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Abstract 

Frequency diverse array multiple-input multiple-output (FDA-MIMO) radar is an emerg-
ing technology to offer range-angle-dependent beampattern. Polarimetric FDA-MIMO 
radar can sense additional polarization information to improve target identification 
capability. In this article, we investigate the problem of joint range, angle and polariza-
tion parameter estimation in a monostatic polarimetric FDA-MIMO radar with an FDA 
at transmitter and a cross-dipole array at receiver. Unlike the conventional methods in 
which the multidimensional data structure is rearranged into vectors or matrices by 
stacking operation, we propose a Tucker tensor decomposition-based scheme, which 
can reserve the original data structure and avoid spoiling the inherent characteristics 
of interest, especially when the number of snapshots is small. The third-order tensor 
model of the observed data is constructed. Two approaches named as Tucker covari-
ance reconstruction and Tucker signal subspace are presented using the fourth-order 
covariance tensor decomposition. The Cramér–Rao bound for range, angle and polari-
zation estimation is also provided. Numerical experiments demonstrate the superiori-
ties of the proposed approaches. Specifically, two targets with identical range and 
close angles are effectively distinguished.

Keywords: FDA-MIMO radar, Tucker tensor decomposition, Range-angle-polarization 
estimation, Polarization sensitive array, Signal subspace

1 Introduction
Multiple-input multiple-output (MIMO) radar [1] is a powerful technique for tar-
get detection, localization and imaging. MIMO radar array with colocated sensors has 
strong capability of estimating the angles of targets [2, 3]. However, with conventional 
MIMO radar, two targets having different angles but same range cannot be directly iden-
tified. Frequency diverse array (FDA), as an emerging scheme which was first proposed 
in [4], has received much attention in recent years. The carrier frequency of FDA has 
a small frequency increment between contiguous elements. Base on this design, it can 
produce angle-range-dependent transmit beampattern [5, 6]. In [7], the FDA radar data 
processing method has been introduced systematically. FDA is widely suggested for joint 
angle-range localization of targets. In [8], the FDA sensors are divided into multiple 
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subarrays and the transmit beamspace matrix is optimized with the use of convex opti-
mization. In [9], a subarray scheme on FDA radar has been devised for range and angle 
estimation. A simple range-angle localization of targets by uniform linear array (ULA) 
double-pulse FDA radar has been proposed in [10]. FDA-MIMO radar [11–13], as a 
combination of FDA technology and MIMO radar, has received much attention and 
been investigated in many topics such as target detection [14, 15], jammer suppres-
sion [16], parameter estimation [17] and resolution evaluation [18], etc. Typically, the 
researches on joint parameter estimation in FDA-MIMO radar focus on some efficient 
solutions given by subspace-based methods, such as MUSIC, ESPRIT and combined 
MUSIC-ESPRIT [19–21]. In [22], the ambiguity function and ESPRIT based method 
has been presented for FDA-MIMO radar target localization. In [23], a real-valued sub-
space decomposition method has been proposed for joint angle and range estimation 
in bistatic FDA-MIMO radar. A joint range, angle and Doppler estimation method for 
FDA-MIMO radar has been introduced [24], in which 3D search problem is simpli-
fied into three 1D search problems which reduces the computation complexity. In [25], 
a spatial smoothing technique combined with ESPRIT algorithm has been proposed to 
obtain angle, range and velocity in FDA-MIMO radar. Different from these methods, 
atomic norm-based method has also been proposed to solve the range-angle estimation 
problem [26–28].

In practice, due to the reflected signals composed of electric and magnetic compo-
nents, polarization diversity is of great significance in target identification when multiple 
targets are so closely spaced that they cannot be distinguished well in spatial domain. 
The multi-parameter estimation problem in the polarimetric MIMO radar have been 
investigated, e.g., in [29–33]. More recently, the FDA-MIMO radar with polarization 
sensitive array, which consider polarization information combined with range and angle 
information, has been studied in [34–36], which can improve the performance of target 
identification and increase the angle-range-polarization resolution. A sparse reconstruc-
tion beamforming method has been presented in [34]. A successive ESPRIT algorithm 
has been developed to estimate the angle-range-polarization parameters in [35]. In [36], 
a sparse polarization sensitive FDA-MIMO radar with co-prime frequency offsets has 
been explored based on successive propagator method.

Despite the fact that the performance of FDA-MIMO radar multiple parameter esti-
mation has been improved in the aforementioned approaches, the multidimensional 
structure is rearranged into matrices by means of stacking operation. Thus, the original 
data structure cannot be reserved well, resulting in the damage of the inherent char-
acteristics of interest, especially when the number of snapshots is small. Recently, the 
tensor-based algorithm has received much attention as a more natural approach to store 
and manipulate multidimensional data. In [37], a broad overview of tensor analysis has 
been provided in wireless communications and MIMO radar including basic tensor 
operations, common tensor decompositions. The higher-order extensions of the singular 
value decomposition (SVD), i.e., HOSVD [38], as a Tucker tensor model [39], has played 
an important role in tensor signal processing. Several Tucker tensor-based methods have 
been proposed such as in [40–44] to obtain the direction-of-departure and direction-
of-arrival estimation in bistatic MIMO radar using the HOSVD and covariance matrix 
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reconstruction. The use of tensor representation allows us to further exploit the struc-
ture inherent in the array data.

In this article, we investigate the problem of joint range, angle and polarization 
parameter estimation based on Tucker tensor decomposition in a monostatic polari-
metric FDA-MIMO radar system. First, we develop a third-order tensor signal model 
for polarimetric FDA-MIMO radar. Then, we, respectively, present two approaches 
named as Tucker covariance reconstruction (TCR) and Tucker signal subspace (TSS) to 
jointly estimate the range, angle and polarization parameters of targets. We construct 
the fourth-order covariance tensor, perform its truncated HOSVD for eigenstructure 
extraction, and utilize multiple shift-invariance operations to achieve the range-angle-
polarization parameters with proper pairing. The detailed analyses concerning complex-
ity as well as Cramér–Rao bound (CRB) for range, angle and polarization estimation are 
also provided. The performance of the two proposed algorithms are compared with that 
of the existing ESPRIT method in numerical experiments. The proposed tensor-based 
algorithms utilize the inherent multidimensional properties and avoid the matrix stack-
ing operation that may bring error accumulation. Thus, the estimation accuracies can 
be enhanced especially when the number of snapshots is small. Furthermore, polariza-
tion diversity is exploited in FDA-MIMO radar to distinguish multiple targets with close 
angles or close ranges, which can improve the capability of multi-target identification in 
FDA-MIMO radar.

The rest of this article is organized as follows. The preliminaries of tensor are intro-
duced in Sect. 2. The methods are described in Sect. 3, in which a tensor signal model for 
polarimetric FDA-MIMO radar is developed, the Tucker tensor decomposition-based 
algorithms for joint angle, range and polarization estimation are presented, and the per-
formance analysis is given including the algorithm complexity and CRB. In Sect. 4, the 
simulation results and discussion are given to verify the effectiveness of the proposed 
tensor-based algorithms. Finally, a conclusion is drawn in Sect. 5.

Notations: To facilitate the distinction between scalars, matrices, and tensors, the fol-
lowing notation is used: Scalars are denoted as italic letters, column vectors as lower-
case bold-face letters, matrices as bold-face capitals, and tensors are written as bold-face 
calligraphic letters. The superscript(·)T , (·)H and (·)∗ denote transpose, Hermitian trans-
pose and conjugate operators, respectively; diag(·) denotes the diagonalization operation, 
rank (·) and det(·) denote rank operator and the determinant of a matrix, respectively. 
vec(·) denotes the vectorization operator, tr(·) is the trace operator. ang(·) denotes the 
angle operator and Re(·) is the real part operator of a complex number.

2  Preliminaries
A tensor is a multidimensional array [45]. An N-th order tensor can be expressed as 
X ∈ C

I1×I2×···×IN . The fibers are the higher-order analog of matrix rows and columns. 
The tensor operations in our paper are consistent with [46] which are listed as follows:

Unfolding or Matricization of the tensors. The mode-n unfolding of an N-th order 
tensor X ∈ C

I1×I2×···×IN is denoted by [X ](n) . The (i1, i2, · · · , iN )-th element of X  
maps to the (in, j)-th element of [X ](n) , where j = 1+ N

k=1,k �=n (ik − 1)Jk with 
Jk =

∏k−1
m=1,m�=n Im.
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Moreover, a matrix unfolding of the tensor X  along the n-th mode is denoted by [X ](n) 
and can be understood as a matrix containing all the n-mode vectors of the tensor X  . 
The order of the columns is chosen in accordance with [46].

The n-mode inner product of a tensor X ∈ C
I1×I2×···×IN and a ten-

sor Y ∈ C
J1×J2×···×JM is defined, when In = Jn , n ≤ min{M,N } , it is given by 

Z = X •n Y ∈ C
I1×I2×···×In−1×In+1×···×IN×J1×J2×···×Jn−1×Jn+1×···×JM , where

The n-mode product of a tensor X ∈ C
I1×I2×···×IN and a matrix A ∈ C

Jn×In along the n-th 
mode is denoted as Y = X ×n A ∈ C

I1×I2×···×In−1×Jn×In+1×···×IN , which is calculated by

It may be visualized by multiplying all n-mode vectors of X  from the left-hand side by 
the matrix A . The mode-n product admits the following properties:

The higher-order SVD (HOSVD) or Tucker decomposition of a tensor X ∈ C
I1×I2×···×IN 

is given by

where ς ∈ C
J1×J2×···×JN is the core tensor which satisfies the all-orthogonality condi-

tions [46] and An ∈ C
In×Jn , n = 1, 2, · · ·N  , are the unitary matrices of n-mode singular 

vectors.

3  Methods
3.1  Tensor signal model of polarimetric FDA‑MIMO radar

As illustrated in Fig.  1, we consider a monostatic polarimetric FDA-MIMO radar 
equipped with a transmit FDA having M sensors and a receive array having N cross-
dipole sensors, both are uniform linear arrays. Assume that the antennas are of ideal, 
identical isotropic sensors, and the range of targets is much larger than the apertures of 
transmit and receive arrays. The transmit array with M sensors simultaneously send M 
waveforms with identical bandwidth but different frequencies. Taking the first transmit 
sensor as the reference sensor, the carrier frequency of the m-th sensor is

(1)
zi1,i2,...,in−1,in+1,...,iN ,j1,j2,...,jn−1,jn+1,...,jM

=
In
∑

in=1

xi1,i2,...,iN · yj1,j2,...,jn−1,in,jn+1,...,jM

(2)yi1,i2,··· ,in−1,jn,in+1,··· ,iN =

In
∑

in=1

xi1,i2,··· ,iN · ajn,in

(3)Y = X ×n A ⇔ [Y](n) = A[X ](n)

(4)
{

X ×n A ×m B = X ×m B×n A, m �= n
X ×n A ×n B =X ×n (BA)

(5)[Y](n) = An · [X ](n) · [An+1 ⊗ · · · ⊗ AN ⊗ A1 · · · ⊗ An−1]

(6)X = ς ×1 A1 ×2 A2 × . . .AN

(7)fm = f0 + (m− 1)�f , m = 1, · · · ,M
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where f0 is the reference frequency, and �f  denotes the frequency increment between 
adjacent array sensors which is far less than the frequency f0 . The transmitting signal of 
the m-th sensor can be expressed as

where ψm(t) is the baseband waveform envelope, and T is the radar pulse duration. It is 
assumed that the transmitted M waveforms of each sensor are orthogonal to each other.

For the p-th far-field target, p = 1, 2, · · · ,P , assume that it is localized at angle θp and 
range rp . The propagation time from the m-th transmit sensor to the n-th receive sensor 
can be written as

where dt and dr , respectively, denote the inter-sensor spacing at the transmitter and 
receiver, which are no more than half a wavelength �0 = c/f0 , with c being the propaga-
tion speed. 2rp/c is the common propagation time delay, and the next two terms repre-
sent the time shifts brought by the transmitter and receiver arrays, respectively.

At the receiver array of the polarimetric FDA-MIMO radar, the cross-dipoles are used to 
measure the polarization states of a transverse electromagnetic (TEM) wave and improve 
target identification capability by exploiting polarization diversity. The polarization state of 
TEM wave can be represented by parameters (γ , η) , which are two phase descriptors of a 
polarized signal [47, 48]. Thus the complex electric field vector is

(8)sm(t) = ψm(t)e
j2π fmt , 0 ≤ t ≤ T

(9)τ (m, n, θp, rp) =
2rp

c
−

dt(m− 1) sin θp

c
−

dr(n− 1) sin θp

c

(10)e = A

[

cos γ

sin γ ejη

]

Fig. 1 A monostatic polarimetric FDA-MIMO radar with a transmit FDA having M sensors and a receive array 
having N cross dipole sensors
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where A is the electric field amplitude. tan γ represents the ratio of the electric 
field amplitude in the X direction to that in the Y direction, γ ∈

[

0, π2
]

 , and η signi-
fies the phase difference between the electric fields in the Y direction and X direction, 
η ∈ [−π ,π ].

Under the assumption of narrow-band and far-field signals, the signals are reflected by P 
far-field targets. With a cross-dipole uniform linear array used at the receiver, the polariza-
tion vector for the p-th target can be written as

where 0 ≤ γp ≤ π/2 , −π ≤ ηp < π . Thus, the received signal from the m-th transmit 
sensor to the n-th cross-dipole sensor can be expressed as

In noisy environment, after sampling, recombination and matched filtering with the 
orthogonal transmit waveform ψm(t) , the output of a polarimetric FDA-MIMO radar 
can be reformulated as

for m = 1, 2, · · · ,M ; n = 1, 2, · · · ,N  , and l = 1, 2, · · · , L , where L is the number of snap-
shots. β(l)

p  is the complex scattering coefficient of the p-th target in the l-th snapshot. 
ym,n,l and zm,n,l denote the output data and noise with respect to the m-th transmit sen-
sor, n-th receive sensor and the l-th snapshot, respectively.

In a conventional way, ym,n,l is first arranged into a matrix Y(l) ∈ C
2N×M as

where b(l) = [β
(l)
1 , · · · ,β

(l)
P ] denotes the complex scattering coefficient vec-

tor related to the radar cross section (RCS). Z(l) represents a Gauss-
ian white noise matrix. V(θ , γ , η) = [v(θ1, γ1, η1), · · · , v(θP , γP , ηP)] ∈ C

2×P . 
At(θ , r) = [at(θ1, r1), at(θ2, r2), · · · , at(θP , rP)] ∈ C

M×P  . 
Ar(θ) = [ar(θ1), ar(θ2), · · · , ar(θP)] ∈ C

N×P . The p-th steering vector at(θp, rp) of the 
transmit array can be written as

and the p-th steering vector ar(θp) of the receive array can be written as

(11)
v(θp, γp, ηp) =

[

−1 0
0 cos θp

][

cos γp
sin γpe

jηp

]

=

[

− cos γp
sin γp cos θpe

jηp

]

(12)rmn(t) =

P
∑

p=1

ψm(t − τ (m, n, θp, rp))e
j2π fm(t−τ(m,n,θp ,rp))v(θp, γp, ηp)

(13)
ym,n,l =

P
∑

p=1

βp
(l)ej2π(m−1)((dt/�0) sin θp−(�f /c)2rp)

× ej2π(n−1)(dr/�0) sin θpv(θp, γp, ηp)+ zm,n,l

(14)
Y(l) =

P
∑

p=1

βp
(l)ar(θp)⊗ v(θp, γp, ηp)a

T
t (θp, rp)+ Z(l)

= Ar(θ)⊗ V(θ , γ , η)diag(b(l))AT
t (θ , r)+ Z(l)

(15)at(θp, rp) = [1, ej2π((dt/�0) sin θp−(�f /c)2rp), · · · , ej2π(M−1)((dt/�0) sin θp−(�f /c)2rp)]T
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By the vectorization of Y(l) , the observed matrix can be rewritten as a 2MN × L 
vector y(l) = A(θ ,φ, γ , η)b(l) + z(l) , where z(l) denotes the noise vector, whose 
elements are white Gaussian distributed with mean zero and variance σ . 
A(θ , r, γ , η) = [a1(θ , r, γ , η), · · · , aP(θ , r, γ , η)] ∈ C

2MN×P represents the joint transmit-
receive-polarization steering matrix, with

where ⊗ denotes the Kronecker product. Then, the data in L snapshots for y(l) are col-
lected to form a matrix Y ∈ C

2MN×L,

where Y =
[

y(1), · · · , y(L)
]

 , B =
[

b(1), · · · ,b(L)
]

 and Z =
[

Z(1), · · · ,Z(L)
]

 represent the 
observation matrix, target scattering matrix and noise matrix, respectively, and

where ⋄ represents the Khatri–Rao product.
Note that the signal model in (18) is expressed as the form of a matrix via a stack-

ing operation. Such a highly structured matrix cannot completely capture the inher-
ent multidimensional structure. In our paper, ym,n,l in (13) is directly arranged into a 
third-order tensor Y ∈ C

M×2N×L , then

where ι ∈ C
P×P×P is an identity tensor. Obviously, we have Y = [Y]T(3) and Z = [Z]T(3) . 

The third-order tensor of the polarimetric FDA-MIMO radar can be shown in Fig. 2.
Based on the constructed tensor Y in (20), the problem of interest is to jointly esti-

mate the target parameters in polarimetric FDA-MIMO radar, including the angle θp , 
range rp and two polarization parameters γp and ηp , for p = 1 · · · ,P.

(16)ar(θp) =
[

1, ej2π(dr/�0) sin θp , · · · , ej2π(N−1)(dr/�0) sin θp
]T

(17)ap(θ , r, γ , η) = at(θp, rp)⊗ ar(θp)⊗ v(θp, γp, ηp)

(18)Y = A(θ , r, γ , η)B+ Z

(19)
A(θ , r, γ , η) = At(θ , r) ⋄ Ar(θ) ⋄ V(θ , γ , η)

= At(θ , r) ⋄ Ãr(θ , γ , η)

(20)Y = ι×1 At ×2 Ãr ×3 B+Z

Fig. 2 The M× 2N × L tensor for polarimetric FDA-MIMO radar
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3.2  Tucker tensor decomposition for joint angle, range and polarization estimation

In this section, Tucker tensor decomposition methods are explored for angle-range-
polarization estimation in FDA-MIMO radar. We present two methods: Tucker covari-
ance reconstruction (TCR) algorithm and Tucker signal subspace (TSS) algorithm.

3.2.1  Tucker covariance reconstruction (TCR) algorithm

According to the definition of the product of two tensors, a fourth-order tensor 
R ∈ C

M×2N×M×2N for the observation tensor Y can be calculated by

Then the HOSVD of the tensor R is calculated as

where ς ∈ C
M×2N×M×2N is the core tensor, and Ui for i = 1, 2, 3, 4 denote the left singu-

lar vector matrices of the i-module expansion of R , expressed as

with U1 = U∗
3 and U2 = U∗

4.
To eliminate the noise, a truncated HOSVD [38] of the tensor R , which only contain 

the signal subspace component, can be obtained as

where ς s ∈ C
P×P×P×P is the core tensor. U1 s ∈ C

M×P and U2 s ∈ C
2N×P contain the col-

umn vectors of U1 and U2 corresponding to the P dominant singular values, respectively.
First, a reconstructed covariance matrix Rs ∈ C

2MN×2MN is formed based on the ten-
sor Rs ∈ C

M×2N×M×2N in (24) by Hermitian unfolding, which is given by

where R is the covariance matrix of the observation matrix Y , which can be estimated 
from finite snapshots in practice, given by R̂ = 1

LYY
H . Actually, Uis ( i = 1, 2 ) is the left 

singular vector matrix of [Rs](i) corresponding to the first P largest singular values on 
the diagonal element of [Rs](i) . Both U1 sU

H
1 s and U2 sU

H
2 s are unitary matrices.

Then, the eigenvalue decomposition (EVD) of Rs is performed which can be written as 
Rs = Es�sE

H
s + En�nE

H
n  , where �s is a diagonal matrix whose elements on the diagonal 

line are the P dominant eigenvalues. Es ∈ C
2MN×P denotes the signal subspace contain-

ing the eigenvectors corresponding to the P eigenvalues. Also, �n is a diagonal matrix 
with the remaining 2MN − P eigenvalues on its diagonal line, and En ∈ C

2MN×(2MN−P) 
represents the noise subspace which contains the eigenvectors corresponding to the 
2MN − P eigenvalues. Therefore, the rangle, angle and polarization parameters of each 
target can be estimated from Es . Obviously, Es spans the same signal subspace with 
A(θ , r, γ , η) in (19). As a result, there exists a unique nonsingular full-rank matrix T such 
that Es = A(θ , r, γ , η)T.

(21)R =
1

L
Y•3Y

∗

(22)R = ς ×1 U1 ×2 U2 ×3 U3 ×4 U4

(23)[R](i) = Ui�iV
H
i (i = 1, 2, 3, 4)

(24)Rs = ς s ×1 U1s ×2 U2s ×3 U
∗
1s ×4 U

∗
2s

(25)Rs = ((U1sU
H
1s)⊗ (U2sU

H
2s))R((U1sU

H
1s)⊗ (U2sU

H
2s))

∗
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Next, some sub-matrices can be obtained by proper processing of Es , which is based 
on the shift invariance of A(θ , r, γ , η) maintained by Es . Firstly, Es ∈ C

2MN×P is divided 
into M blocks, each of which is a matrix of 2N × P . Since there exists shift invariance 
for both transmit and receive arrays, different parameters can be estimated by choos-
ing the following different sub-matrices:

For angle estimation, the shift-invariance property of the receive array is exploited. 
Define two selection matrices Jr1 = [IN−1,O(N−1)×1] and Jr2 = [O(N−1)×1, IN−1] , then 
we have

where �r = diag(φr1,φr2, · · · ,φrP) is the rotational matrix associated with the receive 
array, φrp = ej2π(dr/�0) sin θp . Thus we can construct two sub-matrices Er1 ∈ C

2M(N−1)×P 
and Er2 ∈ C

2M(N−1)×P with the first and last 2(N − 1) rows of each block of Es , respec-
tively, i.e., 

 then

where �r = T−1�rT denotes the EVD of �r , with �r and T−1 representing the eigen-
value and eigenvector matrices of �r , respectively. Thus the estimate of the angle θp can 
be obtained from �r.

For range estimation, the shift-invariance property of the transmit array is used. 
Define two selection matrices Jt1 = [IM−1,O(M−1)×1] and Jt2 = [O(M−1)×1, IM−1] , then

where �t = diag(φt1,φt2, · · · ,φtP) is the rotational matrix with respect to the transmit 
array, where φtp satisfies

which contains both the range rp and angle θp . Therefore, we, respectively, generate two 
sub-matrices Et1 ∈ C

2(M−1)N×P and Et2 ∈ C
2(M−1)N×P using the first and last M − 1 

blocks of Es , i.e., 

 Thus we have

(26)(IM ⊗ Jr2 ⊗ I2)A = (IM ⊗ Jr1 ⊗ I2)A�r

(27a)Er1 = (IM ⊗ Jr1 ⊗ I2)Es

(27b)Er2 = (IM ⊗ Jr2 ⊗ I2)Es

(28)

Er2 = (IM ⊗ Jr2 ⊗ I2)AT

= (IM ⊗ Jr1 ⊗ I2)A�rT

= (IM ⊗ Jr1 ⊗ I2)EsT
−1�rT

= Er1�r

(29)(Jt2 ⊗ IN ⊗ I2)A = (Jt1 ⊗ IN ⊗ I2)A�t

(30)φtp = ej2π((dt/�0) sin θp−(�f /c)2rp),

(31a)Et1 = (Jt1 ⊗ IN ⊗ I2)Es

(31b)Et2 = (Jt2 ⊗ IN ⊗ I2)Es
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where �t = T−1�tT stands for the EVD of �t , and �t , with T−1 being the eigenvalue 
and eigenvector matrices of �t , respectively. Upon the angle θp has been obtained from 
�r , we can further calculate the estimate of the range rp from �t.

For polarization parameter estimation, let us define two selection vectors Jv1 = [0, 1] 
and Jv2 = [1, 0] , then we have

where �v = diag(φv1,φv2, · · · ,φvP) , and φvp is the ratio of the two elements of the p-th 
polarization vector,

which contains the angle θp and two polarization parameters γp and ηp . Thus, we form 
two sub-matrices Ev1 ∈ C

MN×P and Ev2 ∈ C
MN×P from the even and odd rows of Es , 

respectively, i.e., 

 Then

where �v = T−1�vT , with �v and T−1 being the eigenvalue and eigenvector matrices of 
�v , respectively. Since the angle θp has been obtained from �r , we can further achieve 
the estimates of the two polarization parameters γp and ηp from �v.

In the above analysis, �r , �t and �v can be calculated from (28), (32) and (36), 
respectively, by

where † denotes the pseudo-inverse operation of a matrix.
Finally, the estimates of angle θp , range rp , polarization parameters γp and ηp for 

p = 1, · · · ,P , are calculated by

(32)

Et2 = (Jt2 ⊗ IN ⊗ I2)AT

= (Jt1 ⊗ IN ⊗ I2)A�tT

= (Jt1 ⊗ IN ⊗ I2)EsT
−1�tT

= Et1�t

(33)(IM ⊗ IN ⊗ Jv2)A = (IM ⊗ IN ⊗ Jv1)A�v

(34)φvp =
− cos γp

sin γp cos θpe
jηp

(35a)Ev1 = (IM ⊗ IN ⊗ Jv1)Es

(35b)Ev2 = (IM ⊗ IN ⊗ Jv2)Es

(36)

Ev2 = (IM ⊗ IN ⊗ Jv2)AT

= (IM ⊗ IN ⊗ Jv1)A�vT

= (IM ⊗ IN ⊗ Jv1)EsT
−1�vT

= Ev1�v

(37)







�r = E†
r1Er2

�t = E†
t1Et2

�v = E†
v1Ev2
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Parameter pairing: In the case of multiple targets, we observe that the EVDs of �r , �t 
and �v share the same eigenvector matrix T−1 but may have different sort in columns 
due to the existence of noise. To correctly estimate the multi-target parameters, the fol-
lowing pairing procedure is proposed: First, perform the EVD of �r to obtain its eigen-
vector matrix Q which corresponds to the eigenvalue matrix �r . Then, construct a new 
signal subspace matrix Ẽs = EsQ . Next, obtain the sub-matrices Ẽt1 , Ẽt2 and Ẽv1 , Ẽv2 
from Ẽs , respectively, and similarly calculate �̃t and �̃v according to (37). The diagonal 
elements of �̃t and �̃v contain the paired range and polarization parameters, which cor-
respond to the angle parameter of the p-th target.

The steps of the proposed TCR algorithm for range, angle and polarization estimation 
is given in Alg. 1.

3.2.2  Tucker signal subspace (TSS) algorithm

Compared with the reconstruction of covariance matrix Rs ∈ C
2MN×2MN , the direct uti-

lization of the tensor Rs ∈ C
M×2N×M×2N can make better use of the multidimensional 

structure of tensors. From the structure of the Tucker signal subspace tensor Rs , we can 
see that it contains the signal subspaces corresponding to the transmit and receive steer-
ing matrices, from which the multiple parameters can be obtained by using the proper-
ties of shift invariance in both transmit and receive arrays, respectively.

(38)θ̂p = arcsin

(

−
�0

2πdr
ang(φrp)

)

(39)r̂p =
(2π(dt/�0) sin θ̂p − ang(φtp))c

4π�f

(40)γ̂p = arctan

∣

∣

∣

∣

∣

1

φvp cos θ̂p

∣

∣

∣

∣

∣

(41)η̂p =ang

(

−
1

φvp cosOθp

)
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At first, like the TCR algorithm, we calculate the fourth-order tensor 
R ∈ C

M×2N×M×2N for Y as R = 1
LY•3Y

∗ . Recall that the truncated HOSVD of R is 
performed as

where U1s ∈ C
M×P and U2s ∈ C

2N×P consist of the P dominant eigenvectors of U1 
and U2 , respectively. Obviously, U1 s and At(θ , r) span the same signal subspace, so 
there exists a unique nonsingular full-rank matrix T1 satisfying U1 s = At(θ , r)T1 . 
Similarly, U2 s and Ãr(θ , γ , η) span the same signal subspace, and there also exists 
a unique nonsingular full-rank matrix T2 satisfying U2 s = Ãr(θ , γ , η)T2 , where 
Ãr(θ , γ , η) = Ar(θ) ⋄ V(θ , γ , η) . Then we can, respectively, use the shift invariance prop-
erties to both transmit and receive arrays to estimate the angle, range and polarization 
parameters.

For angle estimation, according to the shift-invariance property of the receiving array, 
we have

where Jr1 = [IN−1,O(N−1)×1] and Jr2 = [O(N−1)×1, IN−1] , and the rotational matrix 
is �r = diag(φr1,φr2, · · · ,φrP) with φrp = ej2π(dr/�0) sin θp . Thus, the sub-matrices 
Ur1 ∈ C

2(N−1)×P and Ur2 ∈ C
2(N−1)×P are, respectively, constructed by selecting the 

first 2(N − 1) and last 2(N − 1) rows of U2s , i.e., 

 then

where Dr = T−1
2 �rT2 . We see that �r is the eigenvalue matrix of Dr . From the diagonal 

elements of �r , we can estimate the angle θp for the p-th target.
For range estimation, according to the shift-invariance property of the transmit array, 

we have

where Jt1 = [IM−1,O(M−1)×1] and Jt2 = [O(M−1)×1, IM−1] . The rotational matrix is 
�t = diag(φt1,φt2, · · · ,φtp) , where φtp = ej2π((dt/�0) sin θp−(�f /c)2rp) . Therefore, two sub-
matrix Ut1 ∈ C

(M−1)×P and Ut2 ∈ C
(M−1)×P are constructed by using the first M − 1 

and last M − 1 rows of U1s , respectively, i.e., 

(42)Rs = ς s ×1 U1s ×2 U2s ×3 U
∗
1s ×4 U

∗
2s

(43)(Jr2 ⊗ I2)Ãr = (Jr1 ⊗ I2)Ãr�r

(44a)Ur1 = (Jr1 ⊗ I2)U2s

(44b)Ur2 = (Jr2 ⊗ I2)U2s

(45)Ur2 = (Jr2 ⊗ I2)ÃrT2 = (Jr1 ⊗ I2)Ãr�rT2 = (Jr1 ⊗ I2)U2sT
−1
2 �rT2 = Ur1Dr

(46)Jt2At = Jt1At�t

(47a)Ut1 = Jt1U1s

(47b)Ut2 = Jt2U1s
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 then

where Dt = T−1
1 �tT1 . We observe that �t is the eigenvalue matrix of Dt . Since �t con-

tains both the angle and range parameters, the range rp can be calculated when θp has 
been estimated.

For polarization parameter estimation, the shift-invariance property of the receive 
array is utilized again, then we have

where Jv1 = [0, 1] and Jv2 = [1, 0] , and �v = diag(φv1,φv2, · · · ,φvP) , with 
φvp =

− cos γp

sin γp cos θpe
jηp

 being the ratio of the first and second elements of the polarization 

vector v(θp, γp, ηp) . We select the even rows from U2 s to form the sub-matrix 
Uv1 ∈ C

N×P , and odd rows to generate the sub-matrices Uv2 ∈ C
N×P , i.e., 

 then

where Dv = T−1
2 �vT2 , and �v is the eigenvalue matrix of Dv . Thus, γp and ηp can be cal-

culated if θp has been obtained.
Therefore, the estimates of θp , rp , γp and ηp for p = 1, · · · ,P , are obtained from the 

eigenvalues of Dr , Dt and Dv , and finally calculated by the above-given (38)-(41).
Parameter pairing: It is necessary to match the parameters of angle, range and polari-

zations for multiple targets in the proposed TSS algorithm. We note that Dt and Dr own 
different eigenvector matrices T−1

1  and T−1
2  , so we cannot match them according to 

eigenvectors. Therefore, the pairing procedure is based on sorting the diagonal elements 
of �r , �t and �v according to the criterion of

for p = 1, 2, · · · ,P.
The steps of the proposed TSS algorithm for range, angle and polarization estimation 

is given in Alg. 2.

(48)Ut2 = Jt2AtT1 = Jt1At�tT1 = Jt1U1sT
−1
1 �tT1 = Ut1Dt

(49)(IN ⊗ Jv2)Ãr = (IN ⊗ Jv1)Ãv�v

(50a)Uv1 = (IN ⊗ Jv1)U2s

(50b)Uv2 = (IN ⊗ Jv2)U2s

(51)Uv2 = Jv2ÃrT2 = Jv1Ãr�vT2 = Jv1U2sT
−1
2 �vT2 = Uv1Dv

(52)f (θ̂p) = arg max
r̂,γ̂ ,η̂,

∥

∥

∥

∥

(

at(θ̂p, r̂)⊗ ar(θ̂p)⊗ v(θ̂p, γ̂ , η̂)
)H

[Y]T(3)

∥

∥

∥

∥

2

2
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3.3  Performance analysis

In this section, we analyze the computational complexity of the proposed algorithms, 
and provide the CRB of joint range, angle and polarization estimation in polarimetric 
FDA-MIMO radar.

3.3.1  Computational complexity

According to some basic computational complexities of the SVD algorithm and the 
subspace methods in [35, 41], we analyze the complexities of the two proposed algo-
rithms. The main computational burden of the proposed TCR algorithm comes from 
the calculation of the covariance tensor, HOSVD, covariance reconstruction, eigen-
value decomposition and multi-parameter estimation. Among them, O{(2MN )2L} 
results from the fourth-order covariance tensor calculation. O{4(2M)2N 2P} results 
from the truncated HOSVD in tensor decomposition method. O{(2MN )3} results 
from the covariance reconstruction. O{(2MN )2P} results from the eigenvalue 
decomposition of the signal covariance matrix. O{2M(N − 1)(2P)2 + (2P)3 + P3} , 
O{2(M − 1)N (2P)2 + (2P)3 + P3} and O{MN (2P)2 + (2P)3 + P3} result from the 
estimation of angle, range and polarizations using shift-invariance method, respec-
tively. Thus, the complexity of the proposed Tucker covariance reconstruction algo-
rithm is O{8M3N 3 + 20M2N 2P + 4M2N 2 L+ 4(5MN − 2M − 2N )P2 + 27P3} . 
Similarly, the main computational burden of the proposed TSS algorithm is the cal-
culation of the covariance tensor, HOSVD, eigenvalue decomposition, multi-param-
eter estimation and parameter pairing, in which O{(N − 1)(2P)2 + (2P)3 + P3} , 
O[2(M − 1)(2P)2 + (2P)3 + P3} and O{M(2P)2 + (2P)3 + P3} , respec-
tively, result from the angle, range and polarization estimation exploit-
ing the shift-invariance method. O{P3} results from the pairing between the 
parameters. Thus, the complexity of the proposed Tucker signal subspace algorithm is 
O{16M2N 2P + 4M2N 2 L+ 4(3M + N − 3)P2 + 28P3}.

3.3.2  Cramér–Rao bound

Under the hypothesis of target scattering signals stochastic and unknown to the 
receiver, the performance bound of multi-parameter estimation can be provided by 
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deriving the expression of stochastic CRB [49–51]. The CRB of joint range, angle and 
polarization estimation in polarimetric FDA-MIMO radar can be given by

where ⊙ denotes the Hadamard product, and 14×4 is a 4 × 4 matrix with all the entities 
are ones. �⊥

A = I2MN − A(AHA)−1AH and R = APAH + σ I2MN , where P = E
[

BBH
]

 is 
the covariance matrix of target signals, and

is the partial derivative matrix of A with respect to θ , r, γ and η , with θ = [θ1, θ2, · · · , θP]
T , 

r = [r1, r2, · · · , rP]
T , γ = [γ1, γ2, · · · , γP]

T , η = [η1, η2, · · · , ηP]
T . ∂A

∂θ
=

[

∂a1
∂θ1

, · · · , ∂aP
∂θP

]

 , 
∂A
∂r

=
[

∂a1
∂r1

, · · · , ∂aP
∂rP

]

 , ∂A
∂γ

=
[

∂a1
∂γ1

, · · · , ∂aP
∂γP

]

 , ∂A
∂η

=
[

∂a1
∂η1

, · · · , ∂aP
∂ηP

]

 , where 

The diagonal elements of the CRB matrix give the CRBs of the estimates of angle θ , 
range r and polarization parameters γ and η.

4  Results and discussion
In this section, we present the numerical experiment results to illustrate the performance 
of the proposed Tucker tensor decomposition-based algorithms for joint angle-range-
polarization estimation. Consider a polarimetric FDA-MIMO radar system with inter-
sensor spacing dt = dr = �0/2 . The carrier frequency of the first sensor is f0 = 10GHz , 
and the linear frequency increment is �f = 5kHz . The polarization mode is assumed to 
be elliptical polarized, and the polarization state of each target echo is different.

(53)CRB =
σ

2L

{

Re

[

(

DH�⊥
AD

)

⊙

[

14×4 ⊗
(

PAHR−1AP
)T

]]}−1

(54)D =

[

∂A

∂θ
,
∂A

∂r
,
∂A

∂γ
,
∂A

∂η

]

(55a)

∂ap

∂θp
=

[

∂at
(

θp, rp
)

∂θp
⊗ ar

(

θp
)

⊗ v
(

θp, γp, ηp
)

+ at
(

θp, rp
)

⊗
∂ar

(

θp
)

∂θp
⊗ v

(

θp, γp, ηp
)

+at
(

θp, rp
)

⊗ ar
(

θp
)

⊗
∂v

(

θp, γp, ηp
)

∂θp

]

(55b)
∂ap

∂rp
=

[

∂at
(

θp, rp
)

∂rp
⊗ ar

(

θp
)

⊗ v
(

θp, γp, ηp
)

]

(55c)
∂ap

∂γp
=

[

at
(

θp, rp
)

⊗ ar
(

θp
)

⊗
∂v

(

θp, γp, ηp
)

∂γp

]

(55d)
∂ap

∂ηp
=

[

at
(

θp, rp
)

⊗ ar
(

θp
)

⊗
∂v

(

θp, γp, ηp
)

∂ηp

]
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First, we verify the effectiveness of the proposed TCR and TSS algorithms. Assume 
that the polarimetric bistatic MIMO radar has M = 8 transmit sensors and N = 8 cross-
dipole receive sensors. There are P = 3 uncorrelated targets which are distributed dis-
persedly, whose angle-range parameters are (θ , r) = (−40◦, 5 km), (0◦, 2 km), (50◦, 7 km) 
and the polarization parameters are (γ , η) = (π/10, π/5), (2π/5, 2π/5), (π/4, 7π/10) . 
The signal-to-noise ratio (SNR) is 10dB and the number of snapshots is L = 100.

The simulation results of the TCR and TSS algorithms are shown in Figs.  3 and 4, 
respectively, with 100 Monte Carlo trials. From Figs. 3 and 4, it is observed that the esti-
mates of angle, range and polarization parameters are close to their true values, and both 
the pairing methods given in Alg. 1 and Alg. 2 work well. The effectiveness and accura-
cies of the proposed algorithms can be verified from the simulation results.

Next, we compare the proposed TCR and TSS algorithms with the successive ESPRIT 
algorithm [35] and the successive propagator method [36] to evaluate the performance 
of range, angle and polarization estimation in FDA-MIMO radar. Here the root mean 
square error (RMSE) in estimating the parameter θp for the p-th target is calculated by

Fig. 3 The range, angle and polarization estimation results using TCR algorithm. M = 8 , 
N = 8 , P = 3 , L = 100 , SNR = 10 dB, (θ , r) = (−40◦ , 5 km)(0◦ , 2 km)(50◦ , 7 km) , (γ , η) = 
(π/10,π/5)(2π/5, 2π/5)(π/4, 7π/10)

Fig. 4 The range, angle and polarization estimation results using TSS algorithm. M = 8 , 
N = 8 , P = 3 , L = 100 , SNR = 10 dB, (θ , r) = (−40◦ , 5 km)(0◦ , 2, km)(50◦ , 7 km) , (γ , η) = 
(π/10,π/5)(2π/5, 2π/5)(π/4, 7π/10)
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where t denotes the number of Monte Carlo experiments. The RMSEs of rp , γp and 
ηp have the same calculation method as that of θp . The number of transmit sensors is 
M = 6 , and the number of cross-dipole receive sensors is N = 6 . The number of snap-
shots is L = 5 . Assume that the SNR changes from −5 to 20dB, and three uncorrelated 
targets are distributed dispersedly with (θ , r) = (40◦, 4 km), (−30◦, 2 km), (10◦, 5 km) 
and (γ , η) = (π/10,π/5)(π/5, 3π/5)(π/4, 2π/5) . 500 Monte Carlo experiments are per-
formed. The RMSEs of range, angle and two polarization parameters for different algo-
rithms are shown in Fig. 5. It reveals that with the increase in SNR, the performance of 
the four algorithms is improved. The estimation accuracies of the two proposed tensor 
based algorithms are higher than that of the matrix-based successive ESPRIT algorithm 
and the successive propagator method, especially when the number of snapshots is small 
( L = 5 ). It implies that in the proposed tensor-based methods, the inherent multidimen-
sional structure of the array data is well reserved. However, the multidimensional data 
structure in the successive ESPRIT algorithm and successive propagator method is rear-
ranged into a matrix by stacking operation, thus the original structural characteristics is 

(56)RMSEθ =
1

P

P
∑

p=1

√

√

√

√

1

t

t
∑

i=1

{

(θ̂i,p − θp)2
}

Fig. 5 RMSE versus SNR for range, angle and polarization estimation using different methods. M = 6 , 
N = 6 , P = 3 , L = 5 and 500 independent trials. (θ , r) = (40◦ , 4 km), (−30◦ , 2 km), (10◦ , 5 km) and 
(γ , η) = (π/10,π/5)(π/5, 3π/5)(π/4, 2π/5)
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destroyed, especially in a small number of snapshots. Therefore, the TSS and TCR algo-
rithms achieve more accuracies than the successive ESPRIT algorithm and successive 
propagator method. Besides, the TSS algorithm is slightly superior to the TCR algorithm 
in accuracy by directly utilizing the signal subspace of Tucker tensor decomposition.

Then, we compare the performance of different algorithms in single snapshot envi-
ronment. Assume that we conduct the simulation under the same conditions with the 
above experiment, except that the number of snapshots is L = 1 . The RMSEs of the 
range, angle and polarization parameters with a single snapshot are shown in Fig. 6. We 
observe that the proposed TSS algorithm still works well even if the number of snap-
shots is one. In this case, the successive ESPRIT algorithm, the successive propagator 
method and the proposed TCR algorithm, which more or less depend on the calcula-
tion of covariance matrix, have lost the ability of parameter estimation when L < P . This 
shows the advantage of the proposed TSS algorithm by fully capturing the tensor nature 
for multiple parameter estimation in FDA-MIMO radar.

Next, we investigate the relationship between RMSE and the number of snapshots 
for different algorithms. The simulation conditions are identical with that of the above 
experiment except that SNR = 0 dB and the number of snapshots ranges from 1 to 29. 
The performance comparison of the angle, range and polarization parameters among 
the four algorithms is shown in Fig.  7. It is revealed that with the increase in the 

Fig. 6 RMSE versus SNR for range, angle and polarization estimation with a single snapshot. M = 6 , 
N = 6 , P = 3 , L = 1 and 100 independent trials. (θ , r) = (40◦ , 4 km), (−30◦ , 2 km), (10◦ , 5 km) and 
(γ , η) = (π/10,π/5)(π/5, 3π/5)(π/4, 2π/5)
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number of snapshots, the estimation accuracies of the four algorithms is improved. 
Also, when the number of snapshots is relatively small, the estimation accuracies of 
both the proposed TSS and TCR algorithms are higher than the successive ESPRIT 
algorithm and the successive propagator method. The TSS algorithm owns the high-
est accuracy among the four methods since it directly achieves the signal subspace 
from the fourth-order covariance tensor.

From the above several experiments we can observe that, by stacking the original 
multidimensional data into highly structured matrices may bring error accumula-
tion and degrade the performance of multi-parameter estimation, especially when the 
number of snapshots is small. The proposed Tucker tensor decomposition based algo-
rithms can utilize the inherent multidimensional structure characteristics in polari-
metric FDA-MIMO radar, and have little damage to the original data structure. The 
TSS algorithm can better fit for the signal subspace estimation of multiple parameters 
in FDA-MIMO radar, so it can locate targets more accurately.

Moreover, we compare the running time of the TCR, TSS, successive ESPRIT 
and successive propagator method under two different array configurations: 
M = 6,N = 6 , and M = 30,N = 30 . Other simulation conditions are the same as 
those in the second experiment. From Table  1 we observe that when M and N are 

Fig. 7 RMSE versus snapshot for range, angle and polarization estimation using different methods. M = 6 , 
N = 6 , P = 3 , SNR =0 dB and 100 independent trials. (θ , r) = (40◦ , 4 km), (−30◦ , 2 km), (10◦ , 5 km) and 
(γ , η) = (π/10,π/5)(π/5, 3π/5)(π/4, 2π/5)
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relatively small, the TCR algorithm has slightly larger running time than the other 
three algorithms, the TSS and successive ESPRIT algorithms own similar and mediate 

running time, and the successive propagator method has the smallest running time. 
When M and N become large, the running time of the TCR algorithm significantly 
increases and is larger than the other three algorithms. The successive propagator 
method has the smallest running time but the lowest estimation accuracy. The TSS 
algorithm has a little larger running time than the successive propagator method but 
smaller running time than the TCR and successive ESPRIT algorithms. As a whole, 
the TSS algorithm can bring mediate complexity and higher estimation accuracy 
compared to the other methods.

Finally, we examine the estimates of range and angle when there are P = 2 closely 
spaced targets. Assume that M = 12 , N = 12 , SNR = 20dB and L = 100 . The two targets 
are diversely polarized with polarization parameters (γ , η) = (π/10,π/5)(2π/5, 2π/5) . 
Also, the two targets have the same range and close angles (θ , r) = (0◦, 5 km)(2◦, 5 km) . 
The estimation result of 100 Monte Carlo trials for range and angle estimation is shown 
in Fig.  8. It indicates that the proposed TSS and TCR algorithms can distinguish two 
targets having the same range and the close angles. Polarimetric FDA-MIMO radar can 
sense additional polarization information to improve target identification capability. By 
the use of polarization diversity in FDA-MIMO radar receiver, the angles and ranges of 
multiple closely spaced targets can be effectively identified with high-resolution.

Discussion: From the above experiment results, it is also note that there is still further 
improvement in accuracy to get closer to the CRB. For instance, based on the presented 

Table 1 Running time comparison

Method
Running time (s) Array element

M = 6, N = 6M = 30, N = 30

TSS 0.2485915 3.459104
TCR 0.2673565 30.266638

successive ESPRIT 0.2419532 13.655026
successive propagator method 0.2280509 1.994791

Fig. 8 The range and angle estimation result when there are two closely spaced targets with same 
range and close angles. M = 12 , N = 12 , P = 2 , SNR = 20 dB, L = 100 and 100 independent trials. 
(θ , r) = (0◦ , 5 km)(2◦ , 5 km) , (γ , η) = (π/10,π/5)(2π/5, 2π/5)
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Tucker tensor model of polarimetric FDA-MIMO radar, some effective noise suppres-
sion approach such as Tensor completion can be investigated, which we will conduct an 
in-depth research in future work.

5  Conclusion
In this article, we estimate range, angle and polarization parameters in polarimetric 
FDA-MIMO radar based on Tucker tensor decomposition. The three-order tensor sig-
nal model is constructed, and two tensor-based algorithms are, respectively, presented 
using the fourth-order covariance tensor decomposition. The complexity analysis and 
CRB for range, angle and polarizations are also provided. The proposed algorithms can 
effectively estimate the range-angle-polarization parameters with proper pairing. The 
tensor-based algorithms improve the performance compared with the matrix-based 
methods, especially under a small number of snapshots. This improvement results from 
the inherent multidimensional structure of FDA-MIMO radar data that is well reserved, 
which enables us to effectively reduce the accumulate error. In addition, by the use of the 
polarimetric FDA-MIMO radar that can sense additional polarization information, two 
targets with identical range and close angles can be effectively distinguished.
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