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Blind channel identification techniques based on second-order statistics (SOS) of the received data have been a topic of active
research in recent years. Among the most popular is the subspace method (SS) proposed by Moulines et al. (1995). It has good
performance when the channel output is corrupted by white noise. However, when the channel noise is correlated and unknown
as is often encountered in practice, the performance of the SS method degrades severely. In this paper, we address the problem of
estimating FIR channels in the presence of arbitrarily correlated noise whose covariance matrix is unknown. We propose several
algorithms according to the different available system resources: (1) when only one receiving antenna is available, by upsampling
the output, we develop the maximum a posteriori (MAP) algorithm for which a simple criterion is obtained and an efficient
implementation algorithm is developed; (2) when two receiving antennae are available, by upsampling both the outputs and
utilizing canonical correlation decomposition (CCD) to obtain the subspaces, we present two algorithms (CCD-SS and CCD-ML)
to blindly estimate the channels. Our algorithms perform well in unknown noise environment and outperform existing methods
proposed for similar scenarios.
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1. INTRODUCTION

Channel distortion remains one of the hurdles in high-
fidelity data communications because the performance of a
digital communication system is invariably affected by the
characteristics of the channel over which the signals are
transmitted as well as by additive noise. The effects of the
channel oftenmanifest themselves as distortions to the trans-
mitted signals in the form of intersymbol interference (ISI),
cross-talks, fading, and so forth [2].Mitigation of such effects
is often carried out by filtering, channel equalization, and ap-
propriate signal designs for which a proper knowledge of the
channel characteristics is required. Thus, channel estimation
is a very important process in digital communications. Tra-
ditionally, channel estimation is carried out by observing the
received pilot signals sent over the channel and various al-
gorithms for identifying the channel have been developed
based on the transmission of pilot signals [3–5]. However,
the insertion of pilot signals often means a decrease of band-
width efficiency, and the resulting limitation of effective data
throughput [6] may be a substantial penalty in performance.
Thus, blind identification of the channel could be helpful.

Since the pioneering work of Tong et al. [7], a number of
blind channel estimation algorithms based on second-order
statistics (SOS) have been proposed. A popular method is the
subspace (SS) method [1] which performs well in a white
noise environment. However, in practice, this method de-
grades seriously because the “white noise” assumption is sel-
dom satisfied in reality. In addition, cochannel interference
often modeled as noise is generally nonwhite and unknown
[8]. For practical applications therefore, channel estimation
algorithms capable of dealing with arbitrary noise are neces-
sary.

It is proposed in [9] that the noise covariance matrix be
iteratively estimated by trying to fit it into an assumed special
band-Toeplitz structure, and then be subtracted from the re-
ceived data covariance so that the SS method can be applied.
The estimation of the noise in this way may suffer from being
subjective. Thus, algorithms which obviate noise estimation
may be more desirable. A modified subspace (MSS) method
was proposed in [10] transmitting two adjacent nonoverlap-
ping signal sequences. Due to the channel response, the re-
ceived signal vectors will overlap. By making use of the fact
that the noise in the received signal vectors is uncorrelated,
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the SS method can then be applied. However, this algorithm
depends on the signal property, and severe restrictions on
the length of the transmitted signal sequences may have to
be imposed for the method to be applicable. More recently, a
semiblindML estimator of single-input multiple-output flat-
fading channels in spatially correlated noise is proposed in
[11]. On the other hand, applying the EM algorithm to eval-
uate ML, the channel coefficients and the spatial noise co-
variance can be computed [12], and this estimator is also
proposed for estimating space-time fading channels under
unknown spatially correlated noise.

In this paper, based on SOS, we consider different sys-
tem models having unknown correlated noise environments
and accordingly develop different algorithms for the estima-
tion of the channel. Natural and man-made noise in wireless
communications can occur as both temporally and spatially
correlated. These include electromagnetic pickup of radiat-
ing signals, switching transients, atmospheric disturbances,
extra-terrestrial radiation, internal circuit noise, and so forth.
If only one transmitter antenna and one receiver antenna
are available in the communication system, we only have to
deal with temporally correlated noise, and for this case, we
develop the maximum a posteriori (MAP) criterion utiliz-
ing Jeffreys’ Principle. On the other hand, if two (or more)
receiving antennae are available (such as in the case of a
base station), we may encounter noise which is both tem-
porally and spatially correlated. However, since spatial corre-
lation of noise is negligible when the two receiving antennae
are separated by more than a few wavelengths of the trans-
mission carrier [13], a condition not hard to satisfy in the
case of a base station, therefore, we assume in this paper,
that the noise vectors from the two antennae are uncorre-
lated while the temporal correlation of the individual noise
vector still maintains. For this case, we employ the canon-
ical correlation decomposition (CCD) [14, 15] for identify-
ing the subspaces and forming the corresponding projec-
tors, and develop a subspace-based algorithm (CCD-SS) and
a maximum likelihood-based algorithm (CCD-ML) for the
estimation of the channel. Computer simulations show that
all these methods achieve superior performance to the MSS
method under different signal-to-noise ratio (SNR).

2. SYSTEMMODEL AND SUBSPACE CHANNEL
ESTIMATION

2.1. Systemmodel

The output of a linear time-invariant complex channel can
be represented in baseband as

r(t) =
+∞∑

k=0
s(k)h(t − kT) + η(t), (1)

where T is the symbol period, {s(k)} is the sequence of com-
plex symbols transmitted, h(t) is the complex impulse re-
sponse of the channel, and η(t) is the additive complex noise
process independent of {s(k)}. Since most channels have im-
pulse responses approximately finite in time support, we can

assume that h(t) = 0 for t /∈ [0,LT], where L > 0 is an
integer, that is, we consider FIR channels with maximum
channel order L. Let the received signal r(t) be upsampled
by a positive integerM. Then, the upsampled received signal
r(t0 +mT/M) can be divided intoM subsequences such that

rm(n) =
L∑

�=0
hm(�)s(n− �) + ηm(n), m = 1, 2, . . . ,M,

(2)

where rm(n) = r(t0 + nT + (m − 1)T/M), hm(n) = h(t0 +
nT + (m − 1)T/M), ηm(n) = η(t0 + nT + (m − 1)T/M),
m = 1, 2, . . . ,M. Clearly, theseM subsequences can be conve-
niently viewed as outputs of M discrete FIR channels with a
common input sequence {s(n)}. At time instant n, the up-
sampled received signal can now be represented in vector
form at the symbol rate as

ro(n) =
L∑

�=0
h(�)s(n− �) + ηo(n) = Hoso(n) + ηo(n), (3)

where

so(n) =
[
s(n) · · · s(n− L)

]T
,

ro(n) =
[
r1(n) · · · rM(n)

]T
,

ηo(n) =
[
η1(n) · · ·ηM(n)

]T
,

(4)

Ho =
[
h(0)h(1) · · ·h(L)] (5)

with h(�) = [h1(�) · · ·hM(�)]T . Assume the channel is in-
variant during the time period of K symbols, then the re-
ceivedMK × 1 signal vector can be represented as

r(n) = [
rTo (nK)r

T
o (nK − 1) · · · rTo (nK − K + 1)

]T

= Hs(n) + η(n),
(6)

where s(n) = [s(nK)s(nK − 1) · · · s(nK − K − L + 1)]T

is the transmitted signal vector, η(n) = [ηTo (nK)η
T
o (nK −

1) · · ·ηTo (nK − K + 1)]T is the noise vector, and H is the
MK × (K + L) channel matrix which has a block Toeplitz
structure such that

H =

⎡
⎢⎢⎢⎣

h(0) · · · h(L) · · · 0

...
. . .

. . .
...

0 · · · h(0) · · · h(L)

⎤
⎥⎥⎥⎦ (7)

with 0 being theM dimensional null vector.

2.2. Subspace channel estimation

Let the covariance matrix of the received signal vector r of
(6) be denoted by Σr , that is,

Σr = E
{
r(n)rH(n)

} = HΣsHH + Ση, (8)

where Σs = E{s(n)sH(n)} and Ση = E{η(n)ηH(n)} are the
covariance matrices of the transmitted signal and the noise,
respectively. The following assumptions are usually made for
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the channel to be identifiable using SS method:

(1) the channel matrixH is of full column rank, that is, the
subchannels share no common zeros;

(2) the signal covariance matrix Σs is of full rank;
(3) the noise process is uncorrelated with the signal;
(4) the channel order L is known or has been correctly es-

timated;
(5) the noise process is complex and white, that is, Ση =

E{η(n1)ηH(n2)} = σ2η Iδn1n2 , where σ
2
η is the noise vari-

ance and δn1n2 is the Kronecker delta.

Applying eigendecomposition (ED) on Σr , we have

Σr = UΛUH = UsΛsUH
s +UηΛηUH

η , (9)

where Λ = diag(λ1, . . . , λMK ) with λ1 ≥ · · · ≥ λK+L >
λK+L+1 = · · · = λMK = σ2η being the eigenvalues of Σr .
Since Σr is Hermitian and positive definite, its eigenvalues are
real and positive and its eigenvectors are orthonormal. The
columns of Us and Uη are the eigenvectors corresponding
to the largest K + L eigenvalues and to the remaining eigen-
values, respectively. Thus, the noise subspace spanned by the
columns of Uη is orthogonal to the signal subspace spanned
by the columns of the channel matrix H.

In practice, we can only estimate the covariance matrix
Σr by observing N received signal vectors of (6) such that
Σ̂r = (1/N)

∑N
n=1 r(n)rH(n) so that the estimated noise sub-

space Ûη can be obtained by replacing Σr by Σ̂r in (9). Since

Σ̂r is still Hermitian and positive definite, its eigenvalues are
still real and positive and its eigenvectors are still orthonor-
mal. However, the MK − (K + L) smallest eigenvalues are
no longer equal. Also since the noise subspace is estimated,
therefore it will not be truly orthogonal to the true signal sub-
space spanned by the columns of the channel matrix. Hence,
we should search for the subspace that is closest to being or-
thogonal to the estimated noise subspace, that is,

min
∥∥ÛH

η H
∥∥2
F ,

s.t. ‖h‖2 = 1,
(10)

where

h = [
hH(0)hH(1) · · ·hH(L)]H (11)

is the channel coefficient vector to be estimated. For the use
of (10) to estimate the channel, we need the following theo-
rem [1].

Theorem 1. Let H⊥ = span{Uη} be the orthogonal comple-
ment of the column space of H. For any h and its correspond-

ing estimate ĥ satisfying the identifiable condition that the sub-

channels are coprime, H⊥ = Ĥ⊥ if and only if h = αĥ, where
Ĥ⊥ = span{Ûη} is the estimated orthogonal complement of the
channel matrixH.

According to Theorem 1, h can be obtained up to a con-
stant of proportionality. Due to the specific block Toeplitz
structure of the channel matrix, we can carry out the channel

estimation of (10) using a more convenient objective func-
tion such that

ĥ = arg min
‖h‖2=1

hH
(MK−(K+L)∑

j=1
Û jÛ

H
j

)
h (12)

fromwhich ĥ can be obtained as the eigenvector correspond-

ing to the smallest eigenvalue of (
∑MK−(K+L)

j=1 Û jÛ
H
j ). Here in

(12), Û j is constructed from the jth column of Ûη according
to the following lemma [1].

Lemma 1. Suppose that v = [v1 · · · vMK ]T is in the orthog-
onal complement subspace of H, then
⎡
⎢⎣ v∗1 , . . . , v

∗
M︸ ︷︷ ︸

vH1

... · · · ... v∗(K−1)M+1, . . . , v
∗
MK︸ ︷︷ ︸

vHK

⎤
⎥⎦

×

⎡
⎢⎢⎣

h(0) · · · h(L)
. . .

. . .
h(0) · · · h(L)

⎤
⎥⎥⎦ = 0

=⇒
[
hH(0) · · · hH(L)

]
⎡
⎢⎢⎣

v1 · · · vK
. . .

. . .
v1 · · · vK

⎤
⎥⎥⎦

= hHVK = 0,

(13)

where vm is the mth subvector of v and VK is of dimension
M(L + 1)× (K + L).

Lemma 1 can be easily proved by showing that the results
of multiplying out the matrices in the two equations are the
same. The above channel estimation method employing (12)
is referred to as the subspace (SS) method.

3. CHANNEL ESTIMATION IN UNKNOWNNOISE

Assumptions (1) to (3) for the SSmethod in the previous sec-
tion are at least approximately valid in practice. For assump-
tion (4) (known channel order), there are various research
work that have addressed the issue in different ways [16–19].
Assumption (5) on white noise, however, is often violated in
many applications as mentioned in Section 1, resulting in se-
vere deterioration in the performance of the method. An al-
gorithm, designated modified subspace (MSS) method which
is based on the above SS, has been proposed [10]. However,
this MSS algorithm depends on the signal property, and re-
strictions on the length of the transmitted signal block have
to be imposed for the method to be applicable. To address
the problem of Assumption (5), in this section, we exam-
ine the situation when noise is temporally correlated and
unknown, and develop various effective algorithms to esti-
mate the channel. The algorithms are developed under differ-
ent considerations of the receiver resources. Specifically, they
are developed according to the number of receiver antennas
available. To facilitate our algorithms so that the channel es-
timates can be obtained more directly, we will make use of
the following results in matrix algebra.
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Channel matrix transformation

It has been shown in detail [20] that a highly structured ma-
trix Gη, the columns of which span the orthogonal comple-
ment of a special Sylvester channel matrix, can be obtained
using an efficient recursive algorithm. This Sylvester channel
matrix, denoted by H̃ in turn, has a structure which is the
row-permuted form of the block Toeplitz channel matrix H
shown in (7), that is,

H̃ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

h1(0) · · · h1(L)
. . .

. . .
h1(0) · · · h1(L)

h2(0) · · · h2(L)
. . .

. . .
h2(0) · · · h2(L)

...
...

...
...

...
hM(0) · · · hM(L)

. . .
. . .

hM(0) · · · hM(L)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

H(1)

H(2)
...

H(M)

⎤
⎥⎥⎥⎥⎦
= ΠH,

(14)

where Π is a proper row-permutation matrix, and

H(m) =

⎡
⎢⎢⎣

hm(0) · · · hm(L)
. . .

. . .
hm(0) · · · hm(L)

⎤
⎥⎥⎦ (15)

with {hm(�), m = 1, . . . ,M} being the elements of the (� +
1)th column vector of Ho in (5). H(m) is of dimension K ×
(K + L) for m = 1, 2, . . . ,M. Delete the last L rows and L
columns of H(m), and denote the truncated matrix by H(m)

which has the dimension of (K − L) × K , then we can form
the matrix GH

η,m such that [20]

GH
η,m

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

GH
η,m−1 0

−H(m) 0 0 0 H(1)

−H(m) 0 0 H(2)

. . .
...

−H(m) H(m−1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

[((m−1)m/2)(K−L)]×[mK]

(16)

with m = 2, . . . ,M being the index of the subchannels.
(Form = 2,we have GH

η,2 = [−H(2) H(1)].) Specifically, for
the channel model withM subchannels (m =M), we denote
Gη,M by Gη which has the following desirable properties use-
ful to our channel estimation algorithms.

Properties ofGη

(1) We note that Gη is of dimension MK × (M(M − 1)(K −
L)/2) and the orthogonal complement of the columns of H̃ is
of dimension MK − (K + L). Since the columns of Gη spans

the orthogonal complement of the columns of H̃, then we
have

GH
η H̃ = GH

η (ΠH) = (
ΠHGη

)H
H = 0. (17)

Since the (M(M − 1)(K − L)/2) columns of Gη spans the or-

thogonal complement of H̃, we must have

M(M − 1)(K − L)/2

≥MK − (K + L) or K ≥ (M + 1)
(M − 1)

L.
(18)

(2) For any vector b = [bT1 bT2 · · · bTM]T , where bm =
[bm(1) bm(2) · · · bm(K)]T , m = 1, 2, . . . ,M, the follow-
ing relation holds:

GH
η b = BM h̃, (19)

where

h̃ =
[
h̃T1 h̃T2 · · · h̃TM

]T
(20)

with h̃m = [hm(0) hm(1) · · · hm(L)]T ,m = 1, 2, . . . ,M be-
ing the vector comprising of the coefficients of the mth sub-
channel and BM is constructed from b recursively according
to

Bm =

⎡
⎢⎢⎢⎢⎢⎢⎣

Bm−1 0
B(m) −B(1)

B(m) −B(2)

. . .
...

B(m) −B(m−1)

⎤
⎥⎥⎥⎥⎥⎥⎦

(21)

with B2 = [B(2) −B(1)] and

B(m)

=

⎡
⎢⎢⎣

bm(1) bm(2) · · · bm(L + 1)
...

...
...

...
bm(K − L) bm(K − L + 1) · · · bm(K)

⎤
⎥⎥⎦

form = 1, 2, . . . ,M.

(22)

We now present our channel estimation algorithms in the
following.

3.1. Maximuma posteriori estimation

In this channel estimation algorithm which is based on the
MAP criterion, we assume that there is only one receiver an-
tenna available, and therefore the signal model is the same as
that presented in the last section. Over N snapshots, we rep-
resent received data as RN = [r(1) r(2) · · · r(N)], where
r(n),n = 1, 2, . . . ,N , are the N snapshots of the received data
vectors defined in (6). If the noise is Gaussian distributed
with zero mean and unknown covariance Ση, then the con-
ditional probability density function (PDF) of the received
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signal over N snapshots is

p
(
RN | h,Σ−1η , s(n)

)

= π−MKN
(
detΣ−1η

)N

× exp

(
−

N∑

n=1

[
r(n)−Hs(n)

]H
Σ−1η

[
r(n)−Hs(n)

]
)
.

(23)

If we define the estimate of the noise covariance matrix as

Σ̂η = 1
N

N∑

n=1

[
r(n)−Hs(n)

][
r(n)−Hs(n)

]H
, (24)

then (23) can be rewritten as

p
(
RN | h,Σ−1η

) = π−MKN
(
detΣ−1η

)N
etr

{− Σ−1η
(
NΣ̂η

)}
,

(25)

where etr(·) denotes exp[tr{·}]. Applying Bayes’ rule, that is,
p
(
h,Σ−1η | RN

) = p
(
RN | h,Σ−1η

)
p
(
h,Σ−1η

)
/p
(
RN

)
(26)

to (25) and noting that p(RN ) is independent of h and Ση,
we arrive at the a posteriori PDF containing only the channel
coefficients by integrating p(h,Σ−1η | RN ) with respect to Σ−1η
to obtain the marginal density function, that is,

p
(
h | RN

)∝ p(h)
∫∞

−∞
p
(
RN | h,Σ−1η

)
p
(
Σ−1η | h)dΣ−1η

(27a)

∝
∫∞

−∞
p
(
RN | h,Σ−1η

)
p
(
Σ−1η | h)dΣ−1η , (27b)

where, to arrive at (27b), we have assumed that all the chan-
nel coefficients are equally likely within the range of distri-
bution. To evaluate the integral in (27b), we must obtain an
expression for p(Σ−1η | h). Now, Ση is the covariance matrix
of the noise and since we assume that we know nothing about
the noise, we choose a noninformative a priori PDF [21]. Jef-
freys [22] derived a general principle to obtain the noninfor-
mative a priori PDF such that: the priori distribution of a set
of parameters is taken to be proportional to the square root of
the determinant of the information matrix. Applying Jeffreys’
principle, the noninformative a priori PDF of the noise co-
variance matrix can be written as [23]

p
(
Σ−1η | h) ∝

{
det

(
Σ−1η

)}−MK
. (28)

Substituting (28) into (27b), the a posteriori PDF becomes

p
(
h | RN

)∝ {
det

(
NΣ̂η

)}−N
∫∞

−∞

{
det

(
NΣ̂η

)}N

× {
det

(
Σ−1η

)}N−MK
etr

{− Σ−1η NΣ̂η
}
dΣ−1η .

(29)

The integrand in (29) can be recognized as the complex
Wishart distribution [24] with the role of Σ−1η and NΣ̂η re-
versed, and hence the integral is a constant. Therefore,

p
(
h | RN

)∝ {
det

(
Σ̂η
)}−N

. (30)

To arrive at a MAP estimate of the channel using (30),
we need to relate Σ̂η to the channel matrix H. We can em-
ploy the ML estimate [25] of the transmitted signal ŝ(n) =
(HHΣ−1η H)−1HHΣ−1η r(n) and after substituting this for s(n)
in (24), we obtain

Σ̂η = 1
N

N∑

n=1

[
P⊥

Hr(n)
][
P ⊥

Hr(n)
]H

, (31)

where P ⊥
H = I − H(HHΣ−1η H)−1HHΣ−1η is a weighted pro-

jection matrix with the idempotent property (P ⊥
H)

2 = P ⊥
H.

Putting this value of Σ̂η into (30) and taking logarithm, the
MAP estimate of the channel coefficients can be obtained as

Ĥ = max
H

{
− log det

[
P ⊥

HΣ̂r
(
P ⊥

H

)H]}
. (32)

We note that P ⊥
H is a (nonorthogonal) projector onto the

[MK − (K + L)]-dimensional noise subspace. Since Σ̂r is
of rank MK , therefore the matrix P⊥

HΣ̂r(P
⊥
H)

H is only of
rank [MK − (K + L)], that is, its determinant equals zero.
Therefore, direct maximization of (32) (which is equiva-
lent to minimization of the determinant) becomes mean-
ingless, and we have to look for modification of the cri-
terion. Let us examine the geometric interpretation of the
MAP criterion in (32): it is well known [26] that the de-
terminant of a square matrix is equal to the product of its
eigenvalues. It is also well known [26] that the determi-
nant of the covariance matrix Σ̂r represents the square of
the volume of the parallelepiped whose edges are formed
by the MK data vectors. Now, consider the projected data
represented by (1/

√
N)P⊥

HRN = [η1 · · ·ηMK ]
H , where ηHm

is an N-dimensional projected data row vector. Since P ⊥
H

projects the MK-dimensional vector r(n) onto an [MK −
(K +L)]-dimensional hyperplane, the vectors η1 · · ·ηMK are
linearly dependent and span the hyperplane. Thus, for the
matrix P⊥

HΣ̂r(P
⊥
H)

H = [η1 · · ·ηMK ]
H[η1 · · ·ηMK ], each of

its [MK − (K +L)]-dimensional principal minor (formed by
deleting (K + L) of the corresponding rows and columns) is
equal to the square of the volume of the [MK − (K + L)]-
dimensional parallelepiped whose edges are the [MK − (K +
L)] vectors {ηm} involved in the principal minor. Now, since
the determinant of the rank deficient matrix P ⊥

HΣ̂r(P
⊥
H)

H

represents the square of the volume of a collapsed paral-
lelepiped in the [MK−(K+L)]-dimensional hyperplane and
is always equal to zero, instead of minimizing this vanishing
volume, it is reasonable then to minimize the total volume of
all the [MK − (K + L)]-dimensional parallelepipeds formed
by the [MK − (K + L)]-dimensional principal minors of the
rank deficient matrix, that is, min

∑
MK−(K+L)(

∏
λi) which is

the sum of the products of the eigenvalues takenMK−(K+L)
at a time. Since there are onlyMK − (K + L) nonzero eigen-
values, then there is only one nonzero product of eigenvalues
taken MK − (K + L) at a time. Thus, instead of maximiz-
ing (32) which will lead us to nowhere, we argue from a ge-
ometric viewpoint that it is more fruitful to maximize the
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Table 1: Computation complexity of MAP algorithm.

No. of multiplications

compute Σ̂r NM2K2

compute GH
η ΠΣ̂rΠ

HGη
M(M − 1)

2
(K − L)M2K2 +MK

[
M(M − 1)

2
(K − L)

]2

compute
(
GH

η ΠΣ̂rΠ
HGη

)†
O
{[

M(M − 1)
2

(K − L)
]3}

compute
∑MK

i=1 V
H
i

(
GH

η ΠΣ̂rΠ
HGη

)†
W i MK

[
M(L + 1)

M2(M − 1)2

4
(K − L)2 +M2(L + 1)2

M(M − 1)
2

(K − L)
]

compute SVD
(∑MK

i=1 V
H
i

(
GH

η ΠΣ̂rΠ
HGη

)†
W i

)
O
{
M3(L + 1)3

}

Total Sum of the rows

following criterion:

Ĥ=max
H

{
−log

(MK−(K+L)∏

i=1
λ̂i

)}
, λ̂1≥· · ·≥ λ̂MK−(K+L),

(33)

with λ̂i, i = 1, 2, . . . ,MK − (K + L) being the nonzero eigen-
values of P⊥

HΣ̂r(P
⊥
H)

H . (A different approach [23] using an
orthonormal basis of P ⊥

H can be taken to develop (33) from
(32)). Following the same mathematical manipulation as in
[23], (33) can be written as

Ĥ ≈ max
H

{
− tr

[
P⊥

H

(
log Σ̂r

)]}
, (34)

where the logarithm of a positive definite matrix A is defined
such that if A can be eigendecomposed as A = VaΛaVH

a , then
logA = Va(logΛa)VH

a and the logarithm of a diagonal ma-
trix is the matrix with the diagonal entries being the loga-
rithm of the original entries [23].

Equation (34) is our MAP estimate of the channel coef-
ficients under unknown correlated noise. However, it is not
very convenient to use since P ⊥

H is an implicit function of h.
We overcome this difficulty by applying the result of channel
matrix transformation [20] as summarized in the beginning
of this section. By permuting the rows of the channel matrix
H usingΠ, we obtain the Sylvester form H̃ of the channel ma-
trix from which we recursively generate the matrix Gη. Now,
from (17), we have

I−H
(
HHH

)−1
HH = ΠHGη

(
GH

η ΠΠHGη
)†
GH

η Π, (35)

where, because of the relation of (18), the pseudoinverse, de-
noted by †, of the matrix (GH

η ΠΠHGη) has to be used. Com-
bining the projection matrix P ⊥

H and (35), we obtain

P⊥
H = ΣηΠ

HGη
(
GH

η ΠΣηΠ
HGη

)†
GH

η Π. (36)

Thus, the MAP criterion in (34) can now be written as

Ĥ≈max
H

{
−tr

[(
GH

η ΠΣη
)H(

GH
η ΠΣηΠ

HGη
)†
GH

η Π
(
log Σ̂r

)]}

≈max
H

{
−tr

[(
GH

η ΠΣ̂r
)H(

GH
η ΠΣ̂rΠ

HGη
)†
GH

η Π
(
log Σ̂r

)]}
,

(37)

where in the second step, we have used the facts that
(ΠHGη)HH = 0 and thus Σr can be substituted for Ση, and

that as N increases, Σ̂r → Σr . Now, let vi denote the ith col-
umn ofΠΣ̂r and wi denote the ith column ofΠ(log Σ̂r), then

using Property (2) of Gη in (19) such that GH
η vi = V ih̃ and

GH
η wi =W ih̃ withV i andW i constructed from vi and wi re-

spectively as indicated in (21), then the channel coefficients
can be estimated as

ĥ = arg min
‖h̃‖2=1

h̃H
(MK∑

i=1
VH

i

(
GH

η ΠΣ̂rΠ
HGη

)†
W i

)
h̃. (38)

We can see that the estimated channel vector h̃ from (38)
is a permuted version of the channel vector defined in (11).
(GH

η ΠΣ̂rΠ
HGη)† in (38) is a weighting matrix which has

the unknown channel coefficients. The IQML [27] algorithm
can now be applied to solve this optimization problem. The
computation complexity for each iteration of the MAP algo-
rithm using IQML is summarized in Table 1. It can be ob-
served that the computation is dominated by the calculation
of
∑MK

i=1 V
H
i (G

H
η ΠΣ̂rΠ

HGη)†W i. When the number of itera-
tion is small (which is the case according to the simulation
results), the computation complexity is of the same order as
that summarized in Table 1.

3.2. Channel estimation using canonical
correlation decomposition

For the MAP algorithm, only one set of received data from
the transmitted signals is needed. However, if two versions
of the same set of transmitted signals can be received at dif-
ferent points in space by applying two sufficiently separated
receiver antennae (as may be in the case of a base station),
channel estimation algorithms with better performance may
be developed. Here, we develop two algorithms based on the
CCD of two sets of received data.

Consider a receiver activated by the same transmitted sig-
nal having two antennae the outputs of which are upsampled
by factors M1 and M2, respectively. For mathematical con-
venience, we assume the order of the two channels linking
the transmitter to the two receiver antennae to be the same.
Then, similar to (6), the two outputs from the antennae over
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K symbols can be represented as

r1(n) = H1s(n) + η1(n); r2(n) = H2s(n) + η2(n). (39)

Let the two antennae be sufficiently separated so that the
noise vectors are uncorrelated, that is, E{η1(n)ηH2 (n)} = 0
and E{η2(n)ηH1 (n)} = 0, and we allow the covariance matrix
of η1(n) and η2(n) to be arbitrary and unknown. We now
stack the two received vectors to form vector r, the covari-
ance matrix of which is given by

Σ = E

{[
r1
r2

][
rH1 rH2

]}
=
[
Σ11 Σ12

Σ21 Σ22

]
, (40)

where the submatrices Σi j are given by Σii = HiRsHH
i + Σiη,

i = 1, 2, and Σ12 = H1RsHH
2 = ΣH

21. (40) can be employed
in different ways to estimate the channel in the presence of
correlated noise. The modified subspace method (MSS) [10]
mentioned in Section 1, for example, uses received signal
vectors r1 and r2 in consecutive time slots and employed their
cross-correlation matrix to estimate the channel taking ad-
vantage of the zero noise correlation term. In doing so, some
arbitrarily restrictive assumptions of the signals have to be
made. This method generally achieves higher accuracy in the
channel estimate than the simple SS method.

3.2.1. CCD-based subspace algorithm

We now introduce the matrix product (Σ−1/211 Σ12Σ
−1/2
22 ) on

which a singular value decomposition (SVD) [28] can be
performed such that

Σ−1/211 Σ12Σ
−1/2
22 = U1Γ0UH

2 , (41)

where U1 and U2 are of dimensionM1K ×M1K andM2K ×
M2K , respectively, and Γ0 is of dimensionM1K×M2K , given
by

Γ0 =
[
Γ 0
0 0

]
(42)

with Γ = diag(γ1, . . . , γK+L), and γk, k = 1, . . . ,K + L are
real and positive such that γ1 ≥ γ2 ≥ · · · ≥ γK+L > 0.
Equation (41) is referred to as the CCD of the matrix Σ, and
{γ1, . . . , γK+L} are called the canonical correlation coefficients
[29, 30]. Now, for i = 1, 2, define the canonical vector matri-
ces and the reciprocal canonical vector matrices corresponding
to the data ri as

Zi � Σ−1/2ii Ui, Yi � Σ1/2
ii Ui. (43)

CCD attempts to characterize the correlation structure be-
tween two sets of variables r1 and r2 by replacing them with
two new sets using the transformations Zi and Yi. It has
been shown [30] that such transformations render the new
sets to attain maximum correlation between corresponding
elements while maintaining zero correlations between non-
corresponding elements. While such properties separate the
signal and noise subspaces, they fully exploit the correlation

between the two versions of the transmitted signal. Now, par-
tition Zi and Yi, i = 1, 2, such that

Zi =
[
Zis | Ziη

] = [
Σ−1/2ii Uis | Σ−1/2ii Uiη

]
,

Yi =
[
Yis | Yiη

] = [
Σ1/2
ii Uis | Σ1/2

ii Uiη
]
,

(44)

where Zis and Ziη, Yis and Yiη, Uis and Uiη are the first K + L
columns and the last MiK − (K + L) columns of Zi, Yi, and
Ui, respectively. Then, the following relations hold [29, 30]:

span
{
Yis

} = span
{
Hi
}
, span

{
Ziη

} = span
{
Hi
}
, i = 1, 2,

(45)

where span{Hi} denotes the orthogonal complement of
span{Hi}. We can see that, in the presence of correlated
noise, by applying CCD, the signal and noise subspaces can
be partitioned according to the column spaces of Yis and Ziη,
respectively.

From (45), we can conclude that

ZH
iηHi = 0. (46)

As usual in practice, we can only estimate the covariance
matrix Σ of r in (40) such that

Σ̂ = 1
N

N∑

n=1

[
r1(n)

r2(n)

][
rH1 (n) rH2 (n)

]
=
[
Σ̂11 Σ̂12

Σ̂21 Σ̂22

]
, (47)

and all the parameter matrices obtained from this are esti-
mates, that is, we apply CCD on Σ̂ to obtain Ûi, Ẑi, and Ŷi,
accordingly. Using the estimate Ẑiη, we can employ a tech-
nique similar to the SSmethod in white noise by applying the
concept in (46) to obtain the channel coefficient estimates up
to a constant of proportionality such that

ĥi = arg min
‖hi‖2=1

hHi

(MiK−(K+L)∑

j=1
Ẑ jẐ

H

j

)
hi, (48)

where Ẑ j is constructed from the jth column of Ẑiη in a sim-

ilar way as (13) in Lemma 1. Again, the channel estimate ĥi
can be obtained from (48) as the eigenvector correspond-

ing to the smallest eigenvalue of (
∑MiK−(K+L)

j=1 Ẑ jẐ
H

j ). This
method is referred to as the “CCD-based subspace” method.

The main computation complexity involved in the CCD-
SS method is summarized in Table 2.

3.2.2. CCD-basedmaximum likelihood algorithm (CCD-ML)

Maximum likelihood (ML) is one of the most powerful
methods in parameter estimation. Because of its superior
performance, it is also widely used as a criterion in chan-
nel estimation when the channel noise can be assumed Gaus-
sian distributed and white. This assumption makes the con-
centration of the log-likelihood function from the nuisance
parameters possible and results in the reduction of the di-
mension of the parameter space and thus the computational
burden. However, when the noise covariance matrix is un-
known as is the focus of this paper, theML estimation cannot
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Table 2: Computation complexity of CCD-SS algorithm.

No. of multiplications

computation of Σ̂ N(M1 +M2)2K2

computation of Σ−1/211 M3
1K

3

computation of Σ−1/222 M3
2K

3

computation of Σ−1/211 Σ12Σ
−1/2
22 M2

1M2K3 +M1M
2
2K

3

computation of SVD
(
Σ−1/211 Σ12Σ

−1/2
22

)
O
{
min

(
M3

1K
3,M3

2K
3
)}

computation of Ziη M2
i K

2
[
MiK − (K + L)

]

computation of
∑MiK−(K+L)

j=1 Ẑ jẐ
H

j

[
MiK − (K + L)

]
M2

i (L + 1)2(K + L)

computation of ED
(∑MiK−(K+L)

j=1 Ẑ jẐ
H

j

)
O
{
M3

i (L + 1)3
}

Total Sum of the rows

be applied directly. However, we can approach the problem
in a different way by examining the asymptotic projection
error between the signal subspace and the noise subspace
and from the statistical properties of this, we can establish
a log-likelihood function from which an ML estimation of
the channel can be obtained.

Let us first construct the two eigenprojectorsP is andP iη

associated, respectively, with the subspace spanned by {zik},
k = 1, 2, . . . ,K + L, and {zi j}, j = K + L + 1, . . . ,MiK , which
correspondingly are the first K +L and the last (Mi−1)K −L
columns of Zi,

P is =
K+L∑

k=1
zikzHikΣii = ZisZH

is Σii = ZisYH
is (49a)

P iη =
MK∑

j=K+L+1
zi jzHi jΣii = ZiηZH

iηΣii = ZiηYH
iη , (49b)

where the last steps of (49a) and (49b) are arrived at directly
from the definitions of Zi and Yi in (43). It can be easily ver-
ified that P is and P iη are both idempotent and are, there-
fore, valid projectors. Due to the span of the columns of Yis

and Ziη, we can see that PH
is and P iη project onto the signal

and the noise subspaces, respectively. Let us now consider the
columns of the matrix product ŶH

is Ziη, where Ŷis is obtained

using the estimate of the covariance matrix Σ̂ in (47). Denot-
ing the vector obtained by stacking the column of a matrix
by vec(·), we have

vec
(
ŶH
is Ziη

)  vec
(
YH
is ẐisŶH

is Ziη
)

(50a)

= (
I⊗ YH

is

)
vec

(
ẐisŶH

is Ziη
)

(50b)

= (
I⊗ YH

is

)
vec

(
P̂ isZiη

)
, (50c)

where (50a) holds asymptotically as Ŷis → Yis, also from
vec(ABC) = (CT ⊗ A) vec(B) with C being the identity ma-
trix I of dimension [MiK − (K + L)] × [MiK − (K + L)],
(50b) also holds, and finally, (50c) comes directly from the
estimated form of the signal space projectorP is in (49a). We
now invoke the following important result [29].

Theorem 2. If Xiη ⊆ span(Hi), then the random vectors

vec(P̂ isXiη), i = 1, 2, are asymptotically complex Gaussian

with zero mean and covariance matrix

E
[
vec

(
P̂ isXiη

)
vecH

(
P̂ isXiη

)]

= 1
N

[
XH
iηΣiiXiη

]T ⊗ [
ZisΓ

−1ZH
is ΣiiZisΓ

−1ZH
is

]
,

(51)

where the index i denotes the complement of i such that i = 2 if
i = 1, and i = 1 if i = 2.

Applying Theorem 2 to (50), we can conclude that
vec{ŶH

is Ziη} is also asymptotically Gaussian with zero mean
and its covariance matrix (after some algebraic simplifica-
tions) given by

E
[
vec

(
ŶH
is Ziη

)
vecH

(
ŶH
is Ziη

)]

= 1
N

(
ZH
iηΣiiZiη

)T ⊗ (
Γ−1ZH

is ΣiiZisΓ
−1).

(52)

With this Gaussian distribution, the log-likelihood function
of vec(ŶH

is Ziη) can be written as

Lccd ∝− log det
{(
ZH
iηΣiiZiη

)T ⊗ (
Γ−1ZH

is ΣiiZisΓ
−1)}

−Ntr
{[(

ZH
iηΣiiZiη

)T ⊗ (
Γ−1ZH

is ΣiiZisΓ
−1)]−1

× vec
(
ŶH
is Ziη

)
vecH

(
ŶH
is Ziη

)}
.

(53)

For large sample sizeN , the first term of this likelihood func-
tion can be omitted and, carrying further simplifications, we
have

Lccd ≈ −Ntr
{
vecH

(
ŶH
is Ziη

)

× [(
ZT
iηΣ

T
iiZ

∗
iη

)−1 ⊗ (
Γ−1ZH

is ΣiiZisΓ
−1)−1]

× vec
(
ŶH
is Ziη

)}

(54a)

∝ −tr{ vecH I · vec ([Ŷis
(
Γ−1ZH

is ΣiiZisΓ
−1)−1ŶH

is

]

× [
Ziη

(
ZH
iηΣiiZiη

)−1
ZH
iη

])}

(54b)

= −tr{[Ziη
(
ZH
iηΣiiZiη

)−1
ZH
iη

][
ŶisΓ

2ŶH
is

]}
, (54c)

where we have used the identities tr (AB) = tr (BA) and
(A ⊗ B)−1 = A−1 ⊗ B−1 to arrive at (54a), vec (ABC) =
(CT ⊗ A) vec (B) and (A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD) to
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Table 3: Computation complexity of CCD-ML algorithm.

No. of multiplications

compute Σ̂ N
(
M1 +M2

)2
K2

compute Σ−1/211 M3
1K

3

compute Σ−1/222 M3
2K

3

compute Σ−1/211 Σ12Σ
−1/2
22 M2

1M2K3 +M1M
2
2K

3

compute SVD
(
Σ−1/211 Σ12Σ

−1/2
22

)
O
{
min

(
M3

1K
3,M3

2K
3
)}

compute Yis M2
i K

2(K + L)

compute GH
iηΠΣ̂iiΠ

HGiη M2
i K

2 × Mi

(
Mi − 1

)

2
(K − L) +MiK ×

[
Mi

(
Mi − 1

)

2
(K − L)

]2

compute
(
GH

iηΠΣ̂iiΠ
HGiη

)†
O
{[

Mi

(
Mi − 1

)

2
(K − L)

]3}

compute
∑K+L

j=1 F
H
i j

(
GH

iηΠΣ̂iiΠ
HGiη

)†
F i j (K + L)

{
Mi(L + 1)

[
Mi

(
Mi − 1

)

2
(K − L)

]2
+M2

i (L + 1)2
Mi

(
Mi − 1

)

2
(K − L)

}

compute ED
{∑K+L

j=1 F
H
i j

(
GH

iηΠΣ̂iiΠ
HGiη

)†
F i j

}
O
{
M3

i (L + 1)3
}

Total Sum of the rows

arrive at (54b), and the fact that ZH
is Σii Zis = I (this rela-

tion comes directly from the definition of Zis) together with
tr{vec(A) vecH(I)} = trA to arrive at (54c). Equation (54c)
is the log-likelihood function used in the ML estimation of
the channel matrix Hi. Note that in (54c), we did not make
use of the relation ZH

is ΣiiZis = I to further simplify the log-
likelihood function. This is because we will use this factor to
arrive at a form suitable for channel estimation as can be seen
in the following.

As it is, (54c) is not convenient to use for the ML chan-
nel estimation in unknown noise since Ziη is only an implicit
function of the channel. Again, we can apply the channel ma-
trix transformation [20] technique summarized in the be-
ginning of this section. For i = 1, 2, we first obtain the ma-
trix Giη as described in the channel matrix transformation.
In a similar way to the development of the MAP estimate,
we obtainΠHGiη whereΠ is a permutation matrix. Since the
columns of both Ziη andΠHGiη span the orthogonal comple-
ment of Hi, then there exists a nonsingular matrix Viη, such
that Ziη = ΠHGiηViη. Substituting this expression of Ziη into
(54c), we note that by having retained the term ZH

is ΣiiZis in
(54c) as mentioned previously, we have

Lccd ≈ −tr
{(
GH

iηΠŶisΓ̂
)H(

GH
iηΠΣ̂iiΠ

HGiη
)†(

GH
iηΠŶisΓ̂

)}
,

(55)

where we have substituted Γ̂ for Γ and Σ̂ii for Σii without af-
fecting the asymptotical property. Now, let Fi = ΠŶisΓ̂ and
denote fi j as the jth column of Fi, then

GH
iηfi j = F i jhi, (56)

where F i j can be constructed from fi j according to (19) of
Property (2) of Giη. Thus, the ML estimate of hi, which is in

the same form as h̃ in (19), can be obtained as

ĥi = arg min
‖hi‖2=1

{
hHi

( K+L∑

j=1
F H

i j

(
GH

iηΠΣ̂iiΠ
HGiη

)†
F i j

)
hi

}
.

(57)

Equation (57) is designated the CCD-ML method of chan-
nel estimation. Since the information of hi is also embed-
ded in the matrix contained in the parentheses, the IQML
[27] algorithm can again be applied to solve this optimiza-
tion problem with the approximate computation complexity
summarized in Table 3.

The computation of the last four lines will be repeated
according to the number of iterations. When the number of
iteration is small (which is the case according to the simula-
tion results), the complexity of the CCD-ML algorithm will
be of the same order as that shown in Table 3.

4. COMPUTER SIMULATION RESULTS

In this section, using computer simulations, we examine the
performance of our channel estimation algorithms (MAP,
CCD-SS, and CCD-ML) and compare their performance
with that of the two subspace methods: the SS [1] and MSS
[10] under different SNR. Since the MSS method [10] is de-
veloped for channel estimation in unknown correlated noise,
it is a main competitor with the algorithms developed in this
paper. We, therefore, briefly summarize the MSS algorithm
here.

In MSS, we collect two blocks of data r(n) and r(n + 1),
and a cross-correlation is calculated between these two vec-
tors such that Σr = E{r(n + 1)rH(n)} = H · E{s(n +
1)sH(n)}HH = HΣsHH for which the noise correlation
term disappears because the noise in the two blocks of data
transmitted at different times are assumed to be uncorrelated
whereas intrablock correlation of the noise is nonzero. Then
a new matrix Σ′ = Σr + ΣH

r = H(Σs + ΣH
s )H

H = HΣ′sHH is
created so that the signal correlation matrix Σ′s is full rank,
for which the two transmitted signal blocks need to be either
totally correlated or, the block length K has to be equal to the
channel order L if the signals are independent. Then the stan-
dard SS method is applied to this “noise-cleaned” covariance
matrix Σ′ to obtain the channel coefficients. (Equivalently,
this method can also be applied to the model having two ver-
sions of the same transmitted signal vector from two different
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antennas by forming the “noise cleaned” covariance matrix
through the cross correlation between the received vectors.)

In the examples below, 40 (for MAP algorithm) or 40
pairs of (for CCD based algorithms) randomly generated
channels are used. Our estimation performance are evaluated
by averaging over these 40 or 40 pairs of different channels.
Over each channel realization, signals are transmitted. At the
receiver, we upsample the received signal by a factorM.While
in theory, we can choose any value of M ≥ 2, in practice, to
reduce the computational load, we should keep M as low as
possible. Therefore, in our simulations, we focus on the case
when oversampling is carried out by a factor of M = 2 to
minimize the additional computational requirement. At the
receiver, for the ith trial of each channel realization, utilizing
the received signal and noise, we employ the variousmethods

to obtain the estimate ĥ(i) of the channel. We then evaluate
the error of estimation (ei = ĥ(i) − h). The criterion of per-
formance comparison is the normalized root mean square
error (NRMSE) of estimates defined as

ε j =

√√√√√ 1
NT

NT∑

i=1

∥∥ĥ(i) − h
∥∥2

‖h‖2 , (58)

where ε j denote the NRMSE performance for the jth chan-
nel realization and NT is the number of trials for each chan-
nel realization. The NRMSE of the channel estimation for
each algorithm is averaged over all the channel realizations
which can be calculated as

ε = 1
J

J∑

j=1
ε j . (59)

As mentioned above, J , the total number of channel realiza-
tions, is 40.

Example 1. In this example, we examine the performance of
the algorithms MAP, MSS, and SS which are developed un-
der the condition that only one receiving antenna is avail-
able. The transmitted signals are randomly chosen from the
4-QAM constellation and transmitted through the ISI in-
duced FIR channel with order L = 3. During the collection
of N = 200 snapshots of the data blocks, the channel is as-
sumed to be stationary. We choose the additive correlated
noise to have the similar model as presented in [10] such that
the noise subsamples within one signal sampling period are
assumed to have the correlation matrix given by

[
1 0.7

0.7 1

][
1 0.7

0.7 1

]H

, (60)

whereas the noise subsamples from two different sampling
periods are assumed to be uncorrelated. We designate this
noise Model 1. The estimation error is averaged over NT =
100 trials for each channel realization.

As mentioned in the beginning of Section 3, the condi-
tion that K ≥ ((M + 1)/(M − 1))L has to be satisfied for the
MAP algorithm to apply the channel matrix transformation.

302520151050

SNR (dB)

10�3

10�2

10�1

100

N
R
M
SE

SS
MSS
MAP

Figure 1: Comparison of NRMSE performance of SS, MSS, and
MAP under Noise Model 1.

Here, we choose the block size to be K = 12. The weighting
matrix (GH

η ΠΣ̂rΠ
HGη)† in (38) is initialized by the estimate

from the SS method and the IQML algorithm is then applied
iteratively. The stopping criterion is such that the norm of the
difference vector between two consecutive iterations is less
than 10−6 and the average number of iterations for each es-
timate is taken over 100 trials. Also, as discussed previously
in this section, the MSS method can be applied with one re-
ceiving antenna if the transmitted signals are fully correlated
such that the lag-K correlation matrix of the signals is full
rank. Thus, for the MSS method, we transmit the same sig-
nal vector s(n) in two consecutive blocks and obtain the MSS
estimates. Now, since the MAP algorithm does not need two
correlated signal vectors, the repeated transmission in MSS
is redundant for the MAP method. Therefore, for fairness of
comparison, the length of the transmitted signal block for
MSS is chosen to be half of that for the MAP method.

Figure 1 shows the NRMSE performance of the MAP al-
gorithm in comparison with those of the SS and MSS meth-
ods with respect to different SNR. As expected, since the SS
method is developed under the assumption of white noise,
it does not work well under correlated noise environments
and therefore, we can see that under all the SNR considered,
both theMSSmethod and theMAP algorithm are superior in
performance to the SS method. Furthermore, the MAP algo-
rithm shows substantially better performance than the MSS
algorithm under higher SNR where the performance gain of
the MAP algorithm over that of MSS is considerable. The
average number of iterations needed in the MAP algorithm
to achieve such performance are shown in Table 4. It can be
observed that the number of iterations required is small. At
high SNR (20 dB and beyond), the performance of SS and
MSS become quite close because at high SNR, the effect of
the correlation of the noise becomes less dominant.
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Table 4: Averaged number of iterations for MAP to acquire the NRMSE performance at different SNR in Figure 1.

SNR (dB) 0 dB 5 dB 10 dB 15 dB 20 dB 25 dB 30 dB

Averaged number of iterations for MAP 4.6761 2.5617 2.0250 1.9750 1.6422 1.1533 1.0078

NRMSE (MAP) 0.1295 0.0377 0.0146 0.0067 0.0034 0.0019 0.0011
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Figure 2: Comparison of NRMSE performance of SS, MSS, and
MAP under AR noise Model 2.

Example 2. The noise subsamples in Example 1 are assumed
to be correlated within one signal sampling period but are
uncorrelated with the noise subsamples outside the sam-
pling periods. This assumption is not easy to satisfy in prac-
tical situations. In the present example, we test the perfor-
mance of the MAP algorithm in comparison with those of
the SS and MSS methods under a second-order AR model
having coefficients [1,−1.8, 0.82]. We designate this noise
Model 2. The channel parameters remain the same as in
Example 1. The performance of the various algorithms in
terms of the NRMSE of estimated channel coefficients are
shown in Figure 2.

It is observed that the MAP algorithm still performs just
as well, whereas due to the violation of its noise assumption,
the MSS method has a performance even slightly inferior to
that of the SS algorithm which assumes a white noise envi-
ronment. On the other hand, the MAP algorithm assumes
that the noise is simply unknown and therefore is indepen-
dent of the noise model and robust to change the noise envi-
ronments.

Using a zero-forcing (ZF) equalizer together with a
threshold detector, the corresponding symbol error rates
(SER) using the various channel estimation methods are
shown in Figure 3. We can see that the SER performance of
the MAP algorithm is very close to the SER when the channel
is exactly known.
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Figure 3: SER comparison by applying channel estimates of MSS
and MAP or using the exact channel coefficients in separately re-
ceived AR noise under different SNR.

Example 3. In this example, we compare the performance of
CCD-SS, CCD-ML, and MSS. The development of CCD-SS
and CCD-ML are based on having two versions of received
data r1 and r2 when the same signal vector is transmitted.
The noise in the two received signals are assumed uncorre-
lated. Such a scenario usually occurs in the case when there
are two receiver antennae sufficiently separated, and the un-
correlated noise also fits well with the assumption made in
theMSSmethod. For MSS, the cross-correlation of these two
received vectors are calculated so that the effect of the un-
correlated noise in the two separate channels are removed.
For CCD-SS and CCD-ML, on the other hand, these two re-
ceived signal vectors collected by two receiving antennae are
stacked up and CCD is applied to the correlation matrix of
the stacked vector.

In this example, we assume that the channel order of the
two channels are the same, that is, L1 = L2 = 4. The upsam-
pling factors are M1 = M2 = 2, the block size is chosen to
be K = 12 to satisfy K ≥ ((M + 1)/(M − 1))L in the chan-
nel matrix transformation. We choose the noise model to be
that given by Example 2. For this noise model, since there are
two separate transmission channels, the noise will be inde-
pendent and therefore, the AR model will be used to gen-
erate two independent noise sequences in the two channels.
This satisfies the assumption made in the MSS algorithm.
To facilitate the CCD-ML method, the weighting matrix in
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Table 5: Averaged number of iterations for CCD-ML to achieve the NRMSE performance in Figure 4.

SNR (dB) 0 dB 5 dB 10 dB 15 dB 20 dB 25 dB 30 dB

averaged number of iterations for CCD-ML 1.9359 1.2691 1.0412 0.9707 0.7579 0.3697 0.1064

NRMSE (CCD-ML) 0.0210 0.0099 0.0053 0.0029 0.0016 0.0009 0.0005
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Figure 4: Comparison of NRMSE performance for MSS, CCD-SS,
and CCD-ML under separately received AR noise.

(57) is initialized using the channel coefficients estimated
from CCD-SS and then the channel is estimated iteratively
with the updated weighting matrix. We use the same itera-
tion stopping criterion as in Examples 1 and 2. Table 5 shows
the average number of iterations needed for each CCD-ML
estimate over 100 trials under different SNR, averaged over
40 different channel realizations, and as can be seen, these
average numbers of iterations are reasonably small under a
wide range of SNR.

Figure 4 shows the performance of the three methods.
It can be observed that both the CCD-ML and the CCD-SS
methods are far superior in performance to the MSS method
under all the SNR considered. Thus, employing CCD def-
initely provides us with performance advantage. While the
CCD-ML method yields the best NRMSE performance, as
shown in Figure 4, it is only marginally better than CCD-
SS. This may lead us to conclude that the extra computa-
tion needed by the CCD-ML algorithmmay not be worth the
amount of improvement achieved. The corresponding SER
are shown in Figure 5, where the performance of both CCD-
SS and CCD-ML are observed to be very close to that when
the channel is exactly known.

Several tests following similar scenarios as those in the
above examples have been carried out under other channel
and noise models. Similar observations as presented in the
above examples are obtained [31, 32].
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Figure 5: SER comparison by applying channel estimates of MSS,
CCD-SS, and CCD-ML or using the exact channel coefficients in
separately received AR noise under different SNR.

5. CONCLUSION

In this paper, we address the important practical problem of
FIR channel estimation in unknown correlated noise envi-
ronments. We examine the effect of additive correlated noise
with arbitrary unknown covariance matrix in FIR channels
and develop different algorithms according to the different
number of antennae available at the receiver. For receivers
having only one antenna, we develop an algorithm which
maximizes the criterion of a posteriori PDF (MAP) derived
by employing the Jeffreys’ principle. For receivers having two
antennae and therefore, having two copies of the transmit-
ted signal vector infested with independent unknown noise,
we employ the canonical correlation decomposition (CCD) to
separate the signal and noise subspaces arriving at the CCD-
SS algorithm. By further examining the asymptotic distribu-
tion of the projected noise onto the estimated signal sub-
space, we formulate the likelihood function for which we
could maximize and obtain the CCD-ML algorithm of chan-
nel estimation. The advantage of these new methods is that
they do not need to assume any noise model, and therefore,
their performance are relatively robust. All these algorithms
when employed under the conditions for which they have
been developed (i.e., either having one antenna or two an-
tennae in the receiver) have been shown to have superior
performance to existing (SS and MSS) methods. It is also
observed that there is very little difference in performance
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between the CCD-SS and CCD-MLmethods. Hence, if there
are two antennae available, the comparatively simpler algo-
rithm of CCD-SS will be favored.

Throughout the paper, we have assumed that the order
of the channel is either known or has been accurately esti-
mated using appropriate methods [16–19]. However, the er-
ror in the channel order estimationmay affect the outcome of
the channel estimation. Since the MAP and the CCD meth-
ods employ the noise subspace to identify the channel, if the
channel order is underestimated, the estimated noise sub-
space will contain vectors which belong to the signal sub-
space. The identification of the channel will then be based on
an erroneous subspace leading to significant errors. On the
other hand, if the channel order is overestimated, the dimen-
sion of the estimated noise subspace will be reduced from
that of the true noise subspace. If this dimension difference
is not substantial, the algorithms will be affected only in their
estimation accuracy because in this case, the noise subspace
is not fully utilized. Simulations [1, 32] show some of the rel-
ative effects on the estimation of the channels due to channel
order under- and overestimation.

ACKNOWLEDGMENT

Part of the paper was presented at the International Sympo-
sium on Signal Processing and Its Applications, Sydney, Aus-
tralia, August 2005 [31].

REFERENCES

[1] E. Moulines, P. Duhamel, J.-F. Cardoso, and S. Mayrargue,
“Subspace methods for the blind identification of multichan-
nel FIR filters,” IEEE Transactions on Signal Processing, vol. 43,
no. 2, pp. 516–525, 1995.

[2] J. Proakis, Digital Communications, McGraw-Hill, New York,
NY, USA, 4th edition, 2001.

[3] P. Stoica and O. Besson, “Training sequence design for fre-
quency offset and frequency-selective channel estimation,”
IEEE Transactions on Communications, vol. 51, no. 11, pp.
1910–1917, 2003.

[4] I. Barhumi, G. Leus, and M. Moonen, “Optimal training de-
sign for MIMO OFDM systems in mobile wireless channels,”
IEEE Transactions on Signal Processing, vol. 51, no. 6, pp. 1615–
1624, 2003.

[5] L. Tong, B. M. Sadler, and M. Dong, “Pilot-assisted wireless
transmissions: general model, design criteria, and signal pro-
cessing,” IEEE Signal Processing Magazine, vol. 21, no. 6, pp.
12–25, 2004.

[6] B. Hassibi and B.M.Hochwald, “Howmuch training is needed
in multiple-antenna wireless links?” IEEE Transactions on In-
formation Theory, vol. 49, no. 4, pp. 951–963, 2003.

[7] L. Tong, G. Xu, and T. Kailath, “Blind identification and equal-
ization based on second-order statistics: a time domain ap-
proach,” IEEE Transactions on Information Theory, vol. 40,
no. 2, pp. 340–349, 1994.
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