SVT) operator,
U and V are from the matrix SVD results as equation A = U diag({δi }1≤i≤r )V T , and the
operator t+ denotes t+ = max(0, t).
Then for updating µk+1, the optimization object is rewritten as follows:
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2


(1)
(N )
minM − Uk+1 ⊙ · · · ⊙ Uk+1 − µI1 
µ

(18)

F

Since each element in the noise tensor is independent and identically distributed, the solution is the mean value of the element-wise difference between M and
(N )
(1)
⊙ · · · ⊙ Uk+1
Uk+1
as below, that is why our algorithm is called element-wise average
ADMM:



 
1
(1)
(N )
mi1 ,··· ,in − Uk+1 ◦ · · · ◦ Uk+1
µk+1 =
(19)
i1 ,··· ,in
N +1
i1 ,··· ,in

(n)

(n)

In the last, Y (n) is updated only dependent on Ak+1 and Uk+1 as follows:


(n)
(n)
(n)
(n)
Yk+1 = Yk + β Ak+1 − Uk+1

(20)

The iteration calculation stops until any one of the convergence criteria meets. Here we
set the convergence criteria as a tradeoff between the factor residual and the iterations.
As for the factor residual, the primal residual measures the difference between the factor
factor in the same iteration with the Frobenius norm expression as
and the auxiliary

 (n)
(n) 
Uk − Ak  , and another residual measures the difference between the same auxil

F
 (n)
(n) 
iary factor in two successive iterations with the expression as Ak − Ak−1  . As for the
F

iteration, we set the maximum number of iterations to 1000. In summary, the elementwise average ADMM is outlined in Algorithm 1.

The Algorithm 1 also needs to initialize all variables in the first and the operator
rand(·, ·) is to randomly initialize the n-mode factors matrix with size In × R.
3.3 Extension to tensor completion

Partial elements of the measured tensor may be missed due to the problem in the signal
acquisition process, terminal failure or other malicious attack. Tensor completion is to
infer the unobserved elements according to the partially observed elements. Multiple
advanced tensor completion algorithms are summarized in [24] still without considering
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the non-zero mean noise condition. We can extend our generic noise expression to tensor completion application and validate its effectiveness. Although only a part of elements are valid, these observed data still keep the character of low rank and the noise
still fits independently identical distribution. Therefore, the optimization objective function remains unchanged except for adding one constraint as follows:

min

U (i) ,µ

N

i=1


2
 




αn (U (i) ) + M − U (1) ◦ U (2) ◦ · · · ◦ U (N ) − µI1 
∗ 2
F

(21)

s.t. M� = (X + N )�

where  denotes the set of observed elements index while the remains are missing.
All procedures for tensor completion are similar to EA-ADMM except for the step to
update the noise mean µ which could be calculated by the elements in  as follows:

µk+1 =

1 
(1)
(N )
(P� (mi1 ,··· ,in − (Uk+1 ◦ · · · ◦ Uk+1 )i1 ,··· ,in ))
|�|
i1 ,··· ,in

(22)

where || demotes the number of observed elements and P� (·) keeps the elements in
 and zeros out the set. Finally the unobserved elements can be calculated by the outer
production of factors expressed as P�c (U (1) ◦ · · · ◦ U (N ) ) where the set c is complementary set of 

3.4 Computational complexity estimation

The update process of each variable has definite expression as Eqs. 15, 17 and 19 in a
iteration loop, which mainly consists of simple matrix operations. Therefore, the computational complexity estimation can be straightforward derived. We calculated the i-th
(i)
(i)
factor Uk , auxiliary variable Ak and noise mean µk respectively in the k-th iteration as
(j)
an example and the other factors estimations Uk , j = i are the analogous.
(i)
• Uk
update The factor’s computational complexity involves the term
(n)
(B(n) (B(n) )T + βI)−1
((M − µk I1 )(n) (B(n) )T + βA(n)
term
and
k + Yk ),
these two terms multiplication. The first term’s computational complexity is

O(Ii R(1 + j�=i Ij2 )). The second term needs to be divided in the sub-term

(B(n) (B(n) )T + βI) whose complexity is O( j =i Ij R2 ) and the inversion operator
whose complexity is O(R3 ). The final matrix multiplication’s complexity is O(Ii R2 )
(i)
• Ak update The auxiliary variable needs to be decomposed by SVD, therefore this
computational complexity can be represented by O(Ii R2 ) where the matrix size is
In × R and R is much less than In.
• µk update The noise mean variable only involves the element average operation in

the tensor. The maximum complexity can be represented by O( N
n=1 In )

All the computational complexity calculation assumes that the tensor is dense and each
arithmetic with individual elements has complexity O(1). If the tensor is sparse, the
complexity decreases by the exploiting sparsity and the structure of Khatri-Rao production [25].
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Therefore, the total complexity in one iteration is the sum of all variables’ complex
ity and the predominant complexity is O((N + 1)R N
n=1 In ) if the tensor is low rank.
For comparison, the computational complexity of ALS [26] is represented as Eq. 23. It is
obvious that these two algorithms have similar predominant complexity term (the second term) for dense tensor due to low rank property and the same matrix operators,
such as Khatri-Rao production, SVD and matrix inversion.


N
N
N
�
�
�
�
 Ij (7R2 + R) + 3R
In +
Ii (R2 + R) + 11R3
(23)
i=1

j� =i

n=1

i=1

4 Results and discussion
In this section, we conducted the comparative experiments to evaluate the effectiveness
of EA-ADMM involving in tensor recovery, tensor completion from the noisy tensor.
The performances between our algorithm and traditional CP decomposition by ALS
are compared by the synthesized data. A noiseless tensor data with size 20 × 40 × 30 is
composed by the uniform distribution U(0, 1) factors with a definite rank, then we add
the independent and identical distribution noise to the noiseless tensor.
Here the metric we consider to evaluate the performance for tensor recovery and completion is average tucker congruence coefficient [27] (hereinafter referred to as similar
coefficient) which measures the similarity of each component between decomposed
factors with the actual factors and it is calculated by averaging the unique maximum
combinations of components value. Since the tensor can be generated by the factors as
Eq. 5 and the tensor decomposition is mainly to analyze the internal correlation in data,
the factor similarities are effective metrics to measure the decomposition accuracy. Furthermore, the relative root mean square error (rRMSE) of the reconstructed tensor X̂ as
another metric is used to compare the accuracy in tensor completion as follows:
rRMSE :=

�X̂ − X �F
�X �F

(24)

4.1 Tensor recovery

For tensor recovery, we compare the traditional ALS algorithm and the proposed EAADMM algorithm to decompose the tensors with different rank in various SNR. If the
rank of tensor is given, the predefined rank of both two algorithm are set to the actual
rank, the SNR is 20dB, the parameters αn in Eq. 12 are equal to 1/N and  is set to 5,
moreover the iterative number is 1000 and tolerance threshold is the same 10−5 as our
algorithm. A rank-3 tensor’s decomposed factors by these two algorithms are illustrated
in Fig. 2. As we can see, all components in each tensor mode fit the actual value perfectly
and the similar coefficient of both algorithms are above 99.9%.
In practical, the actual rank is usually unknown, so it is common to set the predefined
rank to the upper boundary which is described in [28] and the other parameters keep
same as before. In such more general situation, the decomposed results are illustrated
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Fig. 2 EA-ADMM tensor recovery performance compared with ALS where SNR is 20dB and pre-define rank is
equal to actual rank

Fig. 3 EA-ADMM tensor recovery performance compared with ALS where SNR is 20dB and pre-define rank is
lager than actual rank

in Fig. 3 which indicates different performances of these two algorithms. The similar
coefficient of the EA-ADMM is still above 99.4%, but the ALS decreases to 90.1%. If
the predefined rank is larger than actual rank, the ALS over fits the noise and could not
decompose the accurate factors, however due to the constraint on the trace norm and

Page 10 of 16

Yue and Sun EURASIP Journal on Advances in Signal Processing

(2022) 2022:95

noise’s variance, the EA-ADMM still has the capability to fit the actual components perfectly which means that it could recover the original tensor from the decomposed factors in the noisy situation and thus the tensor’s actual rank can be inferred by the factors.
For further verifying the noise-tolerant capability, we vary the SNR from 0dB to
60dB and compare these two algorithms with different rank tensors. Firstly, three set
of different SNR noisy tensors with rank 3, 5 and 7 are generated respectively, then
the predefined ranks are selected randomly in the range larger than the actual rank.
We repeated the experiments 50 times and the mean and variance of the similar coefficient are illustrated in Fig. 4. It shows that no matter whatever the actual rank is,
the EA-ADMM performance keeps more stable with the average coefficient of above
90.5% if the predefined rank is larger than rank, while the performance of ALS fluctuate seriously in different SNR. However, there exists an interesting phenomenon
that the ALS in some SNR ranges has high average similarity coefficient with small
variance which shows more accurate and stable decomposition performance than the
other SNR ranges. Such interesting range seems to be dependent on the actual rank
and it is important for ALS where it is less sensitive to the predefined rank.
4.2 Tensor completion

Besides noise interference, there are often cases of tensor completion due to the data
loss caused by equipment failure in the process of data acquisition. Therefore, we verify
whether the EA-ADMM algorithm has the capability of tensor completion in the first.
The elements in the tensor are randomly selected and set to 0 as the missing data, and
both two metrics above mentioned are used to evaluate the performance of tensor completion. As seen in Fig. 5, 10% elements of the tensor were masked, the mean of noise is
zero and SNR is set to 20dB, then the similar coefficient is 99.6% and RSE is 0.016, so our
algorithm can complete the missing data with noise interference.
We further conducted comparative experiments to evaluate the performance of tensor completion when the missing rate increases from 0.1 to 0.9 in the 20dB, 10dB and
0dB SNR respectively. The predefined rank is larger than actual rank and the optimal

Fig. 4 EA-ADMM noise-tolerance performance compared with ALS where SNR is from 0 to 60dB
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Fig. 5 Tensor completion performance when the missing rate as 0.1 and µ̂ = 0

Fig. 6 Tensor completion performance when the missing rate varies from 0.1 to 0.9 and µ̂ = 0

Fig. 7 Tensor completion performance when the missing rate varies from 0.1 to 0.9 and µ̂ � = 0
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Fig. 8 Tensor recovery performance with various SNRs

Fig. 9 CPU run time with different predefined ranks and tensor sizes

parameters are selected by the Grid Search. The traditional ALS and another algorithm
called Trace Norm CP (TNCP) in [16] are contrastive to our EA-ADMM. If the mean of
noise is equal to zero as Fig. 6, the EA-ADMM has higher similar coefficient and lower
rRMSE value than the other algorithms when the missing rate is below 0.5, and then
there is a rapid decline in performance. If the mean of noise is non-zero as Fig. 7, the
similar coefficient of EA-ADMM decreases slightly when the missing rate is less than
0.5, and the rRMSE reaches the minimum value when the missing rate is 0.7. On the
whole, the non-zero mean noise will degenerate the performance of tensor completion
for all algorithms. The TNCP could achieve lower rRMSE, but could not decompose
to the similar factors. The ALS also has the capability of tensor completion somehow,
but the performance is relatively poor. However, if the the missing rate is less than 0.5,
the proposed EA-ADMM algorithm could obtain both more similar factors and lower
rRMSE.
4.3 Complexity comparison

We compare our algorithm’s computational complexity with traditional algorithm ALS
in high and low SNR. The tensor size is 20 × 40 × 30 and the predefined rank is larger
than actual rank. When the SNR is 10dB in Fig. 8a, our algorithm needs a similar iteration number with ALS to achieve a slightly lower relative reconstruction error. This
result shows that if the noise is negligible, these two algorithms have the same computational complexity and the over-estimated rank for traditional ALS only affects the factor similarity. When the SNR is 0dB in Fig. 8b, the convergence speed of our algorithm
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is higher than ALS with a better recovery performance. In such condition, the noise
is non-negligible, so the over-estimated rank for ALS results in a much higher relative
reconstruction error due to the noise overfitting. However, our algorithm is less sensitive
to the over-estimated rank and the noise.
Besides, we record our algorithm’s run time with different tensor sizes with various
predefined ranks. The CPU run time as the rough metric could evaluate the computational complexity. When the rank varies, the tensor size is fixed as 100 × 100 × 100
and the result is illustrated in Fig. 9a. The run time is linear with the rank. When
the tensor size varies, the tensor keeps cube and its rank is fixed as 5. The run time
increases exponentially with the increase of tensor size as Fig. 9 b. All experimental
results are consistent with theoretical analysis in subsect. 3.4.

5 Conclusion
Tensor is an effective representation to model the multidimensional structure signals
in communications and radar system and then tensor decomposition, especially the
CP decomposition which has unique decomposed factors, is a powerful method to
analysis the intrinsic linear correlation in the tensor data. Tradition CP decomposition by ALS is based on the assumption that the tensor rank is known without noise
interference. However, both of the assumptions are not commonly satisfied in practical applications that degenerates the decomposition performance. In this paper, we
proposed an element-wise average ADMM algorithm to recover the original tensor
from noisy measurements. Our algorithm is to minimize the noise variance on the
constraint of all factors’ rank sum. More than tensor recovery, our algorithm can be
easily extended to realize tensor completion. The experiments involving in tensor
recovery and tensor completion in various SNR indicate that our algorithm is robust
to decompose the tensor into accurate factors. However, our algorithm is still time–
costing due to high-dimensional matrix operations. In the future, we would combine
the tensor decomposition with deep learning to boost the update speed by simultaneously back propagation and the interesting phenomenon mentioned in subsect. 4.1
also deserves to be exploited.
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