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Abstract 

The performance of adaptive beamforming is considerably affected by system errors 
in the gain and phase perturbation errors, direction of arrival mismatch, and incoher-
ent local scattering, especially when the sample data contains the signal of interest 
(SOI) component. In this study, a robust adaptive beamforming approach based on 
interference plus noise covariance matrix (INCM) reconstruction using Gauss–Legendre 
quadrature (GLQ) and steering vector (SV) estimation is developed. The proposed 
algorithm incorporates the GLQ with the integral over the spherical uncertainty set 
and uses a linear combination of the integral at several angular nodes to substitute the 
integral of the entire interference region; consequently, the computational efficiency 
of reconstructing the INCM is enhanced. The SV of the SOI is represented as a linear 
combination of several principal eigenvectors of the SOI covariance matrix; thus, the 
double-constrained problem corresponding to the noise subspace is transformed into 
a single-constrained model, and its solution can be gained by utilizing the Lagrange 
multiplier method. Subsequently, the weight vector of the proposed beamformer can 
be calculated. Numerical simulations indicate that the proposed approach can effec-
tively suppress interferences and exhibits superior overall performance under system 
errors.

Keywords: Robust adaptive beamforming, Covariance matrix reconstruction, Gauss–
Legendre quadrature, SV estimation

1 Introduction
In sensor arrays, which are also regarded as smart antennas, the antenna system can be 
controlled by a computer, thus substantially improving the performance of the antenna 
system. Smart antennas have advantages such as high spatial resolution, increased sig-
nal to interference plus noise ratio (SINR), and the capability of spatial interference sup-
pression [1]. Adaptive beamforming, a fundamental technology used in sensor arrays, is 
applicable to a wide range of fields, for example, radar, wireless communication, astron-
omy, and electronic surveillance [2–5]. This technology can orient the mainlobe toward 
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the signal of interest (SOI) while forming nulls in the directions of arrival (DOA) of the 
interferences based on the remaining degrees of freedom of the sensor array. However, 
in practical applications, there are inevitable mismatches in the signals received by the 
sensor array, such as gain and phase perturbation errors, DOA mismatch, and incoher-
ent local scattering [6]. These errors severely degrade the performance of the beamform-
ers, especially when the SOI component is present in the received data [7].

Therefore, numerous robust adaptive beamforming (RAB) techniques are developed to 
enhance output performance even in error scenarios. Examples include diagonal loading 
techniques, eigen-subspace methods, and worst-case-based approaches [8–11]. These 
methods are efficient for mild gain and phase perturbation errors and DOA mismatch, 
but they are ineffective in case of severe system errors. Further, the weight vectors cal-
culated using these methods are based on the sample covariance matrix (SCM). It con-
siderably differs from the theoretical interference plus noise covariance matrix (INCM) 
when the received number of snapshots is finite [12]. In addition, the existence of the 
SOI limits the performance of the beamformer under the condition of high-level signal 
to noise ratio (SNR).

To moderate the impact of SOI component, a number of approaches on the basis of 
INCM reconstruction using the principle of standard Capon beamformer (SCB) have 
been developed; consequently, an excellent output SINR has been achieved even in sce-
narios with a high input SNR [13]. These algorithms can be mainly divided into four 
types. In the first type, the INCM is reconstructed by uniformly sampling the angu-
lar sectors associated with the interference signals [14, 15]. The INCM reconstruc-
tion method on the basis of the Capon spectrum integral was first proposed in [14], 
and the reconstructed INCM was then utilized for formulating a quadratic optimiza-
tion model to modify the steering vector (SV) of SOI. This algorithm performs well at 
high SNR, but its performance is limited when the DOA mismatches of incident sig-
nals are severe. In [15], the SV of SOI and the eigenvectors of SCM were considered to 
have a relatively intense correlation, such that the eigenvector of the maximum correla-
tion coefficient was selected as the estimated SV. This approach effectively reduces the 
computational complexity of SV estimation; however, the correlation between them is 
inevitably affected when the DOA mismatches are large. To further reduce the complex-
ity of INCM reconstruction, a novel beamformer was devised employing spatial power 
spectrum sampling [16]. The method is of excellent computational efficiency. Neverthe-
less, its output SINR will degrade along with the decreasing number of sensors. In [17], 
the Gauss–Legendre quadrature (GLQ) was introduced for INCM reconstruction using 
a linear combination of the covariance matrices at three nodes, and the algorithm exhib-
ited reduced computational complexity. The maximum entropy power spectrum princi-
ple was used to estimate the powers of incident signals in [18]; consequently, the number 
of sampling points involved in INCM reconstruction was effectively reduced. However, 
the usage of linear integral restricts the collection of more potential information, which 
is an imperfection of the aforementioned algorithms.

The second type is based on the first one by reformulating the interference region, 
which is constrained by uncertainty sets. The integral over uncertainty sets can be uti-
lized to obtain potential information [19–21]. In [19], an INCM reconstruction method 
based on the integral of annular uncertainty sets was proposed. It employs multitudes 
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of discrete uncertainty sets to constrain the angular sectors where the interferences are 
located and computes the volume integral over these uncertainty sets. The approach 
stated in [19] outperforms the method in [14] but significantly increases the computa-
tional complexity. The INCM reconstruction method proposed in [20] was analogous to 
the approach of [19]. Based on the intersection of two signal subspaces corresponding to 
the SCM and SOI covariance matrix, the SV of the desired signal was then obtained. The 
simulated and experimental results revealed that the algorithm is able to align the main-
lobe to the desired signal while effectively suppressing the interferences and possesses 
better robustness to multiple system errors. In [21], the k-means clustering method was 
employed to preprocess the sampling points which are located on the surface of the 
uncertainty set and a few representative sampling points instead of the integral over the 
entire surface were selected, thus effectively reducing the number of sampling points 
within the uncertainty set. Through simulation results under one kind of system error, it 
was verified that the selection of representative sampling points can be accomplished by 
one iteration. The feasibility of this approach under several other typical system errors 
remains to be verified.

The third type reconstructs the INCM in the theoretical form by optimizing the SV 
and estimating the powers of incident signals [22, 23]. In [22], a procedure analogous to 
the approaches in [9, 14] was employed to estimate the SVs of interferences. Then, the 
interference powers were derived according to the assumption of orthogonality between 
distinct SVs of incident signals. Subsequently, the INCM could be reconstructed fol-
lowing its theoretical form. However, the accuracy of SV estimation for the interfer-
ence signals depends on an ad hoc parameter. The algorithm in [23] compensated for 
the angle-related bases in the INCM reconstruction by employing the subspace orthogo-
nality technique and subspace fitting method to mitigate undesirable effects of system 
errors. Another approach for reconstructing INCM by subtracting the reconstructed 
SOI covariance matrix from the SCM was proposed in [24, 25]. However, these meth-
ods almost perform unsatisfactorily when the number of snapshots is low. The last type 
reconstructs the INCM by projecting the SCM into the interference subspace [26, 27]. In 
[26], a positive definite matrix was yielded by the integral of angular sectors associated 
with the interference region, and eigenvectors corresponding to several larger eigenval-
ues were selected to construct the interference subspace; the SCM was projected into 
this subspace to eliminate the SOI component. Based on [26], the computational com-
plexity of [27] decreased in the process of computing the positive definite matrix within 
the interference region, which was obtained by using a fourth-order GLQ. However, the 
performance of this algorithm is inadequate if there are large DOA errors as well as gain 
and phase perturbation errors.

Motivated by the works in [17, 19], a novel RAB method based on both INCM recon-
struction using the GLQ and SV estimation is developed in this study. The proposed 
algorithm aims to collect more potential information of the incident signals with 
reduced computational complexity and to obtain the precise SV of the SOI. The contri-
butions are as given below:
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1. We combine the GLQ with the integral over spherical uncertainty set and apply a 
linear combination of the integral at several angular nodes to reconstruct the INCM 
with reduced computational complexity.

2. Based on several principal eigenvectors of the SOI covariance matrix, the double-
constrained problem is transformed into a single-constrained model, and the SV of 
the SOI is derived through the Lagrange multiplier method.

3. The steps and computational complexity of the proposed approach are discussed, 
and numerical simulations are conducted to verify the performance of our proposed 
algorithm.

The remainder of this paper is as follows. In Sect.  2, the problem background is 
briefly described. Our proposed algorithm is elaborated in Sect. 3. Section 4 presents 
numerical simulations and discussion, and the conclusions are summarized in Sect. 5.

2  Problem background
Consider that L+ 1 incoherent signals impinge on a uniform linear array (ULA) with 
distinct directions {θ0, θ1, . . . , θL} , where the incident sources are from a far-field and 
narrowband. The ULA is composed of M sensors with the configuration illustrated in 
Fig. 1. The M × 1 vector received at the instant k is then formulated as [28]

where xs(k) = a(θ0)s0(k) and xi(k) = L
l=1 a(θl)sl(k) are the SOI and interference com-

ponents, respectively, n(k) stands for the Gaussian noise with variance σ 2
n  , sl(k) denotes 

the signal waveform, and a(θl) , abbreviated as al , are the SVs of incident signals, which 
are given as

Here, (•)T denotes the transpose operator, d = �
/

2 and � represent the inter-element 
spacing and the wavelength of sl(k) , respectively.

For the weight vector w = [w1,w2, · · · ,wM]T  , the output SINR is defined as

(1)x(k) = xs(k)+ xi(k)+ n(k),

(2)al = [1, ej2πd sin θl/�, . . . , ej2π(M−1)d sin θl/�]T, l = 0, 1, . . . , L

Fig. 1 Signal model. a Classical application of adaptive beamforming in wireless communication, with the 
mainlobe pointing toward the user. b ULA configuration
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where σ 2
0 = E

{

s0(k)s
H
0 (k)

}

 is the SOI power, E(•) stands for the expectation operator, 
and (•)H denotes the Hermitian transpose. Correspondingly, Ri+n is the M ×M dimen-
sional theoretical INCM, indicated by

where σ 2
l  represents the lth interference power and I denotes M-order identity matrix. 

The SCB aims at suppressing interference components while maintaining the SOI with-
out any distortion, leading to maximized output SINR. The SCB is formulated as

whose solution has the following general form:

The optimal SINR can be calculated as

Accordingly, the beam pattern of SCB can be derived as

where θ is the angle in the scanning interval, a(θ) can be obtained by using the prior 
knowledge of array configuration, and lg(•) represents the logarithmic operator with 
base 10. In practical applications, the exact a0 and Ri+n are typically infeasible and are 
normally replaced by the nominal SV a(θ̂0) (abbreviated as â0 ) and SCM, given by

Here, K  denotes the number of snapshots. When K  is inadequate or the DOAs of inci-
dent signals are mismatched, a large gap is bound to exist between Ri+n and R̂x.

To reduce the gap with the theoretical INCM and enhance the robustness, a method for 
reconstructing the INCM is developed [14]:
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Here, �i+n denotes the entire spatial domain except for the SOI region. Another novel 
INCM reconstruction method based on the volume integral is employed in [19], which 
is formulated as follows:

where �i stands for the interference region, and σ̂ 2
n  , setting as the minimum eigenvalue 

of the matrix R̂x [19, 22], represents the estimated noise power. The expression for r(θ) is

Here, δa(θ) = {a|�a − a(θ)�2 ≤ ε} is the spherical uncertainty set, �•�2 represents the 
Euclidean norm, and ε stands for the threshold of δa(θ) . Equation (11) is usually approxi-
mated by the discrete summation of uniform sampling in the intervals �l , l = 1, 2, . . . , L , 
where the interferences are located. This process can be regarded as the interpolation 
summation in these intervals, expressed as [19]

Here, L and C denote the number of interference signals and sampling points in �l , 
respectively. Evidently, the computational complexity of Eq. (13) is of sufficient magni-
tude when the number of sampling points, C, is set high enough to ensure precise INCM 
reconstruction.

3  Proposed algorithm
3.1  INCM reconstruction

Similar to the assumptions implemented in [20–29], we also assume that the SOI region 
and the location of interferences are mutually separate. In this subsection, we utilize the 
GLQ to compute Eq. (13) efficiently, which can be expressed in the following form [17]:

where ρ(z) represents the weight function, which is equal to the constant 1 in GLQ; f (z) 
is the integral function; Aj and zj , j = 1, 2, . . . , J  are independent of f (z) and denote the 
coefficients and nodes of GLQ, respectively. The nodes are generally the roots of the 
Legendre polynomial, indicated by

where n is the order of the Legendre polynomial. Taking the trade-off between computa-
tional efficiency and numerical accuracy into account, we implement INCM reconstruc-
tion in terms of the fifth-order Legendre polynomial, which can be written as

(11)
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Five nodes can be obtained according to the roots of Eq. (16):

The following formula can be yielded by substituting Eq. (17) into Eq. (14):

According to the principle of GLQ, Eq. (19) holds true strictly when f (z) is taken in turn 
with 1, z1, z2, z3, and z4 , which yields

Equation (19) can be expressed in another form, ZA = F , where A =[A1,A2,A3,A4,A5]T 
represents the coefficient vector to be determined, F =[2, 0, 2

/

3, 0, 2
/

5]T , and Z denotes 
the node matrix.

According to Eq. (20), Z is a 5× 5 dimensional Vandermonde matrix. Because the ele-
ments of the nodes, {z1, z2, . . . , z5} , are not equal, Z is invertible. Therefore, the coeffi-
cient vector can be determined as A = Z

−1
F . The variables on the right side of Eq. (18) 

can then be obtained, and the fifth-order GLQ can be realized.
Since {z1, z2, . . . , z5} belong to the interval [−1, 1] , the interval used in INCM recon-
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reconstruct the INCM using these nodes. We can then linearly map the nodes in the 
interval [−1, 1] to the angular sectors of L interferences �l as follows [27]:

where θlj represent the angular nodes within each interference region bounded by 
[θ lowl , θ

up
l ] . Then, by adjusting the integral interval, Eq. (18) is transformed into

In Eq. (22), the uninterrupted integral in the interval �l is replaced with a linear com-
bination of the function values of five nodes. Substituting r(θ) as the integral function 
into Eq. (22), the novel INCM can be obtained as follows:

where J = 5 and r(θlj) is numerically computed as

Here, Q denotes the number of sampling points within the uncertainty set, and 
aq ∈ δa(θlj) stands for the SVs located at the surface of the sphere around a(θlj) because 
δa(θlj) contains collinear SVs [19]. For the sake of clarity, the comparison between 
Eqs. (13) and (23) is shown schematically in Fig. 2. The essence of Eq. (23) is to replace 

(21)θlj =
θ
up
l − θ lowl

2
zj +

θ
up
l + θ lowl

2
, j = 1, 2, . . . , 5,

(22)

θlup
∫

θ lowl

f (θ)dθ ≈
θ
up
l − θ lowl

2

5
∑

j=1

Ajf (θlj).

(23)

R̃i+n = 1

2

∫

�i

r(θ)dθ + σ̂ 2
n I =

1

2

L
∑

l=1

θlup
∫

θ lowl

r(θ)dθ + σ̂ 2
n I

≈ 1

2

L
∑

l=1

θ
up
l − θ lowl

2

J
∑

j=1

Ajr(θlj)+ σ̂ 2
n I =

θ
up
l − θ lowl

4

L
∑

l=1

J
∑

j=1

Ajr(θlj)+ σ̂ 2
n I,

(24)r(θlj) =
Q
∑

q=1

aqa
H
q

a
H
q R̂

−1
x aq

.

Fig. 2 Concept of INCM reconstruction method based on GLQ and uncertainty sets
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the volume integral in the dashed region with a linear combination of the integral over J 
spherical uncertainty sets colored in blue. Additionally, the number of sampling points 
in Eq.  (23) within each interference interval is significantly fewer than that in Eq.  (13) 
owing to the use of GLQ. Therefore, the proposed GLQ-based operational method can 
enhance the computational efficiency of the algorithm stated in [19]. Furthermore, the 
performance of the reconstructed R̃i+n is evaluated through numerical simulations 
explained in Sect. 4.1.

3.2  SV correction of the SOI

The eigen-decomposition of SCM is as follows:

Here, αM ≤ · · ·αm · · · ≤ α1 stand for eigenvalues of R̂x , um represents the eigenvectors 
of αm , Us = [u1,u2, . . . ,uL+1] spans the signal subspace, and Un = [uL+2, . . . ,uM] repre-
sents the noise subspace. Because the number of sources, L+ 1 , can be got by applying 
the approach developed in [30], it is assumed that the number of sources is known as 
prior information [31]. On the basis of the orthogonality associated with the signal and 
noise subspaces, because the actual SV, a0 , belongs to the former, the following formula 
can be derived:

Thereafter, according to Eq. (26), the SV estimation problem can be described as [16]

where ã0 denotes the optimized SV. The first constraint of Eq. (27) represents an uncer-
tainty set restriction on ã0 , which guarantees that the optimal value is searched in the 
neighborhood of â0 and prevents its convergence to the interference SV. The second 
constraint restricts the constant modulus to ã0.

Similarly, the SOI covariance matrix, R̃s , can be obtained from Eq.  (23), and its eigen-
decomposition yields

A column orthogonal matrix Vη = [v1, v2, . . . , vη] composed of several principal eigen-
vectors can then be formed. The η eigenvalues occupy most of the energy of all eigenval-
ues; thus, R̃s ≈ Vη�V

H
η  can be obtained, where the diagonal elements of � are filled with 

η largest eigenvalues of R̃s . Hence, Vη spans the signal subspace, which suggests that the 
SV of the SOI can be formulated as a linear combination corresponding to the columns 
of Vη [32]. Consequently, the SV of SOI is expressed as

(25)R̂x =
M
∑
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αmumu
H
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H
s +Un�nU

H
n .
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H
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∥

∥
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√
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(28)R̃s =
θ
up
0 − θ low0
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M
∑
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where b is the rotating vector with �b�2 = 1 . R̃s originates from the volume integral of 
â0 , and the SV located at the spherical uncertainty set can be expressed on the basis of 
Vη ; therefore, ã0 ∈ δa(θ̂0) can be obtained, i.e., 

∥

∥ã0 − â0

∥

∥

2
≤ ε always holds true. Thus, 

Eq. (29) ensures that the optimal SV is searched in the neighborhood of â0 , and there is 
no possibility of convergence to the interference SV. Subsequently, the first constraint in 
Eq. (27) can be omitted. Substituting Eq. (29) into Eq. (27), the following formula can be 
derived:

where RV = V
H
η UnU

H
n Vη . In Eq. (30), M is a constant term and can be omitted.

On the basis of the Lagrange multiplier method [33], we derive the solution for Eq. (31). 
The Lagrangian function is constructed as

where ξ represents the Lagrange multiplier. Thereafter, we calculate the derivative of 
Eq. (32) and solve for its root as follows:

According to Eq. (33), we obtain RV b = ξb . Substituting Eq. (33) into Eq. (31), we can 
conclude that to minimize the objective function, ξ should be the minimum eigenvalue 
of RV  and b is the eigenvector corresponding to this minimum eigenvalue, denoted as 
bη . Therefore, ã0 =

√
MVηbη can be gained.

The weight vector of the array can be yielded with the resulting R̃i+n and ã0:

3.3  Summary of the proposed algorithm

Unlike previous methods, the proposed approach incorporates the GLQ with the 
integral of spherical uncertainty sets to obtain more comprehensive information 
while reducing computational complexity. The idea of our work is partly inspired by 
[19]. However, the computational complexity of the algorithm in [19] is high, which 
is reduced in our study by introducing GLQ. It can be considered as an improved 
version combining the advantage of [17, 19]. Consequently, the INCM and SOI 
covariance matrix can be reconstructed more accurately compared with traditional 

(29)ã0 =
√
MVηb,

(30)
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b

Mb
H
RV b

s.t. �b�2 = 1,

(31)
min
b

b
H
RV b

s.t. �b�2 = 1.

(32)L(RV ,b) =
1

2
b
H
RV b+ ξ(1− b

H
b),

(33)
∂L(RV ,b)

∂b
= RV b− ξb = 0.

(34)w =
R̃
−1
i+nã0

ã
H
0 R̃

−1
i+nã0

.
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methods. In addition, the nominal SV of SOI can be corrected adequately through 
the foregoing SV estimate operation. A summary of the proposed algorithm is listed 
below:

Steps Details

(1) Compute the coefficients Aj and nodes zj of GLQ by applying Eqs. (16) and (19)

(2) Calculate the angular nodes using Eq. (21), and reconstruct R̃i+n through Eq. (23)

(3) Obtain the optimized ã0 via Eqs. (28) and (29), and derive the weight vector using Eq. (34)

According to the steps of our method, Step (1) can be derived in advance accord-
ing to the order of GLQ; hence, the complexity of our algorithm is mainly concen-
trated in Steps (2) and (3) and is roughly O{max(JQM2,M3)} . As J  is significantly less 
than C , it is apparent that our approach is preferable to the algorithm stated in [19] 
( O{max(CQM2,M3.5)} ) in terms of computational complexity.

4  Results and discussion
In this part, consider three incident signals impinging on the ULA of 10 sensors from 
θ0 = 0◦ , θ1 = −50◦ , and θ2 = 40◦ , where the first signal is treated as the SOI compo-
nent, and its power is set to SNR = 20 dB, when the SINR is compared with number of 
snapshots. To compare the SINR with SNR, K = 30 is fixed. The remaining signals are 
viewed as interferences with a power of 30  dB. The integral interval is set within ± 8° 
[19, 26, 31] of the nominal DOAs θ̂l , l = 0, 1, 2 , which are regarded as the prior infor-
mation [19, 20]; therefore, the integral intervals of the SOI and interferences are 
�0 = [θ low0 , θ

up
0 ] = [θ̂0 − 8◦, θ̂0 + 8◦] and �l = [θ lowl , θ

up
l ] = [θ̂l − 8◦, θ̂l + 8◦], l = 1, 2 , 

respectively. In all simulations, the results are obtained from 200 Monte Carlo simula-
tion runs [20–33].

The proposed approach is compared with the spatial matched filter (SMF) method 
that is user parameter-free [8]; the fixed diagonal loading (FDL) algorithm [13]; the 
reconstruction-based beamformers: INCM-linear [14], INCM-volume [19], and INCM-
ISV [22]; as well as the GLQ-based algorithms: GL-linear [17] and GL-subspace [27]. 
For the FDL algorithm, the diagonal loading level is set to σ 2

l  = 10 dB. For the GL-sub-
space approach, N = 5 is chosen during the construction of the projection matrix. In the 
INCM-volume beamformer, C = 40 are adopted. In our proposed method, η = 4 [32] 
and the model for discrete sampling within δa(θlj) is consistent with the INCM-volume 
algorithm:

Here, ε =
√
0.1 , and φ

q
m,m = 0, 1, . . . ,M − 1 is chosen as 0 and π , i.e., 

Q = χM = 2M = 1024 , in which χ denotes the number of sampling points in [0, 2π).

4.1  Performance comparison under different orders of GLQ

To evaluate the similarity between R̃i+n and 
⌢

Ri+n , their correlation coefficients for differ-
ent GLQ orders are first calculated [17, 31], which can be defined as

(35)aq = a(θlj)+
ε√
M

[ejφ
q
0 , ejφ

q
1 , . . . , ejφ

q
M−1 ]T.
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Here, vec(•) is the vectorization operator. In each simulation, the nominal DOAs of inci-
dent signals are randomly distributed in the interval θ̂l ∈ [θl − 8◦, θl + 8◦], l = 0, 1, 2 . 
Figure 3a presents the comparison of the correlation coefficient and SNR when the order 
of GLQ is set to J = 3, 4, 5, and 6 , where GLQ-3 represents the third-order GLQ. We 
can conclude that the higher the order of GLQ, the greater the similarity of R̃i+n and 
⌢

Ri+n ; in other words, the gap between R̃i+n and 
⌢

Ri+n decreases gradually. Furthermore, 
the correlation coefficients for J = 5 and J = 6 are in the neighborhood of 0.995. The 
plot of correlation coefficient versus number of snapshots is manifested in Fig. 3b. Once 
the number of snapshots exceeds 20, the correlation coefficients of GLQ-6 and GLQ-5 
tend to level off. Despite the high number of snapshots, GLQ-4 and GLQ-3 still exhibit 
slight fluctuations in the output curves. The running time taken for each execution is 
listed in Table 1. A MATLAB 2014a environment with 4G RAM is used. It is evident that 
dense sampling in the interval �l results in a longer execution time for different GLQ 
orders.

The output SINR versus SNR for different GLQ orders is illustrated in Fig.  4a, and 
the deviation from the optimal SINR is depicted in Fig. 4b. The SINRs associated with 
GLQ-5 and GLQ-6 are slightly lower than the output of INCM-volume algorithm. 
Since the output SINRs of GLQ-5 and GLQ-6 converge to almost the same level and the 
GLQ-5 has reduced computational complexity and running time, the fifth-order GLQ is 
preferred to reconstruct the INCM. The plot of SINR versus number of snapshots is dis-
played in Fig. 4c, and it is demonstrated that the performance corresponding to GLQ-5 

(36)cor(R̃i+n,
⌢

Ri+n) =

∣

∣

∣

∣

vec(R̃i+n)
Hvec(

⌢

Ri+n)

∣

∣

∣

∣

∥

∥

∥
vec(R̃i+n)

∥

∥

∥

2

∥

∥

∥

∥

vec(
⌢

Ri+n)

∥

∥

∥

∥

2

.

Fig. 3 Comparison of correlation coefficient values. a Correlation coefficient for covariance matrix under 
different GLQ orders against SNR. b Correlation coefficient against number of snapshots

Table 1 Comparison of running times for different GLQ orders

Algorithms INCM-volume GLQ-6 GLQ-5 GLQ-4 GLQ-3

Times/s 2.1584 0.3340 0.2771 0.2173 0.1624

Complexity O{CQM2} O{JQM2}
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and GLQ-6 is relatively stable with K ≥ 30 . In addition, the output curves of GLQ-3 and 
GLQ-4 fluctuate as the number of snapshots varies. Thus, the feasibility of applying the 
GLQ rather than the integral by uniform sampling in the interference region as well as 
the reasonability of adopting J = 5 for balancing the computational efficiency and ensur-
ing the output performance are verified.

4.2  DOA random mismatch

In the second example, the performance of tested beamformers in terms of DOA ran-
dom error is assessed. The nominal DOAs of all incident signals are the same as those 
described in Sect. 4.1. Figure 5a, b compares the output SINR versus SNR. It is evident 
that the output curves associated with the SMF and FDL algorithms deteriorate gradu-
ally with increase in SNR owing to the self-cancellation phenomenon generated by the 
SOI component. In contrast, the performance of our proposed algorithm and INCM-
volume method gradually improves as the SNR increases, and they outperform other 
approaches at different tested SNR values. Figure 5c presents the plot of SINR against 
number of snapshots. The INCM-volume approach and our proposed method out-
perform the remaining algorithms associated with the output performance, which 
approaches the optimal value, and the performance of both remains stable as K exceeds 
30. In contrast, the output curves of the SMF and FDL beamformers are incapable of 
displaying a significant increasing trend as K increases from 10 to 100.

Subsequently, to investigate the output performance with different interference pow-
ers, the powers of the two interferences are randomly distributed in [25  dB, 35  dB] 

Fig. 4 Comparison of SINR. a SINR versus SNR. b Deviation against SNR. c SINR against number of snapshots
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during each test. Accordingly, the gap between the two interference powers is defined 
within [− 10  dB, 10  dB]. Figure  6a, b reveals the plot of both SINR and the deviation 
from optimal SINR versus SNR. It is observed that the output curves of the proposed 
algorithm and INCM-volume method are almost unaffected by random variations of 
interference powers. The output performance of the INCM-linear and GL-subspace 
approaches exhibits mild degradations. The plot of SINR versus number of snapshots 
is showcased in Fig. 6c. Similarly, the performance of our proposed algorithm is mar-
ginally lower than that of the INCM-volume method and is superior to the remaining 
approaches.

4.3  Incoherent local scattering

In the third simulation, the SOI component is considered to possess the property of 
time-varying [14]:

where θβ is randomly distributed in N (θ0, 4
◦) in each run, a(θβ) is the SV corresponding 

to θβ , and sβ(k) is followed a Gaussian generator of N (0, 1) . In this case, it is impossible 
for rank(Rs) = 1 , where Rs and rank(•) , respectively, denote the SOI covariance matrix 

(37)xs(k) = a0s0(k)+
4

∑

β=1

a(θβ)sβ(k),β = 1, 2, . . . , 4,

Fig. 5 Performance comparison. a SINR versus SNR. b Deviation against SNR. c SINR against number of 
snapshots
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and the rank of Rs ; therefore, the SINR and weight vector are calculated by the following 
general forms:

where Rs = 1
K

∑K
k=1 xs(k)x

H
s (k) , and �{•} is the extracted main eigenvector. The output 

SINR against SNR and the departure from the optimal curve versus SNR are, respec-
tively, depicted in Fig. 7a, b. It is indicated that the performance of our proposed algo-
rithm and GL-linear algorithm is remarkably comparable while the SNR is less than 
10  dB. However, as the SNR exceeds 10  dB, the SINR of our method is slightly lower 
than that of the GL-linear approach and is superior to the remaining algorithms. Fig-
ure 7c depicts the plot of SINR against the number of snapshots. Evidently, the output 
curve of our approach rarely fluctuates with the number of snapshots once it exceeds 30.

4.4  Gain and phase perturbation errors

In the fourth scenario, the effect corresponding to gain and phase perturbation is 
tested. If this mismatch exists in the signal model, the mth term of (2) becomes [22]

(38)SINR = w
H
Rsw

/

w
H
Ri+nw

,

(39)w = �

{

R̃
−1
i+nRs

}

,

Fig. 6 Results of different interference powers. a SINR against SNR. b Deviation versus SNR. c SINR against 
number of snapshots



Page 16 of 20Lv et al. EURASIP Journal on Advances in Signal Processing          (2023) 2023:9 

Here, κm and τm are the gain and phase perturbation errors at mth element obeyed the 
Gaussian distributions N (1, 0.1) and N (0, 0.2π) , respectively. The plot of SINR versus 
SNR is presented in Fig. 8a. It is undoubted that our proposed algorithm behaves the 
best among all the rivals. In contrast, the SMF and GL-subspace algorithms exhibit sig-
nificant degradation in performance, and they display analogous trends in their output 
curves. The performance of the investigated participants versus number of snapshots is 
illustrated in Fig. 8b. Apparently, our proposed approach is almost independent of the 

(40)a
(m)

l = (1+ κm)e
j
(

2π
md sin θl

�
+τm

)

.

Fig. 7 Performance comparison for the last simulation. a SINR against SNR. b Deviation versus SNR. c SINR 
against number of snapshots

Fig. 8 Comparison of SINR. a SINR against SNR. b SINR against number of snapshots
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number of snapshots and demonstrates better performance than the INCM-volume 
approach.

To further analyze the reasons for the foregoing results, beam patterns of all the inves-
tigated approaches are generated, as shown in Fig. 9, where the average values from 200 
Monte Carlo tests are illustrated. In Fig. 9b, the local enlargements for the interference 
locations are also demonstrated. Clearly, all the tested beamformers can accurately ori-
ent the mainlobe to the SOI. However, because the arbitrary gain and phase perturbation 
exists, all beamformers are unable to accurately form nulls at the DOAs of interferences, 
except for the optimal one. The gains of the GL-linear method to resist the two inter-
ferences are − 42.17 dB and − 45.49 dB, which are deeper than those of the INCM-ISV 
and INCM-linear methods but shallower than our proposed method and INCM-vol-
ume algorithm; thus, it presents a lower output curve than the latter two approaches 
in Fig. 8. The gains of the proposed algorithm for the two interferences are − 50.26 dB 
and − 55.38 dB, which are deeper than those of INCM-volume; therefore, our method 
attains the best output curve compared to several other methods.

4.5  Performance comparison of different interference intervals

In the last simulation, the effect of varying interference intervals on the output perfor-
mance is tested and the mismatch model used in this part is analogous to the fourth 
scenario. Specifically, the θ1 changes from 24° to 40°; therefore, the gap between the two 
interferences varies from 16° to 0°. In other words, the region of the two interferences 
changes from separation to complete overlap. Moreover, the impact of χ on output SINR 
is also investigated. The relationship between χ and φq

m is listed in Table 2. The varia-
tions of output SINR against θ1 with SNR = 20 dB and K = 30 are revealed in Fig. 10a. 
We see that the output curves of the GL-linear and INCM-linear methods show signifi-
cant fluctuations with the change of θ1 . The output curve for χ = 1 is inferior to those of 
χ = 2, 3, and 4 , which are superior to other competitors. Figure 10b demonstrates the 

Fig. 9 Beam patterns for investigated participants. a First of two parts. b Second of two parts

Table 2 Relationship between χ and φq
m

χ 1 2 3 4

φ
q
m π 0 and π 0 , 2π

/

3 , and 4π
/

3 0 , π
/

2 , π , and 3π
/

2
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plot of the deviation from optimal SINR versus θ1 . It can be concluded that the perfor-
mance for χ = 2, 3, and 4 is almost converged to the same level, and the gaps between 
them are negligible. Overall, the use of χ = 2 achieves a satisfactory output performance 
with the lowest computational cost.

5  Conclusions
In this study, a novel RAB algorithm on the basis of INCM reconstruction using the GLQ 
and SV estimation is proposed. The coefficients and nodes of the fifth-order GLQ are 
calculated, and a linear combination of the volume integral at five angular nodes is then 
computed to reconstruct the INCM. This procedure has reduced computational com-
plexity. Based on several main eigenvectors of the SOI covariance matrix, the SV of SOI 
is obtained by a linear combination of these eigenvectors, and the double-constrained 
problem is converted to a single-constrained model, whose closed-form expression is 
yielded by the Lagrange multiplier method. The superior performance of our proposed 
algorithm is verified by several simulations including the comparisons for matrix corre-
lation coefficients, running times, output SINRs yielded by different GLQ orders, DOA 
mismatches, gain and phase perturbation errors, as well as incoherent local scattering. 
Future work will concentrate on novel reconstruction methods of INCM to further 
reduce the computational complexity in terms of the integral within uncertainty sets.

Abbreviations
SOI  Signal of interest
INCM  Interference plus noise covariance matrix
GLQ  Gauss–Legendre quadrature
SV  Steering vector
SINR  Signal to interference plus noise ratio
DOA  Directions of arrival
RAB  Robust adaptive beamforming
SCM  Sample covariance matrix
SNR  Signal to noise ratio
SCB  Standard Capon beamformer
ULA  Uniform linear array
SMF  Spatial matched filter
FDL  Fixed diagonal loading
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