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Abstract 

This paper concerns direction of arrival (DOA) estimation based on a sparse Bayes-
ian learning (SBL) approach. We address two inherent problems of this class of DOA 
estimation methods: (i) a predefined dictionary can generate off-grid problems to a 
SBL DOA estimator; (ii) a parametric prior generally enforces the solution to be sparse, 
but the existence of noise can greatly affect the sparsity of the solution. Both of these 
issues may have a negative impact on the estimation accuracy. In this paper, we 
propose an improved root SBL (IRSBL) method for off-grid DOA estimation that adopts 
a coarse grid to generate an initial dictionary. To reduce the bias caused by diction-
ary mismatch, we integrate the polynomial rooting approach into the SBL method to 
refine the spatial angle grid. Then, we integrate a constant false alarm rate rule in the 
SBL framework to enforce sparsity and improve computational efficiency. Finally, we 
generalize the IRSBL method to the case of non-uniform linear arrays. Numerical analy-
sis demonstrates that the proposed IRSBL method provides improved performance 
in terms of both estimation accuracy and computational complexity over the most 
relevant existing method.

Keywords: Off-grid DOA estimation, Non-uniform linear array (NULA), Sparse Bayesian 
learning, Constant false alarm rate, Polynomial rooting, Cramér-Rao bound (CRB)

1 Introduction
Direction-of-arrival (DOA) estimation has been a popular research field in array pro-
cessing for several decades [1–5]. This problem aims at retrieving the directional infor-
mation of a source from an array of received signals, and plays a fundamental role in 
various practical scenarios, such as radar, sonar, and navigation. Conventional subspace-
based DOA estimation methods, such as ESPRIT [6, 7] and MUSIC [8], usually need 
multiple snapshots for accurate DOA estimation. Alternatively, sparse signal repre-
sentation (SSR) methods have attracted a lot of attention because they exhibit various 
advantages over the above subspace-type DOA estimation methods, such as improved 
robustness to noise and correlation of signals, limited number of snapshots. Moreover, 
they do not require prior knowledge of the number of sources [9–11].
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With the in-depth development of compressed sensing theory, several SSR approaches 
have been applied to DOA estimation. For example, ℓ1-SVD [9], LASSO [12], basis pur-
suit denoising [13], and iterative soft thresholding algorithm [14, 15], are favorable to the 
SSR problem because of their guaranteed recovery accuracy. Nevertheless, these meth-
ods require the setting of a penalty parameter to balance the influence of the residual-
fitting term and the sparsity-promoting term. This limits the performance and usage 
of the above approaches in practical applications. Sparse Bayesian learning [16–22] is 
another popular method in the SSR category. Under SBL framework, in order to pro-
mote sparsity, the SSR problem is formulated under the Bayesian framework where the 
signal of interest is assumed to have a sparse prior. As an example, a Student t prior leads 
to the maximum a posteriori (MAP) estimation that is equivalent to the reweighted ℓ2
-norm approach [21]. Later, the penalty parameter, as well as the weight parameters, can 
be adaptively updated by exploiting the expectation-maximization (EM) method. As a 
result, a valuable advantage of the SBL method is that it is free from penalized parameter 
empirical settings [23]. Therefore, SBL method recently has attracted a lot of attention, 
especially in applications such as DOA estimation.

Like the majority of SSR methods, the conventional SBL method explores the spatial 
sparsity of the incident signal, then the angle space is divided into a grid whose points 
are the potential echo incident directions. Unfortunately, it is often unrealistic to assume 
that the DOA lies exactly on a predefined grid because of the continuous angle space. 
In the early research, a dense grid has been introduced to reduce the bias between the 
actual DOA and its nearest point on the grid. However, the compact grid setting results 
in high-dimensional steer dictionary, whose computational cost is unacceptable for low-
cost hardware. Therefore, some researchers turned back to the off-grid SSR methods, 
where DOA is no longer constrained by the discrete grid. In [24], the authors formalized 
the bias between the actual DOA and its nearest point on the grid as an errors-in-varia-
bles estimation problem, and invoked the sparse total least squares solver to obtain the 
perturbation matrix. If the perturbation matrix caused by the basis mismatch obeys the 
Gaussian distribution, the result is equivalent to an optimal MAP estimator. Obviously, 
this assumption is not always suitable for DOA estimation problem. In [25], Yang et al. 
proposed an off-grid SBL (OGSBL) method by exploiting the first-order Taylor expan-
sion on the discrete grid and assuming that the off-grid gap obeys a uniform distribution 
(non-informative). Since the corresponding covariance matrix is irreversible, it is analyt-
ically intractable to obtain an explicit expression of the stepsize in the Taylor expansion 
approximation. Instead, a truncated version was exploited to ensure a feasible solution, 
but at the same time it inevitably leads to model errors, especially when a coarse grid is 
used. To address this problem, Dai et al. applied the polynomial rooting method to refine 
the grid of the dictionary followed by an alternate optimization operation [26]. In this 
way, this method not only promotes the computational efficiency, but also avoids mod-
eling error. In order to further reduce the computational complexity, Wang et  al. [27] 
proposed an off-grid SBL method with generalized double Pareto prior, called CGDP-
SBL. At first, the CGDP-SBL method utilizes the conventional SBL algorithm for itera-
tive optimization until convergence, and then exploits the fixed step search method for 
grid gap estimation. Clearly, although this method can reduce the computational com-
plexity, the estimation result is not optimal because the alternate iterative optimization 



Page 3 of 22Shen et al. EURASIP Journal on Advances in Signal Processing         (2023) 2023:34  

method is not used, especially for the situation of high signal-to-noise ratio (SNR) or 
large number of snapshots. In [28], Dai et al. proposed a real-valued variational Bayes-
ian inference (RVBI) method to estimate the mean and covariance matrix of the weight 
matrix by embedding generalized approximate message passing into real-valued SBL 
framework, instead of a brute-force matrix computation, which promotes the computa-
tional efficiency to some extent. Therefore, this motivated us to develop a computation-
ally efficient method with improved estimation accuracy.

Moreover, a parametric prior generally enforces the model to be sparse and has few 
non-zero weights, but due to the presence of noise, there are still many weights close 
to zero but not equal to zero. As a result, we cannot obatin a sparse solution. To cope 
with this problem, we should enforce sparsity. Reviewing existing SBL methods, they 
can be roughly divided into three categories. i) Methods that use prior distributions dif-
ferent from the Gaussian, with sharper concave peak to enhance sparsity, are exploited 
to enhance sparsity, for example, Laplace [29], Gauss-Exp-Chi2 [30], generalized double 
Pareto [27]. However, because of the existence of noise, there are still several very small 
estimates corresponding to the wrong candidate columns of the dictionary, that may 
result in a negative impact on the estimation. ii) According to the correlation subspace 
property [28], a real orthogonal projection transformation is incorporated to the obser-
vation model, which greatly reduces the power of the wrong grid points, but causes the 
signal power to degenerate into a pseudo-spectrum. iii) The variance of the prior of SBL 
method actually represents a measure of the spread of the values of the random variable 
around its mean value. As an example, for a Gaussian prior p(xn|0,αn) , the estimate of 
xn is forced to be zero (or sparse for a vector x ) with a higher probability, as the variance 
approaches zero ( αn → 0 ). Therefore, when the corresponding variance value α is lower 
than a fixed threshold, the scheme in which the columns of the dictionary are pruned, 
are exploited to enforce sparsity [16, 31, 32]. Noteworthy, this process can enforce spar-
sity and reduce the dimension of the dictionary, so decreasing the computational com-
plexity. In some cases, these thresholds may not be tractable choices because they have 
a significant effect on the estimation errors. Alternatively, the authors in [33] proposed 
an empirical threshold which is set by a specific SNR ratio, which seems more robust but 
lacks of theoretical support. In [34] the authors formulated the variance of the prior as 
Gamma distributed with distinct parameters and used Chebyshev’s inequality to deter-
mine the threshold. But, this method relies on a prior knowledge about the sparse level 
(or number of sources for DOA estimation problems). As we know, constant false alarm 
rate is a classical rule to make detection problem robust against changes in the operation 
conditions. In this paper, we enforce sparsity by integrating a CFAR algorithm in the SBL 
DOA estimator.

Recently, non-uniform linear arrays arouse widespread attention because they can 
achieve lower estimation errors compared to ULA with the same number of sensors [35, 
36]. However, several traditional methods, such as spatial smoothing MUSIC [37], least 
squares ESPRIT [6], and total least squares ESPRIT [7] cannot be directly applied since 
they require to divide the array into subarrays with similar geometry. Fortunately, the SBL 
method is not limited to the array geometry used for sampling measurements. It is worth 
noting that we can easily generalize the aforementioned SBL, OGSBL, CGDP-SBL methods 
to the case of non-uniform sampling. However, the Root SBL method is slightly different 
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since the polynomial coefficients are non-uniform. Generalizing the proposed algorithm to 
non-uniform sampling is another contribution of this paper.

Summarizing, the main contributions of this paper are: 
 (i) To enforce sparsity, reduce off-grid errors and keep resonable the computational 

complexity, a CFAR rule is integrated into the SBL model, and the adaptive thresh-
old is derived for pruning the columns of the dictionary.

 (ii) To generalize the proposed method to the NULA configuration, an irregular poly-
nomial rooting method is incorporated into the SBL framework. As a result, off-
grid DOAs can be obtained as roots of a certain polynomial.

 (iii) Finally, an alternating iterative optimization sche-me is exploited to obtain the 
hyperparameters αnew , βnew , the spatial angle grids θnew , the adaptive thresholds 
T (α̃n) , and the expectation of weight matrix X . Several simulation results are pre-
sented to show that the proposed method has a remarkable performance, such as, 
estimation accuracy close to the Cramér-Rao Bound and low computational com-
plexity.

Notations: Throughout this paper, parameters, vectors, matrices and sets are denoted by 
italic letters, italic lowercase bold letters, italic uppercase bold letters and uppercase outline 
letters, respectively. The superscripts (·)∗ , (·)T , (·)H and (·)′ represent the complex conjugate, 
the transpose, the complex conjugate transpose, and the derivative, respectively. R and C 
respectively indicate the real space and complex space. Besides, E(·) indicates the expec-
tation operation. diag(α) denotes a diagonal matrix with the diagonal elements being the 
vector α . Tr(·) returns the trace of matrix, which is equal to sum of diagonal elements of 
matrix. ⊙ indicates the hadamard product.

The remaining part of this paper is organized as follows: Sect. 2 presents the problem for-
mulation for DOA estimation in ULA or NULA. In Sect. 3, an improved root SBL method 
is presented for off-grid DOA estimation, which provides a CFAR rule for dictionary basis 
selection. Section  4  provides several simulation results, and finally, the conclusions are 
drawn in Sect. 5.

2  Problem formulation
We suppose that K narrow-band far-field sources impinge on an M-element uniform lin-
ear array (ULA) or non-uniform linear array (NULA) as depicted in Fig. 1, and the cor-
responding sensor positions are respectively given by SULAd = [0, 1, 2, 3, 4, 5]d and 
SNULAd = [0, 1, 2, 5, 8, 11]d , where d is set to half the wavelength. The K sources arrive at 
the array from distinct directions, with respect to (w.r.t.) the normal of the array. The M × 1 
array output vector yt is given by

where yt = [y1(t), y2(t), · · · , yM(t)]T , xt = [x1(t), x2(t), · · · , xN (t)]
T represents the 

weight vector where K weights are non-zeros; A = [a(θ1),a(θ2), · · · ,a(θN )] ∈ CM×N 
indicates the steer matrix, where K vectors are related to DOA of K sources; and 
N is the dictionary size; a(θn) = ej2πdS sin(θn)/� ; and L is the number of snap-
shots. Herein, we define S = SULA for the ULA, while S = SNULA for the NULA. 
nt = [n1(t), n2(t), · · · , nM(t)]T is the noise vector. Define Y = [y0, y1, · · · , yL−1] , 

(1)yt = Axt + nt , t = 0, 1, · · · , L− 1
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N = [n0,n1, · · · ,nL−1] , and X = [x0, x1, · · · , xL−1] . The array output can be rewritten as 
multiple measurement vectors model:

The weight matrix X to be estimated is jointly sparse (or row-sparse), i.e., all columns of 
are sparse and share the same support.

3  Improved root SBL method
3.1  Hierarchical sparse Bayesian framework

Under the assumption of circular symmetric complex white Gaussian noise [38], we have

where β−1 = σ 2 indicates the noise variance. According to the array output model of 
Eq. 2, we have

yt indicates the t-th column of Y  and θ = [θ1, θ2, · · · , θN ] . In order to obtain a two-stage 
hierarchical prior that forces most rows of X being zeros, a sparse prior is required for 
the sparse matrix X of interest. Typically, under the SBL framework, a zero-mean Gauss-
ian prior is often applied [16, 18, 25]:

where � = diag(α) and α = [α1,α2, · · · ,αN ]
T is a column vector, whose entries, αn , are 

referred to as the hyperparameters. When αn approaches zero, 〈xt〉n is forced to zero 
since the distribution of the 〈xt〉n is highly concentrated around the expected value 

(2)Y = AX + N

(3)p(N |β) =

L−1

t=0

CN (nt |0,β
−1I)

(4)p(Y |X ,β; θ) =

L−1∏

t=0

CN (yt |Axt ,β
−1I)

(5)p(X |α) =

L−1∏

t=0

CN (xt |0,�)

Fig. 1 Array geometries
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(zero) with high probability. Furthermore, a Gamma distribution is considered over α 
and β [16, 18, 25]:

where p(αn; 1, ρ) = ρexp(−ραn) , p(β; a, b) = βa−1ba ·
exp(−bβ)

Ŵ(a)  . And ρ , a, and b are 
geneally set as small positive values so as to obtain a broad hyperior [16, 18]. The condi-
tional distribution p(Y |X ,β; θ) and prior distribution p(X |α) constitutes 2-level hierar-
chical SBL framework, as depicted in Fig. 2.

3.2  Bayesian inference

Paper [26] has discussed the off-grid DOA estimation problem using polynomial rooting 
method. However, the above method is only valid for the ULA case. To generalize the 
above method to the case of NULA, we re-derive the update expressions for hyperpa-
rameters and polynomial coefficients under the NULA case. To estimate the unknown 
hyperparameters, we adopt the MAP estimator. According to the Bayes theorem, the a 
posterior distribution can be written as follows:

However, the normalized integral in the denominator cannot be calculated directly, 
p(Y ) =

∫∫∫
p(X ,α,β)p(Y |X ,α,β)dXdαdβ . Instead, we decompose the posterior as 

p(X ,α,β|Y ) = p(X |α,β ,Y )p(α,β|Y ) . When the hyperparameters achieve most-proba-
ble values α̂ , β̂ , p(α,β|Y ) can be approximated by a Dirac delta function [16]. The rea-
son why we can adopt this point estimate as a posteriori is that the function generated 
using the posteriori mode values are nearly identical to the function obtained by sam-
pling from the full posteriori distribution. Consequently, the posterior can be simplify as 
p(X ,α,β|Y ; θ) = p(X |α,β ,Y ; θ)δ(α− α̂)δ(β− β̂) = p(X |α̂, β̂ ,Y ; θ)δ(α− α̂)δ(β− β̂).

(6)p(α) =

N∏

n=1

Gamma(αn; 1, ρ)

(7)p(β) = Gamma(β; a, b)

(8)p(X ,α,β|Y ; θ) =
p(Y |X ,α,β; θ)p(X ,α,β)

p(Y )

Fig. 2 Hierarchical graphical model of the Root sparse Bayesian learning method
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To derive the MAP estimate of the hyperparameters, an EM procedure can be 
exploited. The expectation framework integrates over the weight X to obtain the 
expectation function lnp(β ,α|Y ; θ) , or equivalently, lnp(Y ,β ,α; θ) (E-step), since 
lnp(Y ,β ,α; θ) = lnp(β ,α|Y ; θ)p(Y ) and p(Y ) is independent of the parameters β ,α, θ . 
In the maximization step, the expectation function is maximized w.r.t. the parameters 
of interest, e.g., β̂ , α̂, θ̂ (M-step). Once β̂ , α̂, θ̂ are obtained, the associated posterior 
p(X ,α,β|Y ; θ) is approximated as p(X , α̂, β̂|Y ; θ̂) and the expectation of the above-
mentioned approximate posterior is exploited as a point estimation of X.

In the E-step, we treat X as latent variables. From Bayes’ rule, the posterior distribu-
tion p(X |Y ,α,β; θ) turns out to be a multivariate complex Gaussian [16, 18]:

1 where

According to the expectation framework, the complete data log-likelihood function is 
written as:

The above expression is consistent with the hierarchical Bayesian model of Fig.  2. In 
the E-step, under SBL framework, we then formulate the expectation function w.r.t. X , 
yielding:

(9)

p(X |Y ,α,β; θ) =
p(Y |X ,β; θ)p(X |α)

∫
p(Y |X ,β; θ)p(X |α)dX

=

L−1∏

t=0

CN (xt |µt ,�)

(10)µt = β�AHyt , t = 0, 1, · · · , L− 1

(11)� = (βAHA+�−1)−1

(12)

lnp(β ,α,Y ,X; θ)

= ln[p(Y |X ,β; θ)p(X |α)p(β)p(α)]

= −L

N∑

n=1

ln(παn)−

L−1∑

t=0

(xHt �
−1xt)+ LMln

(
β

π

)

−

L−1∑

t=0

(β�yt − Axt�
2
2)+

N∑

n=1

(−ραn)+ (a− 1)ln(β)

− bβ + N ln(ρ)+ ln(ba/Ŵ(a))

1 For marginal and conditional distributions that respectively obey the Gaussian distribution 
p(x) = CN (x|ν ,�) and p(y|x) = CN (y|�x + b,�) , the posterior distribution w.r.t. x can be written as 
p(x|y) = CN (x|CN (x|(�−1 +�H�−1�)

−1
{�H�−1(y − b)+�−1ν}, (�−1 +�H�−1�)

−1
) . Then we can easily 

obtain Eq. (9) from Eq.(4-5).
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Finally, the expectation function can be simplified as (See Appendix A for detailed 
derivation)

where Const1 = N ln(ρ)+ ln(ba/Ŵ(a))− LMlnπ − LN lnπ and 
Const2 = Const1+ LN lnπ . Hence the Q function has the form 
Q(β ,α; θ) = ln[p(β ,α,Y ; θ)] [21]. In the M-step, taking the derivative of Q(β ,α; θ) w.r.t. 
the hyperparameters αn and β and setting it to zero, results in:

Herein, a corollary is adopted: [ln|�|]′ = Tr(�−1[�]′) [39], and then we have 
L[ln|�|]′ = L[ln|Z|−1]′ = LTr(Z[Z−1]′) = −LTr(ZZ−2[Z]′) = −LTr(�[Z]′) by defin-
ing �−1 = Z = βAHA+�−1 . From Eqs. (15) and (16) we obtain:

where �t = µtµ
H
t + �.

(13)

EX |Y ,α,β;θ {ln[p(β ,α,Y ,X; θ)]}

=

{

−

L−1∑

t=0

EX |Y ,α,β;θ [x
H
t �

−1xt + β�yt − Axt�
2
2

]

+ LMln(β)− L

N∑

n=1

ln(αn)+

N∑

n=1

(−ραn)

+ (a− 1)ln(β)− bβ + Const1}

(14)

ln[p(β ,α,Y ; θ)] = −

L−1∑

t=0

[β�yt − Aµt�
2
2

+ µH
t �

−1µt ] + Lln|�| + LMln

(
β

π

)

− L

N∑

n=1

ln(παn)+

N∑

n=1

(−ραn)

+ (a− 1)ln(β)− bβ + Const2

(15)

∂Q(β ,α; θ)

∂αn
=

L−1∑

t=0

�(µtµ
H
t )�nn

1

α2
n

+ ���nn
1

α2
n

−
L

αn
− ρ = 0

(16)

∂Q(β ,α; θ)

∂β
= −

L−1∑

t=0

�yt − Aµt�
2
2

− LTr(A�AH )+
LM + a− 1

β
− b = 0

(17)αnew
n =

−L+

√

L2 + 4ρ
∑L−1

t=0 ��t�nn

2ρ

(18)βnew =
LM + (a− 1)

b+
∑L−1

t=0 �yt − Aµt�
2
2 + LTr(A�AH )
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3.3  Find roots of an irregular polynomial

We now focus on the estimation of θ . The update of θ follows a similar process as for α and 
β . Ignoring independent terms in Eq. (14), we just need to maximize

Take the derivative of Eq. (19) w.r.t. θk and set it to zero, giving (See Appendix B for 
detailed derivation)

where yt\k = yt −
∑

j �=k µtjaj , ak , µtk , γ k , and γjk denote the k-th column, k-th ele-
ment, k-th column, and the (j, k)-th element of A , µt , � , and � , respectively. We define 
vθk � exp(j2πdsin(θk)/�) , uθk � (j2πdcos(θk)/�) , and (a′

k) = uθkS⊙ ak . Right multiply-
ing by vector ak results in uθk (S

T ⊙ aHk )ak = uθk�S�1 , where � · �1 denotes the 1-norm 
which return the sum of elements in a vector. �S�1 = M(M − 1)/2 for an M elements 
ULA. Therefore, our algorithm can be applied to both ULA and non-ULA scenarios. It is 
worth noting that �(a′

k)�1 = uθk �S⊙ ak�1 = 0 since �S�1 = 0 , then the coefficient of the 
highest-order term of the polynomial can be written as �S�1φk + �(a

′

k)�1�ϕk�1 = �S�1φk , 
and 〈ϕk〉m denotes the mth element of the vector ϕk . After simple operations, we have

The solution to (21) gives estimation of θk . As a matter of fact, this equation can be refor-
mulated as a SM order polynomial rooting, and the corresponding polynomial coefficient 
w ∈ C(�S�M+1)×1 can be written as

Clearly, as the the polynomial is of order �S�M + 1 , it has SM roots but only one is the 
solution. Due to the existence of noise, the root may not fall into the unit circle. Follow-
ing the general scheme of the polynomial rooting finding method, we can directly select 
the root v̂θk closest to the unit circle. The angle for the refined grid can be obtained as:

The intial coarse grid covers the true DOA range, the DOA estimate on the rough grid 
θn is near the true DOA θnewk  . Therefore, a valid solution θnewk  should fall into the interval 

(19)Q(θ) = −β

L−1∑

t=0

�yt − Aµt�
2
2 + Lln|�|

(20)
(ak

′
)H



L
�

j �=k

ajγjk −

L−1�

t=0

µ∗
tky t

k





� �� �

�ϕk

+(ak
′
)Hak

�
L−1�

t=0

|µtk |
2 + Lγkk

�

� �� �

�φk

= 0

(21)
�

1 v
�S�2
θk

· · · v
�S�M
θk

�







�S�1φk
�S�2�ϕk�2

...
�S�M�ϕk�M






= 0

(22)�w�i=







�S�1φk , i = 1
�S�m�ϕk�m, i = �S�m + 1,m ∈ [2, · · · ,M]
0, i /∈ (S+ 1)

(23)θnewk = arcsin

(
−�

2πd
˙angle

(
v̂θk

)
)
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[θn − κ/2, θn + κ/2] , where κ indicates the grid interval; otherwise, it should be rejected 
and the corresponding grid point remains unchanged.

3.4  Sparsification process with CFAR rule

The former root sparse Bayesian learning method aims at achieving the estimation of the 
sparse matrix X , but strict sparsity cannot be satisfied since there are numerous weights 
close to zero but not exactly equal to zero. Unfortunately, these small weights can dete-
riorate the estimation accuracy. Therefore, in this session, we try to formulate rules to 
reject these weights. According to the binary hypothesis theory, the signal is not present 
in the corresponding spatial grid under H0 hypothesis, while it exists under H1 hypoth-
esis. Mathematically, the detection problem corresponds to choosing between these two 
hypotheses:

for n = 1, 2, · · · ,N  , where N is the size of dictionary. Since we treat the distribution over 
xt as a zero mean Gaussian distribution CN (xt |0,α) , once the variance αn is equal to zero 
and thus the corresponding distribution approaches 1. It indicates that xt approaches 0 
with probability 1, and in other words, choosing H0 as the true hypothesis is equivalent 
to pruning rows from the weight matrix X [17, 31].

Collect all hyperparameters αn to form a set α as the input of CFAR processor. The 
block diagram of CFAR processor is shown in Fig. 3. We then separate the set α as sev-
eral training cells α̃n = [αn−Q/2−1, · · · ,αn−2,αn+2, · · · ,αn+Q/2+1]

T ∈ RQ×1 , α̃n � α . It 
is noted that αn is the cell under test (CUT), while αn−1 and αn+1 are the guard cells. 
According to previous assumptions under sparse Bayesian learning framework, the 
hyperparameters α are independent and identical Gamma distributed Gamma(αq; 1, ρ) . 
Consequently, the joint probability density function of the vector α̃n can be expressed as:

(24)
{
αn = 0 H0

αn > 0 H1

(25)p(α̃n) =

Q
�

q=1

ρexp(−ραq) = ρQexp



−ρ

Q
�

q=1

αq





Fig. 3 Block diagram of CFAR processor
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where αq ∈ α̃n, q ∈ [1, 2, · · · ,Q] . According to the method of moments, ρ can be esti-
mated as:

In this paper, a well known detector, known as cell averaging constant false alarm rate 
(CA-CFAR) [40] is applied. The detection threshold T (α̃n) is calculated in terms of mul-
tiplier � and ρ̂:

A false alarm occurs when the CUT exceeds the threshold, yielding:

Herein, by substituting Eq. (27), the first term in the integral function Eq. (28) is then 
calculated by:

Finally, substituting Eqs. (25) and (29) into Eq. (28), we can further obtain:

Equation (30) clearly shows that the false alarm probability pFA is independent of ρ . 
Replacing Eq. (30) into Eq. (27), yields a rather simple expression for the threshold:

As a result, for each test cell α̃n ∈ RQ×1 , the detector makes decisions according to the 
following strategy:

(26)ρ̂−1 =
1

Q

Q
∑

j=1

αq

(27)T (α̃n) = �ρ̂−1 =
�

Q

Q
∑

j=1

αq

(28)pFA =

∫ ∞

0
p(CUT > T (α̃n))p(α̃n)dα̃n

(29)

p(CUT > T (α̃n)) =

∫ ∞

T (α̃n)

ρexp(−ρx)dx

= exp(−ρT (α̃n)) = exp

(

−
ρ�

∑Q
j=1 αq

Q

)

(30)

pFA =

∫ ∞

0
exp

(

−
ρ�

∑Q
j=1 αq

Q

)

ρQexp(−ρ

Q
∑

q=1

αq)dα̃n

=

Q
∏

q=1

∫ ∞

0
ρexp

(

−
ρ(�+ Q)αq

Q

)

dαq

=

(

1+
�

Q

)−Q

(31)T (α̃n) = (p
−1/Q
FA − 1)

Q
∑

q=1

αq

(32)αn
H1

≷
H0

T (α̃n)
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The details of the proposed IRSBL method are summarized in Alg. 1.2, 3, 4

2 To avoid the distribution CN (x t |0,�) loss of physical meaning, we set αn to 10−30 instead of 0 under H0 hypothesis 
[31]. Notably, after setting the variance to 10−30 , the complex Gaussian distribution is almost close to 0 with a probabil-
ity of 1.
3 K denotes the number of elements greater than 10−30 in the set α.
4 �S�1 = M(M− 1)/2 for an M elements ULA.
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4  Simulation results
In this section, we present some numerical results obtained by Monte Carlo simula-
tion. We investigate the performance of the proposed algorithm and compare them 
to those of previously proposed SBL [18, 22], off-grid SBL (OGSBL) [25], Root SBL 
(RSBL) [26], complex generalized double Pareto SBL (SBL-CGDP1 and SBL-CGDP2) 
[27], and real-valued variational Bayesian inference (RVBI) [28]. The difference between 
CGDP1 and CGDP2 method is that they adopt different expressions for noise vari-
ance update; CGDP2 is more efficient in some respect. In the experiment, the ULA 
and the NULA are composed by M = 6 sensors with position set SULA = [0, 1, 2, 3, 4, 5] 
and SNULA = [0, 1, 2, 5, 8, 11] . K = 2 statistically independent, equal-power sig-
nals with incident angles [−7.2◦, 13.3◦] impinge on the array. The distance of ini-
tial candidate angle is κ = 6◦ , so the initial candidate angles of incidence should be 
[−90◦,−84◦, · · · ,−12◦,−6◦, 0◦, 6◦, 12◦, · · · , 84◦, 90◦] , and the total number of grid 
points is 31. In our case, the true DOAs are not on the initial grid. The false alarm prob-
ability PFA was empirically chosen to be 10−3 . The root mean square error (RMSE) is 
calculated by

where V is the number of Monte-Carlo trials, θ̂k ,v denotes the estimate of DOA in v-th 
trial, and θk is the corresponding ground truth. In the following experiments, the RMSE 
was obtained through 1000 independent Monte-Carlo trials. In our simulation, we com-
pared the RMSE vs SNR, the number of snapshots, the grid interval of the initial diction-
ary, and the stochastic CRB [41].

4.1  Experiment 1

In this experiment, the number of snapshots is fixed at L = 320 , and the SNR is set to 
10dB and 25 dB, respectively. µt is the expection of weight xt , then the incident source 
power on updated grid points can be calculated by 

∑L−1
t=0 µt ⊙ µ∗

t /L . After satisfying the 
stopping criterion, the incident source power on updated grid points is plotted in Fig. 4. 
Figure 4 shows that the proposed IRSBL method outperforms OGSBL, RSBL, CGDP1, 
CGDP2, and RVBI methods because the distribution of the source power is more accu-
rate. Compared with the RSBL method, the IRSBL method enforces sparsity, and thus 
yields better estimation accuracy. Moreover, it can be observed that with the improve-
ment of the SNR, the estimation performance of RSBL method for off-grid points is 
more accurate. For other methods, such as OGSBL, CGDP1, CGDP2, and RVBI meth-
ods, grid errors are inevitable. As mentioned above, compared with the OGSBL method, 
the RVBI method reduces the power of the wrong grid points by subspace projection, 
which makes DOA estimation performance better than the OGSBL method, but also 
leads to pseudo-spectral problems. In addition, both the above methods encounter grid 
point errors due to model truncation. Conversely, CGDP1 and CGDP2 methods are 
affected by two problems: i) the choice of search step size involves a trade-off between 
computational complexity and estimation accuracy. ii) Since the alternate iterative 

(33)RMSE = 20 log10

√
√
√
√

1

VK

V∑

v=1

K∑

k=1

(θ̂k ,v − θk)
2
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optimization operation is not performed on the hyperparameters and the angular grid, 
there is a mismatch in their estimated values. Therefore, neither the hyperparameters 
nor the angular grid are optimal, which inevitably leads to estimation errors.

We then provide the evolution of several parameters of interest as a function of the 
iteration number. The evolution of spatial angle grids of the RSBL, RVBI, and IRSBL 
methods are presented in Fig. (5)(a-f ). The black circles and red lines indicate the spa-
tial angle grids points and the true angles, respectively. As shown in Fig.  5, all meth-
ods can approach the true angles after several iteration. As we know, the initial value 
of the 15th grid point (θ15 = −6◦) and the 18th grid point (θ18 = 12◦) indicate the 
direction of incident signal, since they are the the closest grid point to the true value 
−7.2◦ and 13.3◦ , respectively, where | − 6+ 7.2| < κ , |12− 13.3| < κ , and κ = 6◦ in 
our simulation. In order to give a more intuitive impression of the 15th and 18th 
grid points being updated with iterations, we present the evolution of the 15th and 

Fig. 4 RMSE versus SNR for ULA case



Page 15 of 22Shen et al. EURASIP Journal on Advances in Signal Processing         (2023) 2023:34  

the 18th grid point in Fig.  6(a–d). Meanwhile, in order to shown the estimation per-
formance, the CRB region is calculated by [−7.2− CRB−7.2◦ ,−7.2+ CRB−7.2◦ ] and 
[13.3− CRB13.3◦ , 13.3+ CRB13.3◦ ] , respectively, where CRB−7.2◦ and CRB13.3◦ denotes the 
CRB on DOA −7.2◦ and 13.3◦ , respectively. The corresponding CRB region is drawn in 
Fig. 6 as dashed lines. As depicted in Fig. 6(a–d), it can be clearly observed that the pro-
posed IRSBL method yields more efficient convergence, and the final grids can fall well 
into the CRB region.

4.2  Experiment 2

4.2.1  RMSE versus SNR

In this scenario, the number of snapshots L is fixed at 320, and the SNR varies from 
-10 to 30dB with a 5dB step. The RMSE of the DOA estimate is illustrated in Figs. 7a 
and 7b, and the associated time consumption is depicted in Figs. 7c and 7d. Figures 7a 

Fig. 5 Evolution of the spatial angle grids
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and 7b show that the proposed IRSBL method has a remarkable performance com-
pared with other existing methods. When the SNR is larger than 0dB for the ULA 
or -5dB for the NULA, the proposed IRSBL method achieves the CRB. In addition, 
the IRSBL method is superior to the RSBL method because it performs a sparsifi-
cation process, which can avoid grid errors made by several small weight values, 
especially in a low SNR situation. The IRSBL method outperforms the RVBI method 
because it avoids grid point errors caused by model truncation. Furthermore, as 
expected for OGSBL, RSBL, CGDP1, CGDP2, RVBI, and IRSBL methods, the RMSE 
of the DOA estimates decreases monotonically with the SNR. Nevertheless, the SBL 
method can only converge to the nearest two grid points −6◦ and 12◦ , due to the 
limitation of the initial grid. As a result, the RMSE of the SBL method remains at 
20 log10

√

(1.22 + 1.32)/2 ≈ 1.945dB , when the SNR is large enough.
We also provide the average consumption time over 1000 Monte-Carlo trials, 

which is shown in Figs.  7c and  7d. When the SNR is large enough, the proposed 
IRSBL method has lower computational complexity than SBL, OGSBL, RSBL, RVBI, 
and CGDP methods since it satisfies the stopping criterion after a few iteration (see 
Fig. 8).

4.2.2  RMSE versus number of snapshots

In this scenario, the SNR was fixed at 10dB, and the number of snapshot spans from 10 
to 2560. The RMSE of DOA estimate is illustrated in Figs. 9a and 9b in a log-log plot, and 
related time consumption is depicted in Figs. 9c and 9d. Figures 9a and 9b indicate that 

Fig. 6 Evolution of grid points closest to true value
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the RMSE of the proposed IRSBL method is not only superior to the other methods, but 
also close to the CRB. Furthermore, as expected, the RMSE of OGSBL, CGDP1, CGDP2, 
RSBL, RVBI, and IRSBL methods increase monotonically with the increase of snapshots. 
However, the SBL method can only converge to the nearest two grid points −6◦ and 
12◦ , due to the limitation of the initial grid. As a result, the RMSE of the SBL method 
remains at 20 log10

√

(1.22 + 1.32)/2 ≈ 1.945dB . As shown in Figs. 9c and 9d, compared 
with SBL, OGSBL, CGDP1, CGDP2, and RSBL methods, the proposed IRSBL yields low 
computational complexity. In addition, as expected, the computational complexity of the 
above methods increases with the number of snapshots, because both the dimensions of 
measurement matrix Y  and weight matrix X increase. However, for the RVBI method, 
the computational complexity of the covariance matrix construction is almost negligible 
compared to the SBL-based hyperparameter update. Therefore, as the number of snap-
shots increases, the computational complexity remains stable to a certain extent.

5  Conclusion
In this paper, we proposed an improved root sparse Bayesian learning algorithm for 
off-grid DOA estimation for ULA and NULA which relies on a polynomial rooting 
method. A CFAR algorithm is integrated into the SBL framework to achieve a sparse 
result even in the presence of grid mismatch and additive noise. The proposed IRSBL 
method has remarkable performance both in terms of estimation accuracy and com-
putational complexity. Numerical results show that proposed method is more efficient 

Fig. 7 Performance comparison among SBL, OGSBL, CGDP1, CGDP2, RSBL, IRSBL methods for different SNR 
situation
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and has faster convergence, and so lower computational complexity, than existing SBL, 
OGSBL, CGDP1, CGDP2, and RSBL methods. However, when the SNR is very low, 
the convergence of the proposed IRSBL method becomes slower and so computational 
load increases. Moreover, to a certain extent, the computational complexity of the RVBI 
method is insensitive to the number of snapshots. As a results, when the number of 

Fig. 8 Evolution of the relative rate of hyperparameters α

Fig. 9 Performance of SBL, OGSBL, CGDP1, CGDP2, RSBL, RVBI, and IRSBL methods versus the number of 
snapshots



Page 19 of 22Shen et al. EURASIP Journal on Advances in Signal Processing         (2023) 2023:34  

snapshots is larger, the RVBI method has lower computational complexity than the pro-
posed IRSBL method.

Appendix A: the derivation on Eq. (14)
The first item on Eq.(13) can be simplified as:

Notably, we used a trick: EX |Y ,α,β;θ [−2xHt �
−1µt + µH

t �
−1µt ] = −µH

t �
−1µt , then the 

Eq. 34 can be rewitten as:

and Const1 = N ln(ρ)+ ln(ba/Ŵ(a))− LMlnπ − LN lnπ can be regarded as a con-
stant since these terms are independent of α , β , and θ . Herein, the expectation 
EX |Y ,α,β;θ [(xt − µt)

H�−1(xt − µt)] can be evaluated by the standard result for a multi-
variate complex Gaussian distribution with the normalization coefficient, giving

Finally, the expectation function can be simplified as

(34)

−

L−1∑

t=0

EX |Y ,α,β;θ [x
H
t �

−1xt + β�yt − Axt�
2
2]

= −

L−1∑

t=0

EX |Y ,α,β;θ [β�yt − Aµt�
2
2

+ βxHt A
HAxt − βµH

t A
HAµt + xHt �

−1xt ]

= −

L−1∑

t=0

EX |Y ,α,β;θ [β�yt − Aµt�
2
2

+ xHt �
−1xt − βµH

t A
HAµt ]

= −

L−1∑

t=0

EX |Y ,α,β;θ [β�yt − Aµt�
2
2

+ xHt �
−1xt + µH

t �
−1µt − µH

t �
−1µt ]

= −

L−1∑

t=0

EX |Y ,α,β;θ [β�yt − Aµt�
2
2 + xHt �

−1xt

+ µH
t �

−1µt − 2xHt �
−1µt + µH

t �
−1µt ]

(35)
−

L−1∑

t=0

EX |Y ,α,β;θ [β�yt − Aµt�
2
2

+ (xt − µt)
H�−1(xt − µt)+ µH

t �
−1µt ]

(36)
∫

exp[(xt − µt)
H�−1(xt − µt)]dxt = |�|πN
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 where Const2 = Const1+ LN lnπ.

Appendix B: detailed derivation on Eq. (20)
Take the derivative of Eq. (19) w.r.t. θk , giving

where L[ln|�|]′ = −LTr(�[Z]′) = −LβTr(�[AHA]′) . Simplify the Eq. (38) and set it to 
zero:
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