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Universidad Politécnica de Madrid, 28040 Madrid, Spain
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The restoration achieved on the basis of a Wiener scheme is an optimum since the restoration filter is the outcome of a minimisa-
tion process. Moreover, the Wiener restoration approach requires the estimation of some parameters related to the original image
and the noise, as well as knowledge about the PSF function. However, in a real restoration problem, we may not possess accurate
values of these parameters, making results relatively far from the desired optimum. Indeed, a desensitisation process is required to
decrease this dependency on the parameter errors of the restoration filter. In this paper, we present an iterative method to reduce
the sensitivity of a general restoration scheme (but specified to the Wiener filter) with regards to wrong estimates of the said pa-
rameters. Within the Fourier transform domain, a sensitivity analysis is tackled in depth with the purpose of defining a number of
iterations for each frequency element, which leads to the aimed desensitisation regardless of the errors on estimates. Experimental
computations using meaningful values of parameters are addressed. The proposed technique effectively achieves better results than
those obtained when using the same wrong estimates in the Wiener approach, as well as verified on an SAR restoration.
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cited.

1. INTRODUCTION AND BACKGROUND

Let h be any generic two-dimensional degradation filtermask
(PSF, usually invariant low-pass filter). Let x be an original
image to be degraded. A generic linear shift-invariant degra-
dation process of x using h can be written in a general way
as

y = h∗∗x + n, (1)

where y is the degraded image (blurred and noisy im-
age), and n is a two-dimensional matrix representing the
added noise in the degradation. A restoration procedure will
achieve a replica x̂ of the original image x. The inversion of
the degradation process cannot be derived directly; funda-
mentals on image processing [1–3] provide further details on
this ill-posed problem. Therefore, a number of approaches
have been investigated in the image restoration arena [4].

The classical stochastic regularisation method for image
restoration minimises a global restoration error ε by means

of the function

ε = min
(

E
{‖y − ŷ‖2}), (2)

where E{·} represents the expectation operator.

Assuming circular convolution, as well as a stationary
model for the blur h, the original image x, and the indepen-
dent noise n, the said minimisation provides an optimum
linear solution written as a scalar operation for each 2D fre-
quency component (ωi,ωj) in the Fourier transform domain
(using DFT) as
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(3)

which is the Wiener restoration approach stood for the well-
known Wiener filter G where ̂X = DFT(x̂), Y = DFT(y),
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H = DFT(h), and C represents somehow an SNR parameter
given by

C
(

ωi,ωj
) = Snn

(

ωi,ωj
)

Sxx
(

ωi,ωj
) , (4)

where Sxx and Snn are the respective spectral densities of the
original image x and the noise matrix n.

On the basis of (3), the stochastic regularisation ap-
proach fully depends on a priori knowledge about h, x, and
n. Regarding h, lots of work have been addressed to achieve
estimates of the PSF, for example, [5–14]. On the other hand,
common assumptions consider Gaussian noise for Snn and
presume that the spectral density Sxx of the unavailable orig-
inal image x is not very different from the spectral density
Syy of the degraded image y, therefore Sxx ∼= Syy [4]. How-
ever, it is important to point out other techniques for prior
image modelling such as the use of Gauss-Markov random
fields [15–18] or the wavelets models [19–21].

The more correct those estimates are, the closer the
restoration result of (3) is to the optimum solution of (2).
Nevertheless, the sensitivity of (3) to wrong estimates is
very high; for example, relatively small deviations from the
real (unknown) value of C make (3) yield results very far
from the desired optimum. State-of-art provides some al-
gorithms of robust filters [22–24], particularly addressed
to obtain good results in spite of the presence of outliers
within the noise (when expected to be Gaussian). Nonethe-
less, our objective is not to obtain an independent filter,
but to improve the results of an original restoration (rela-
tive procedure) when having wrong estimates of the depen-
dant parameters. That is to say, we aim to provide the orig-
inal restoration with robustness in a parametrical sense by
means of a desensitisation process. Additionally, a large liter-
ature can be found regarding researches on iterative restora-
tion (e.g., [25–32]) as an alternative to solve this prob-
lem.

In order to simplify notation, the reference to the element
(ωi,ωj) of the matrices in the frequency domain will be re-
moved from all formulae throughout the remainder of this
paper. Besides, it must be taken into account that all mathe-
matical expressions involving matrices in the Fourier trans-
form domain will be scalar computations for each frequency
component (ωi,ωj).

Moreover, since we use estimates of the parameters in the
restoration side, let us remark them by including a suffix e all
along the analysis to differ from real values, that is,He and Ce

for the Wiener approach.
In short, Section 2 proposes an iterative model for de-

sensitisation with respect to the before-mentioned estimates.
Afterwards, Section 3 provides an analysis on the degree of
desensitisation achieved, as well as a proposal for the number
of iterations. Finally, Section 4 offers some restoration results
to present the successful benefits reached by our innovative
restoration scheme.

Y0 = Y
He G

̂Y1 , . . . , ̂YK
G

̂X′1, . . . , ̂X′K = ̂X′

k −→ k + 1

G′

Figure 1: Proposed restoration scheme.

2. RESTORATIONMODEL

In the light of the above, we can write the restored image
(Fourier transform) in a general way as

̂X = GY = G(HX +N) = GHX +GN , (5)

where N = DFT(n). Going a step further, our research aims
to build an innovative restoration filter G′ based on G whose
sensitivity with respect to the estimates related to the restora-
tion model (such as He and Ce in the Wiener approach) is
smaller than that of G. This filter G′ will provide another
replica x̂′ of the original image, whose Fourier transform
̂X ′ = DFT(x̂′) can be written as

̂X ′ = G′Y = G′(HX +N) = G′HX +G′N. (6)

In order to achieve this purpose,G′ is defined by applying
an iterative process of degradations and restorations, using
He and G, respectively. This process is graphically explained
in Figure 1.

The input at any iteration k (k = 1, 2, . . . ,K) is an image
yk−1 (Yk−1 = DFT(yk−1)) where Y0 = Y = HX + N (i.e., to
say, the degraded image y). The corresponding output is an
approach x̂′k to x̂

′ ( ̂X ′k = DFT(x̂′k)). After the last iteration K ,
we will have ̂X ′ of (6) as ̂X ′ = ̂X ′K . A criterion will be adopted
to define this total number of iterations K .

Actually, this proposed restoration method is applied
within the Fourier transform domain on the degraded spec-
trum Y and, as stated later, the number of iterations K is a
function of each frequency element, as denoted by the inclu-
sion of the symbol (ωi,ωj) in the restoration scheme.

Mathematically, the iterative process of Figure 1 is ex-
plained for every frequency pair as follows:
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(7)

By comparing (6) with any row (right side) of (7), we can
write our proposed desensitisation filter G′ at any iteration k
and for each frequency element (ωi,ωj) as

G′ = G
(

GHe
)k
. (8)

Having a look to (8), we can verify the dependency of the
new filter G′ on three basic parameters such as the original
restoration filter G (e.g., the Wiener approach), the regular-
isation product GHe (different from the original regularisa-
tion GH) as explained in the restoration regularisation the-
ory [33–35], and the number of iterations k of the model
shown in Figure 1.

Therefore, our goal now aims to demonstrate the desen-
sitisation behaviour of our proposed restoration filter G′,
showing which conditions lead to successful results, pur-
posely, the total number of iterations K applied to each pair
(ωi,ωj). A first approach to this idea was initially coped with
in [36] where some preliminary results meant opening steps
to the current fully study throughout this paper.

3. SENSITIVITY OF THE FILTERS

3.1. Condition establishment

Let us now compute and compare the sensitivities of G and
G′ with respect to the estimates and assumptions required in
the restoration process. Let SG be the sensitivity regarding the
filter G which can be defined as

SG = ∂G

∂P1
dP1 +

∂G

∂P2
dP2 + · · · + ∂G

∂Pn
dPn, (9)

where P1,P2, . . . ,Pn are the parameters to be estimated in the
restoration model. For instance, He and Ce stand for the re-
quired estimates in the Wiener restoration method within
the Fourier domain which involve the before-mentioned pa-
rameters in the introductory section, explicitly, the PSF func-
tion h (He) and the original image x, and the noise n (Ce).
Indeed, this Wiener approach will be coped with in the re-
mainder of this paper in order to present both mathematical
analysis and computed results. Hence, we can rewrite (9) as

SG = ∂G

∂He
dHe +

∂G

∂Ce
dCe. (10)

Analogously, the sensitivity concerning the proposed fil-
ter G′ can be expressed as follows:

S′G =
∂G′

∂He
dHe +

∂G′

∂Ce
dCe. (11)

Multiplying and dividing (11) by ∂G′, both sensitivities
(10) and (11) can be related to each other as

S′G =
∂G′

∂G

(

∂G

∂He
dHe +

∂G

∂Ce
dCe

)

= ∂G′

∂G
SG. (12)

After differentiating the filter G′ with respect to G tak-
ing the expression (8) into account, we come up with a mile-
stone concept within our research into restoration sensitivity,
namely, the relative sensitivity function of G′ regarding G for
a given pair (ωi,ωj) denoted by Z(k) whose definition can be
described as

Z(k) = S′G
SG
= ∂G′

∂G
= ∂

∂G

[

G
(

GHe
)k
]

= (k + 1)
(

GHe
)k
.

(13)

Consequently, we find the condition for the proposed fil-
ter G′ to be less sensitive than G with regards to wrong as-
sumptions of He and wrong estimates of Ce as

S′G < SG ⇐⇒ Z(k) < 1. (14)

As a corollary, this condition (14) can be extended to not
only a global sensitivity study but also a focusing of the anal-
ysis on a particular estimation of the restoration model re-
gardless of which one is considered. Thus, taking (9) into
consideration, let us define the sensitivity of the filter G with
respect to the parameter P as SPG,

SPG =
∂G

∂P
. (15)

Comparing both sensitivities S′PG and SPG yields

S′PG′
SPG

= ∂G′/∂P
∂G/∂P

= ∂G′

∂G
= Z(k). (16)

Hence, this leads to the conclusion stated by the corollary

S′G < SG ⇐⇒ Z(k) < 1⇐⇒ SPG′ < SPG (17)

applied to whatsoever parameter of the restoration approach,
particularly, He and Ce within our Wiener method.

3.2. Condition analysis

As a first step of our analysis, let us consider the regularisa-
tion termGHe involved in the expression (13). In view of (3),
this product can be rewritten as

GHe = H∗
e He

H∗
e He + Ce

=
∣

∣He

∣

∣

2

∣

∣He

∣

∣

2
+ Ce

. (18)
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Figure 2: Relative sensitivity function Z(k).

By definition, in the presence of noise, that is to say, real
restoration conditions,

Snn|e > 0, Sxx|e ≥ 0 =⇒ Ce = Snn|e
Sxx|e > 0 ∀(ωi,ωj

)

.

(19)

Taking for granted that |He|2 ≥ 0 and combining (19)
into (18), the product GHe can be ranged as follows:

0≤GHe<1 =⇒ 0≤(GHe
)k≤GHe<1 ∀(ωi,ωj

)

, ∀k≥1.
(20)

As a result of (20), we can conclude that the relative sen-
sitivity function Z(k) = (k + 1)(GHe)k of (13) is not either
monotonically increasing or decreasing with the number of
iterations k, but it may show a relative maximum extreme,
depending on the value of the term GHe for a particular pair
(ωi,ωj). This is illustrated in Figure 2 for several regularisa-
tion values.

From the last plot, we find the expected maximum ex-
tremes of Z(k) as peaks located on specific numbers of itera-
tions k depending on which regularisation value GHe is con-
sidered. Clearly, the lower the product GHe is, the less itera-
tions k are required to reach the consequent less intensified
maximum of Z(k). Furthermore, high enough regularisation
conditions (i.e., to say, low values of GHe) make Z(k) fully
decreasing monotonic.

Nonetheless, the main conclusion to be drawn from
Figure 2 is related to the sensitivity condition (14), once im-
posing an identity Z(k)-level over the graphic, which shows
the iteration from which the appointed desensitisation is
achieved. In fact, looking at the plot, we can say that regard-
less of the value of the product GHe, G′ is less sensitive than
G if the number of iterations k is high enough. Under this
hypothesis, we may increase the value of k as much as wished

in order to prevent poor restoration results under wrong esti-
mates of the implied parameters (He and Ce). Unfortunately,
this statement is not true since there are other restoration fac-
tors to be considered. Precisely, next section deals with this
issue.

3.3. Condition limits

The goal of this section is to analyse the proposed filter G′

from a view based on the restoration error in order to ver-
ify how the desensitisation influences the final results. Thus,
let Et be the Fourier Transform of the restoration error with
regards to our proposed model whose expression is

E′t = ̂X ′ − X. (21)

Besides, the digital image theory [1–3] divides the
restoration error into two meaningful components as fol-
lows:

E′t = E′r + E′n, (22)

where E′r and E′n are the well-known image-dependent and
noise-dependent components in the Fourier domain, respec-
tively.

By taking (6) into account and comparing both expres-
sions (21) and (22), it leads to

(G′HX +G′N)− X = E′r + E′n. (23)

Consequently, we come up with the definitions of the
restoration error components as

E′r = (G′H − I)X , En = G′N , (24)

where I represents the identity matrix for every pair (ωi,ωj).
Analogously, we can rewrite the same expressions regard-

ing the original restoration filter G (Wiener approach) as be-
low:

Er = (GH − I)X , En = GN. (25)

However, we are actually interested in contrasting the
restoration errors from both models in order to demonstrate
the influence of the desensitisation on the restored image.
Hence, let δr and δn be the relative image-dependent and
noise-dependent errors, respectively, as

δr = E′r
Er

, δn = E′n
En

. (26)

Substituting (24), (25) into (26), in addition to applying
the definition of our filter G′ (8), we have

δr(k) =
[

G
(

GHe
)k
H − I

]

X

(GH − I)X
= 1− (GH)

(

GHe
)k

1−GH
,

δn(k) = E′n
En
= G

(

GHe
)k
N

GN
= (GHe

)k

(27)
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Figure 3: Relative image-dependent error δr(k).

whose plots with respect to the number of iterations k are il-
lustrated in Figures 3 and 4 using the same regularisation val-
uesGHe as in Figure 2 and holding fixed the original product
GH to 0.7.

Looking at those figures, we find out the mentioned con-
straint in the last section which prevented increasing un-
boundedly the number of iterations in order to intensify the
desensitisation level as shown in Figure 2. The more we raise
the value of k, the higher the relative image-dependent er-
ror δr and, on the contrary, the lower the relative noise-
dependent error δn becomes.

Consequently, we are forced to strike a trade-off between
both component errors whether successful desensitisation
results are pretended for a specific value of iterations, besides
taking the condition (14) into account.

As a matter of interest, it can be easily demonstrated by
applying the range (20) to the expressions (27), apart from
assuming that the original regularisation GH also fulfills that
range, then,

δr(k) ≥ 1 ∀(ωi,ωj
)

, ∀k ≥ 1, (28)

0 ≤ δn(k) < 1 ∀(ωi,ωj
)

, ∀k ≥ 1 (29)

which states that the noise-dependent error is always lower
for our proposed restoration model than that of the orig-
inal schema (Wiener approach). Conversely, the image-
dependent error becomes higher giving an evidence of a
much better improvement on very noisy degraded images
than those corrupted by other kind of degradations.

Going a step further, it is important to point out that
the condition (28) is not always satisfied if the said hypothe-
sis regarding GH is not kept. Indeed, when wrong estimates
about the PSF are considered, this product can be over the
unity or even negative making the relative image-dependent
error δr decrease with the number of iterations k. Although it
seems to be another successful result, however, it is not likely
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Figure 4: Relative noise-dependent error δn(k).

to have this situation too expanded all along the spectrum
when reasonable estimates ofHe are taken, but if so, the ben-
efits obtained by reducing the image-dependent error are not
enough to improve the extreme impairments caused by the
high deviation from the real value of H .

3.4. Recommended number of iterations

Following the basis on our research, we cope with the task of
working out an appropriate number of iterations K applied
to the proposedmodel. Let us remind that we are using scalar
computations of matrices in the Fourier domain and, conse-
quently, the obtained number of iterations will be a function
of every pair (ωi,ωj).

As a result of previous sections, we can see that the in-
crease of the number of iterations k may provide a less sen-
sitive restoration filter G′ as desired. Nevertheless, both the
image-dependent and noise-dependent restorations errors
do not allow raising it unboundedly. Thus, we will try to find
a required trade-off.

From the beginning, our goal is to reduce the value of
the relative sensitivity function Z(k) as stated in condition
(14). Since this function does not provide any minimum as
illustrated in Figure 2, let us optimise another Z(k) property
which fulfills our desensitisation purpose. With this in mind,
let us look for a maximum of efficiency for the incremental
complexity introduced in the restoration process by increas-
ing the number of iterations from k to k + 1. In other words,
let us seek a value of k from which we do not get much more
improvements on desensitisation but, on the contrary, the
complexity is notably incremented.

The next step consists of giving a mathematical sense to
this conceptual criterion with regards to Z(k). Knowing that
we can simulate the variation of a function by means of its
derivative, the reduction of sensitivity can be accomplished
through the first derivative of Z(k), namely, Z′(k). In view
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Figure 5: Function R(k) defined as the second derivative of Z(k).

of the fact that the desensitisation change is expected to be
maximised, the second derivative of Z(k) is herein the aimed
function denoted by R(k),

R(k) = Z′′(k) = ∂2Z(k)
∂k2

. (30)

After some calculations (see Appendix A), we obtain the
definition of R(k),

R(k) = (GHe
)k
ln
(

GHe
)[

2 + (k + 1) ln
(

GHe
)]

(31)

whose representation, as illustrated in Figure 5, gives us a full
evidence of the successful approach due to the presence of
maximum extremes.

Therefore, our proposed desensitisation criterion can be
summarized as the value of k which fulfills

max
[

R(k)
]

, Z(k) < 1 ∀k ≥ 1. (32)

In Appendix B, it is further demonstrated that the solved
number of iterations K can be expressed as follows:

K = round
{

−
[

1 +
3

ln
(

GHe
)

]}

(33)

subject to a constraint on the regularisation term GHe,

0.14 < GHe < 0.84. (34)

With the purpose of making sure about the successful
criterion, let us present numeric results by means of Table 1
which comes together all the mainly showed concepts such
as GHe, K , Z(k), δr(k), and δn(k) (relative errors values are
in dB), leaving the original regularisation GH unalterable to
the value 0.7. Looking at this table, we can see that the im-
provements achieved for δn(k) are greater than the impair-
ments obtained from δr(k), always satisfying the desensiti-
sation condition Z(k) < 1. For that reason, it is expected

to have good restoration results with a rough estimation of
noise in a very wide range, much better than the other kind
of wrong estimates.

4. SIMULATION RESULTS

With the intention of proving the successful benefits achieved
by our innovative restoration model, let us simulate some il-
lustrative examples. Purposely, the image selected for testing
is the well-known Cameraman 256 × 256 sized making eas-
ier to compare the obtained results with those from other
researches in the restoration area.

As stated in Section 1, the original image is disturbed by
a degradation filter and an additive noise. In order to show
a variety of meaningful examples, let us make use of sev-
eral common filters within the application of astronomical
imaging such as the motion blur, the atmospheric turbu-
lence degradation (Gaussian), and the uniform blur. More-
over, both the most typical Gaussian white noise and other
more complicated artefacts such as “salt and pepper” or mul-
tiplicative noises (speckle) are added to the blurred image.
Thereby, the next subsections aim to specify the proposed
restoration method by collecting all these possible options in
such a way that themain goals of our paper can be clearly evi-
denced, that is to say, the improvements accomplished by our
iterative scheme G′ on an original restoration filter G when
wrong estimates of the parameters are considered.

Regarding the restoration filter G, as indicated through-
out the paper, the minimummean-squared method (Wiener
filter) is used and, consequently, He and Ce are the param-
eters to be estimated. Let us remind that they represent the
frequency estimates of the three generic restoration parame-
ters: the original image and the noise (Ce) and the degrada-
tion filter (He).

In view of the fact that those parameters must be al-
tered to show the efficacy of the desensitised filter G′, let
us arrange some guidelines to modify each one. Firstly, we
take into consideration the said assumption pointed out in
Section 1 about the original image whose spectral density
Sxx is roughly approximated by that of the degraded image
Syy . Concerning the noise, we assume a Gaussian estimation
whose variance stands for the parameter to be altered. Con-
sequently, the value ofCe in (4) changes from the real one. Fi-
nally, we consider a motion blur for the degradation estima-
tionHe modifying the inclination parameter and the number
of moved pixels. Furthermore, we deal with not only the se-
lection of the same category of input processes, that is to say,
gaussian noise and motion blur as real values, but also with
providing other classes such as commented at the beginning
of this section.

By means of a relative error, we manage to measure
the deviations from the real value of those parameters.
Thus, let εP be the relative error of a generic parameter P
defined as follows:

εP = Preal − Pestimated

Preal
· 100, (35)

where Preal and Pestimated stand for the respective real and es-
timated values of the parameter P.
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Table 1: Numeric results for the functions GHe, K , Z(k = K), δr(k = K), and δn(k = K) applied to the desensitisation.

GH 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80

K 1 1 1 2 2 3 3 4 5 6 7 9 12

Z(k = K) 0.40 0.50 0.60 0.37 0.48 0.36 0.50 0.46 0.47 0.53 0.66 0.75 0.89

δr(k = K) 9.15 8.79 8.41 9.68 9.43 9.89 9.66 9.88 9.97 9.99 9.94 9.99 10.03

δn(k = K) −13.98 −12.04 −10.46 −18.24 −15.92 −20.81 −18.06 −20.77 −22.18 −22.45 −21.69 −22.49 −23.26

Let us remark that this relative error is not directly ad-
dressed to the complex and two-dimensional parameters He

and Ce, but applied on other dependent variables such as
the blurring inclination θ or the noise variance σ2 as pre-
viously mentioned. Provided that these parameters are real
variables, the relative error εP is also extended along the range
−∞ < εP < +∞, even though we only consider the significant
values ranged between −100 and 100%.

In order to properly show the steps up, the results are al-
ways presented with regards to the Wiener filter when us-
ing optimum estimates; the same when wrong estimates are
taking into account and, finally, by applying our restoration
model under the same mistaken estimates.

Let us remind that the proposed desensitisation mech-
anism yields a different number of iterations for every pair
(ωi,ωj) due to its dependence on the product GHe, which is,
likewise, variable with each frequency component, namely,
K(ωi,ωj) = K[GHe(ωi,ωj)]. By using the expression of (33),
we obtain a value of K for those pairs whose related regular-
isation term GHe is within the range given by (34). Thus, a
criterion will be adopted for choosing a number of iterations
for the rest of frequencies. Owing to the increasing trend ofK
with respect toGHe (see Table 1), all pairs whose correspond-
ing regularisation value exceeds 0.84 are associated to a con-
stant number of iterations, equal to the maximum value of
K reached by those within the range. Respectively, the min-
imum value of K computed within the range is applied to
those under 0.14, explicitly, no iterations are brought into
play.

Eventually, a way to numerically contrast the restoration
results is obtained by an image quality parameter named as
the improvements on the signal-to-noise ratio, that is, ISNR,

ISNR = 10 log

{∑M−1
i=0

∑N−1
j=1

[

x(i, j)− y(i, j)
]2

∑M−1
i=0

∑N−1
j=1

[

x(i, j)− x̂(i, j)
]2

}

, (36)

where x(i, j), y(i, j), and x̂(i, j) represent the M × N sized
images x, y, and x̂, respectively. Themore similar the restored
image x̂ is to the original image x, the higher the parameter
ISNR becomes.

Example 1. In a first simulation, we investigate the case
where wrong estimates of the parameter Ce are considered
and the value of He is not altered with regards to H .

We start applying a motion blur to the original image de-
scribed by a length of 15 pixels and an angle of 45 degrees in
a counter-clockwise direction. Later on, a Gaussian noise is
added following a blurred signal-to-noise ratio BSNR ranged
between 0 and 30 dB.

In the restoration process, we keep the parameterHe tak-
ing the same values of the original motion blur. On the other
hand, apart from the fixed error result of the original im-
age estimation Sxx|e ∼= Syy , the parameter Ce is distorted by
changes in the variance of an estimated Gaussian noise. Ex-
pressly, we evaluate the variations of this parameter using the
relative error of the standard deviation σ associated to the
noise, namely, εσ whose expression can be written using (35)
as

εσ = σreal − σestimated

σreal
· 100. (37)

After solving this equation regarding σestimated,

σestimated = σreal

(

1− εσ
100

)

, (38)

and replacing the standard deviation σ with the squared as-
sociated variance σ2, we can express the estimated variance
as follows:

σ2estimated =
[
√

σ2real

(

1− εσ
100

)]2

. (39)

On the way to achieve a significant range of results, we
alter the estimated noise variance (39) so far as the error εσ
covers the values between −100 and 100%. Hence, we de-
sign a set of representations with the distribution of ISNR
obtained by both the Wiener filter G and our desensitised
restoration filter G′, when σ2estimated is modified in relation to
εσ within the said range. Specifically, we can find these il-
lustrations in Figures 6(a), 6(b), 6(c), and 6(d) for different
values σ2real indicated by an BSNR of 0, 10, 20, and 30 dB. Be-
sides, a horizontal line is included symbolizing the constant
value of ISNR reached when optimum estimates (real values)
are considered in the Wiener filter.

Having a look to those figures, let us define the target area
as the range of εσ where the value of ISNR obtained by the
filter G′ exceeds that of the Wiener approach G. Thus, we ap-
preciate how wider this region becomes as we decrease the
input BSNR. If we are located in the positive side of εσ , that
is to say, σ2estimated < σ2real as derived from (39), the percent-
age of error needed to reach the target region goes down as
the BSNR is reduced, even being fully target area when an
enough noise level is applied, for instance, 10 dB. Alterna-
tively, in the negative side of εσ , explicitly, σ2estimated > σ2real,
the value of ISNR got by the desensitised restoration is barely
greater than that of the Wiener filter excluding high enough
noise conditions (10 dB), where the target area precisely ex-
tends to all the positive values of εσ .
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Figure 6: Distributions of ISNR obtained by both theWiener filter and our desensitised method when the estimated Gaussian noise variance
is altered according to a relative error εσ leaving the PSF estimation unchanged (motion blur). Different noise levels are applied in relation
to a BSNR of (a) 0 dB, (b) 10 dB, (c) 20 dB, and (d) 30 dB . Besides, a horizontal line is included symbolizing the constant value of ISNR
reached when optimum estimates are considered in the Wiener filter.

Therefore, we can conclude that noise conditions ratio-
nally influence values of the relative error εσ which are min-
imally required to get successful results with our proposed
scheme. Moreover, estimates of variance σ2estimated under the
real values σ2real are more likely to be in the target region than
those estimates which are over the real ones.

Paying attention again to Figure 6, we notice a parabolic
shape of every distribution ISNR which decreases to-
wards the relative error of 100% (σ2estimated = 0). Fur-
thermore, the desensitised filter makes this parabola more
constant leaving the declining point at a higher positive
εσ .
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(a) (b)

(c) (d)

Figure 7: From Figure 6, we take a specific pair of values (BSNR, εσ ) = (20 dB, 80%) showing the degraded image y in (a) and the restored
images x̂ in (b), (c), and (d) when, respectively, obtained by the Wiener filter with optimum estimates (ISNR = 4.14dB), the same when an
error of εσ is applied on the noise variance (ISNR = −3.25dB) and the last one when our proposed desensitisation method is used with the
same error (ISNR = 1.44dB).

Logically, the ISNR value related to the Wiener filter with
optimum estimates is always over those distributions. Let us
remind that the error caused by the original image estima-
tion, namely, Sxx|e ∼= Syy , is included into the parameterCe as
well. Consequently, both methods yield an ISNR lower than
the optimum one when εσ = 0.

In order to present imaging results, let us take a specific
pair of values (BSNR, εσ), that is, (20 dB, 80%). Hence, we
show the degraded image y in Figure 7(a) and the restored
images x̂ in Figures 7(b), 7(c), and 7(d) when respectively
obtained by the Wiener filter with optimum estimates, the
same when an estimation error of εσ is applied on the noise
variance and the last one when our proposed desensitisation
method is used with the same error.

In full view of theses illustrations, we can ensure the ben-
efits achieved by our method when errors on the noise vari-
ance are made. Certainly, an incremented noising effect is a
consequence of the mistaken estimation εσ as observed in
the restored image of the Wiener approach in Figure 7(c).
Yet, the desensitisation process is capable to nearly remove
this artefact making the restored image Figure 7(d) more
approximate to the optimum one of Figure 7(b) as stated by
the ISNR, that is, a reached value of 1.44dB from our restora-
tion method improves the result of −3.25dB derived from
the Wiener filter with wrong noise estimation and comes
closer to the optimal of 4.14dB.

Going a step further, we can illustrate the associated func-
tion Z(k) and detect the frequency pairs (ωi,ωj) where de-
sensitisation is reached, that is to say, Z(k) < 1 as stated in
(14). Figure 8 shows a binary image where desensitised fre-
quencies are white coloured and the remainder of the spec-
trum appears black coloured. Looking at these illustrations,
we can conclude that the desensitised frequencies are related
to those eliminated by the lowpass degradation filter (i.e.,
to say, zeros which become poles in the restoration filter).
Therefore, it means that the restoration process provides a
sensitivity reduction where it is more likely to havemagnified
noise effects and, consequently, accomplishes better results
than those obtained directly by the Wiener approach.

Example 2. In a second set of simulations, we deal with the
case where a wrong estimation of the parameterHe is consid-
ered and only the fixed error related to the original spectral
density Sxx|e ∼= Syy has an effect on the parameter Ce, since
the Gaussian noise is properly estimated by the real variance.

As well as Example 1, the original image is degraded by a
motion blur using the same values, that is, 15 pixels and 45
degrees, and a Gaussian noise is added according to a defi-
nite BSNR of 20 dB. Nonetheless, in the restoration process,
the parameter He is deviated from its real value by adjusting
both of its descriptive factors, namely, the number of moved
pixels l and the inclination of the motion θ. As previously
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Figure 8: White coloured desensitised frequencies.

mentioned, the divergence of these parameters is expressed
by means of the relative errors εl and εθ , respectively, whose
definitions based on (35) as follow:

εl = lreal − lestimated

lreal
· 100,

εθ = θreal − θestimated

θreal
· 100.

(40)

Similarly to (38), we express the estimates of those pa-
rameters as

lestimated = lreal

(

1− εl
100

)

,

θestimated = θreal

(

1− εθ
100

)

.
(41)

Keeping the same guidelines as Example 1, we illustrate
the distributions of ISNR obtained by both the Wiener fil-
ter G and our desensitised restoration G′, when the esti-
mated parameters lestimated and θestimated are modified in re-
lation to their respective errors. Regarding εl, we preserve the
range between −100 and 100%, but the value of εθ is wanted
to make the angle vary within a sector of 180 degrees tak-
ing advantage of symmetry properties. Thus, it can be easily
demonstrated that for an angle of 45 degrees, a range from
−200 to 200% is required to fulfill that sector. Particularly,
we can find these representations in Figures 9(a) and 9(b)
addressed to show the influence of each parameter l and θ on
the results, always leaving one of them unalterable. Besides,
a horizontal line is included symbolizing the constant value
of ISNR reached when optimum estimates are considered in
the Wiener filter.

Looking at those figures, we firstly draw a common con-
clusion regarding the target region, as previously defined as
the range of errors where the value of ISNR obtained by
the filter G′ exceeds that of the Wiener approach G. On
the whole, the desensitisation method achieves better results
when considering high enough errors outside a relative nar-
row bandwidth located around low values of εl and εθ . Par-
ticularly, the distributions of ISNR for errors on the incli-
nation θreal follow an approximate symmetric shape, cross-
ing in the values of angle from which successful results are
goaled. On the other hand, estimates lestimated over the real
value lrealo , namely, negative values of the error εl, obtain

a significant enhancement thanks to desensitisation. Con-
versely, when reducing the number of pixels under lrealo , our
restoration scheme yields quite similar values of ISNR to
those reached by the Wiener filter.

Therefore, our proposed procedure is able to improve the
quality of the restored image by the Wiener approach when
making enough errors on whatever parameter of the degra-
dation He. Furthermore, taking into account the benefits de-
rived from Example 1 with respect to the estimation of noise,
we give evidence to a corollary demonstrated in Section 3
(17), which stated that the global desensitisation of the fil-
ter G is equally extended to whatever related parameter, for
instance, σ2, l, and θ.

Nevertheless, the figures from both examples make ob-
vious that our proposed restoration works better with er-
rors on the noise variance than applying deviations from
the degradation parameters as indicated by higher values of
ISNR. Indeed, it can be extracted from the mathematical
analysis in Section 3.4 where we can see that the improve-
ments achieved for δn(k) were greater than the impairments
obtained from δr(k), that is to say, a better behaviour with
regards to noise.

Example 3. Finally, let us tackle an extreme problem where
the estimates are not onlymodified regarding specific param-
eters, but also the noise and the PSF to be estimated as be-
longing to different classes from the original ones. Purposely,
let us disturb the original image with a speckle noise and a
“salt and pepper” artefact (we refer to two different kinds
of noises) when a Gaussian estimation is considered. About
PSF, a motion blur is estimated when the original degrada-
tion corresponds to responses such as the atmospheric tur-
bulence phenomenon or the uniform blur.

On the subject of noise, we maintain a motion blur of
15 pixels and 45 degrees, but we apply a different noise hav-
ing a variance σ2real according to a BSNR of 10 dB. In partic-
ular, a multiplicative noise is added by means of a uniformly
distributed random noise with mean 0 and variance σ2real,
namely, speckle noise. Conversely, a “salt and pepper” noise
is added in proportion to a likelihood density of 2% mak-
ing the resulted variance similar to σ2real. However, a Gaus-
sian noise is once more estimated whose variance σ2estimated is
distorted by the relative error εσ ranged between −100 and
100%, keeping the parameter He unalterable and leaving the
fixed error related to the original spectral density Sxx ∼= Syy .

Following the same patterns of illustrations as the be-
fore analysed examples, let us draw the distributions of ISNR
obtained by both the Wiener filter G and our desensitised
restoration G′ when the estimated variance is modified in re-
lation to εσ for each input noise (Figures 10(a) and 10(b)).
Paying attention to the target region, we reveal that our de-
sensitisedmethod achieves successful results regardless of the
heterogeneity of noise estimates, as it can be obviously ex-
tracted from Figure 10(b) where our method always yields
better values of ISNR than those from the Wiener approach
for every error εσ . Although it is not so forceful with the
speckle noise, there is always an enough value of the error
εσ from which the target region is reached.
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Figure 9: Distributions of ISNR obtained by both the Wiener filter and our desensitised method when the estimated parameters related to
the PSF (motion blur) are altered, namely, the number of moved pixels (15 pixels) and the inclination (45 degrees) according to the errors
εl (a) and εθ (b), respectively. Regarding noise, a Gaussian artefact is applied in relation to a BSNR of 20dB keeping the variance estimation
unchanged. Besides, a horizontal line is included symbolizing the constant value of ISNR reached when optimum estimates are considered
in the Wiener filter.

On the other hand, a Gaussian noise is added in relation
to a variance indicated by a BSNR of 20 dB and the degra-
dation is alternated between a rotationally symmetric Gaus-
sian low-pass filter (turbulence atmospheric), specified by a
square matrix of size [15, 15] and a standard deviation of
5 unities, and a circular averaging blur (uniform) within a
square matrix of size 2 · RADIUS + 1, where RADIUS = 5.
About estimates, we keep a Gaussian noise of the same vari-
ance, but we use a motion blur as PSF estimation whose in-
clination is established to 45 degrees and the length of pixels
is changed around a value of 15 in accordance with a relative
error εl.

From Figures 11(a) and 11(b), we come up to the same
conclusion about the effectiveness of our desensitised
scheme, getting better results over the Wiener approach even
when a variation of the degradation estimation is considered.
Let us point out that these figures follow the same patterns of
the analogous Figure 9(a) and yet again keep worse values of
ISNR compared to those with respect to noise estimation.

5. EXTENDED RESULTS

Hitherto, we have showed how our innovative method is able
to desensitise the Wiener restoration filter regarding wrong
estimates on the dependant parameters. However, our inten-
tion is now to extend the validity of our proposal by provid-
ing other fair comparisons with the state-of-art.

One of the issues to be addressed is the way we are con-
sidering wrong estimates of the parameters. As stated in (35),
a relative error εP allows the misspecification of a parameter
knowing the real value. Yet, it is worthy to know the actual
values reached when using real estimation methods and how
our desensitisation scheme works consequently.

On the other hand, we aim to specify the restoration fil-
ter G with another more sophisticated technique than the
Wiener method, giving evidence of the functionality of the
desensitisation in a general sense.

By keeping the same test image Cameraman, we cope
with the before-mentioned tasks right through the next two
sections.

5.1. Real estimates

In Section 1, we cited some bibliography with regards to the
estimation of the PSF and now it comes the time to draw on
those methods. Hence, the parameter He is intended to be
obtained by applying an estimation technique with no more
information than the degraded image y. Conversely, going
on the Wiener context, the other parameter Ce is only devi-
ated from its real value by the approximation Sxx|e ∼= Syy ,
since the input Gaussian noise is properly estimated by the
real variance.

Firstly, let us start with a rough estimation of the PSF,
as provided by the Radon transform [13], performed on
a binary representation of the spectrum Y when using an
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Figure 10: Distributions of ISNR obtained by both the Wiener filter and our desensitised method when a Gaussian noise is estimated
according to a BSNR of 10 dB whose variance is altered by εσ while a multiplicative noise (a) and a “salt and pepper” artefact (b) are added to
the original image. Regarding PSF, the estimated parameter keeps unchanged. Besides, a horizontal line is included symbolizing the constant
value of ISNR reached when optimum estimates are considered in the Wiener filter.

appropriate threshold to enhance the nearer zero frequen-
cies. Expressly, we degrade the original image according to
a motion blur described by a length of 15 pixels and an an-
gle of 45 degrees in a counter-clockwise direction. Later on,
a Gaussian noise is added following a variable BSNR. Thus,
we yield a thresholded spectrum of the degraded image in
circumstances without noise as illustrated in Figure 12.

Having a look to this figure, we observe how the zeros of
the degradation filter are highlighted, making possible to cal-
culate the inclination of the motion by means of the Radon
transform. Indeed, our example deals with the estimation of
the PSF, assuming a motion blur with the real length of 15
pixels, but computing the parameter θestimated in a wide range
of noise ratios. Afterwards, the estimated value of He is used
within a direct Wiener restoration compared to the results
achieved by our desensitisation model.

In the light of the above, we build Table 2 collecting the
respective values of ISNR for every θestimated. It is obviously
noted that this estimation gets worse as the noise intensity in-
creases, even acquiring a random behaviour. Consequently,
the Wiener restoration outcomes continuously poorer re-
sults which are improved by our proposed method when the
value of θestimated is sufficiently deviated from its desirable 45
degrees. So, we come up to the same conclusion indicated
in Example 2, where the target region, namely, the range of
errors where the value of ISNR obtained by the filter G′ ex-
ceeds that of theWiener approachG, is reached within a wide
range of high enough errors.

Therefore, our desensitisation scheme becomes a way to
counteract the weakness of the Radon method with respect
to the noise.

Next, let us tackle another more complex estimation
technique based on the eigenvalues of the degraded image
y [14] which requires its singular value decomposition as

y = UySyV
T
y , (42)

where Uy and Vy are orthonormal matrices which satisfy the
conditions UyUT

y = I and VyVT
y = I with I as the identity

matrix, and Sy is the matrix of eigenvalues which are related
to each one of the rows from the matrices Uy and Vy (eigen-
vectors).

As stated in the bibliography, the quality of the PSF es-
timation depends on the number of eigenvectors R (with
their respective eigenvalues) to be considered, since the mi-
nor eigenvalues have less influence on the definition of the
image and, furthermore, they may hold noise artefacts.

By means of this estimation method, we obtain entirely
the structure of the PSF matrix. Thus, let us provide a pa-
rameter to measure how close the estimation is to the real
matrix:

Δh =
∑A

i=1
∑B

j=1
∣

∣he(i, j)− h(i, j)
∣

∣

A · B , (43)

where h(i, j) and he(i, j) are the respective real and estimated
A× B sized PSFs.
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Figure 11: Distributions of ISNR obtained by both theWiener filter and our desensitised method when a motion blur is estimated according
to an inclination of 45 degrees and a number of 15 pixels altered by εl while a Gaussian low-pass filter (a) and a uniform blur (b) are applied
on the original image. Regarding noise, a Gaussian artefact is considered in relation to a BSNR of 20 dB. Besides, a horizontal line is included
symbolizing the constant value of ISNR reached when optimum estimates are considered in the Wiener filter.

Figure 12: Spectrum of the motion blurred image applying a
threshold.

Once all the required elements are defined, we carry out
some specific samples. In particular, the original image is de-
graded by a 3× 3 Gaussian blur with a variable standard de-
viation and an additive Gaussian blur according to a BSNR
relation of 40 dB, that is to say, low noise conditions in or-
der to prove exclusively the influence of the standard devia-
tion. Then, we aim to estimate the PSF matrix by applying
the eigenvalues method and computing so both Wiener and
desensitised restorations.

Looking at Table 3, we find the ISNR results when rang-
ing the standard deviation from 1 to 5 and taking a number
of 10 or 20 eigenvectors, apart from the respective errors on

the PSF estimation. Yet again, we draw the same conclusion
kept all along the paper, explicitly, better results with the de-
sensitisation method when having high enough errors on the
estimation, although, in this case, it is only necessary a low
error to reach significant improvements.

Furthermore, it means that our proposed scheme be-
comes a strong way to counteract the variation of the stan-
dard deviation on the eigenvalues method. Therefore, the de-
sensitised restoration takes a place to solve the weakness of
some estimation methods concerning specific parameters.

5.2. SAR restoration

Going a step further in our objective to achieve fair compar-
isons with the state-of-art, the generic restoration filter G is
now substituted by the well-known Bayesian algorithm when
using a simultaneous autoregressive (SAR) prior distribution
[37, 38].

From these references, it is taken out that the said restora-
tion is based on a constrained minimisation process as fol-
lows:

x̂ = min
x̂

{

α‖Cx̂‖2 + β‖y −Hx̂‖2} (44)

written in a lexicographic manner, where C is the Laplacian
operator, α is a parameter equivalent to the inverse of the
prior variance which controls the smoothness of the restora-
tion, and β is the inverse of the noise variance.
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Table 2: Set of ISNR results obtained by both the Wiener filter and our proposed method when using estimates of a motion PSF (length
of 15 pixels and inclination of 45 degrees) computed by the Radon transform in different Gaussian noise conditions (the noise variance is
estimated with the actual value). The respective estimated values of θestimated are showed, leaving the lestimated to the real value.

BSNR (dB)

40 35 30 25 20 15

θestimated (degrees) 44 50 36 64 62 54

ISNR (dB)
Optimum estimates Wiener 10.29 8.40 6.73 5.28 4.14 3.48

Radon estimates
Wiener 4.64 2.27 −1.25 −2.64 −0.81 0.03

Desensitisation 2.50 1.65 0.70 −0.21 0.36 0.76

Table 3: Set of ISNR results obtained by both the Wiener filter and our proposed method when using estimates of a Gaussian 3 × 3 sized
PSF computed by the algorithm of eigenvalues with different values for the standard deviation and specified to 10 and 20 eigenvectors R.
Low-noise intensity is considered by a ratio of BSNR to 40 dB, keeping the estimated noise variance to the real value. The respective values
of error Δh per estimation of PSF are indicated.

R = 10
σ

1 1.5 2 2.5 3 3.5 4 4.5 5

Δh 0.0019 0.0207 0.0279 0.0312 0.0330 0.0341 0.0348 0.0353 0.0357

ISNR (dB)
Optimum estimates Wiener 6.86 8.06 8.33 8.45 8.57 8.60 8.60 8.60 8.62

Eigenvalues estimates
Wiener 3.37 2.25 0.86 0.06 −0.44 −0.77 −1.00 −1.16 −1.28

Desensitisation 1.49 1.52 1.34 1.21 1.12 1.05 1.00 0.97 0.94

R = 20
σ

1 1.5 2 2.5 3 3.5 4 4.5 5

Δh 0.0052 0.0237 0.0309 0.0343 0.0361 0.0372 0.0380 0.0385 0.0388

ISNR (dB)
Optimum estimates Wiener 6.86 8.06 8.33 8.45 8.57 8.60 8.60 8.60 8.62

Eigenvalues estimates
Wiener 3.27 1.11 −0.85 −2.45 −3.74 −4.72 −5.46 −5.99 −6.37

Desensitisation 1.48 1.34 1.07 1.07 1.17 1.22 1.18 1.14 1.10

Following an ordinary minimisation, as detailed in [2], it
leads to

x̂ = (HTH + λCTC
)−1

HTy, (45)

where λ is the so-called Lagrange multiplier defined as

λ = α

β
(46)

whose value is estimated by means of the Bayesian paradigm
[37, 38].

Presuming a linear and spatial-invariant degradation and
considering images as periodic matrices, we may diagonalise
the terms in (45) with the purpose of getting the representa-
tion in the Fourier transform

X
(

ωi,ωj
) = H∗(ωi,ωj

)

∣

∣H∗(ωi,ωj
)∣

∣

2
+ λ
∣

∣P
(

ωi,ωj
)∣

∣

2Y
(

ωi,ωj
)

(47)

and, therefore, we achieve the definition of the restoration
filter

G
(

ωi,ωj
) = H∗(ωi,ωj

)

∣

∣H∗(ωi,ωj
)∣

∣

2
+ λ
∣

∣P
(

ωi,ωj
)∣

∣

2 , (48)

where P(ωi,ωj) stands for the DFT of the Laplacian operator.

The next step consists of extending the concept of desen-
sitisation on this restoration filter, though analytically it re-
mains the same conclusions since it was previously managed
in a general sense G. Then, let us rearrange Examples 1 and
2 from last section keeping the same motion blur of 15 pix-
els and 45 degrees, but adding a Gaussian noise of a specific
ratio of BSNR = 20dB.

Regarding the estimation of the noise, the relative error
εσ affects directly the Lagrange parameter λ and, thus, mak-
ing results relatively far from the desired optimum accord-
ing to (44). However, looking at Figure 13, we demonstrate
once more that the desensitised filter G′ is able to improve
the ISNR results with respect to those obtained by the origi-
nal restoration G (SAR). Specifically, the so-mentioned tar-
get area starts from a reasonably small error, under 20%,
and reaches a quite pronounced comparative quality, even
achieving results close to the optimum during a significant
range of errors. Nonetheless, it is only verified at the posi-
tive side of the εσ , that is to say, σ2estimated < σ2real as inferred
from (39), but this behaviour may be expanded if consider-
ing other values of the ratio BSNR.

In other words, our desensitisation scheme becomes a ro-
bust way to compensate the miscalculation of the parameter
λ by the Bayesian algorithm when having unreal values of
the noise variance. Let us make a reference to the constant
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Figure 13: Distributions of ISNR obtained by both the SAR restora-
tion and our desensitised method when the estimated Gaussian
noise variance (BSNR = 20dB) is altered according to a relative
error εσ leaving the PSF estimation unchanged (motion blur). Be-
sides, a horizontal line is included symbolizing the constant value of
ISNR reached when optimum estimates are considered in the SAR
filter.

regions of the last illustration with the intention of making
obvious a saturated state of the Bayesian procedure for some
noise conditions.

Finally, we accomplish the same simulation of Example 2
within the SAR context, but only choosing the variation
of the parameter θ, namely, the inclination of the motion
blur. Another comparative representation of the ISNR dia-
grams (Figure 14) keeps what is definitely a contrasted con-
clusion about the improvement of our desensitisation pro-
cess whether having errors superior to a concrete range.

Thought should be given to the fact that the estimation
error of the PSF causes an overall impairment on the SAR
restoration (47), in bothH and λ parameters, and the desen-
sitisation is then in charge of counteracting the effects on the
results.

As a matter of interest, a deeper analysis of how the La-
grange multiplier is influenced by the desensitisation could
open up new future researches.

6. CONCLUSIONS

In this paper, we presented an iterative algorithm within
the Fourier transform domain addressed to reduce the sen-
sitivity of a general restoration filter (but specified to the
Wiener approach) with respect to the dependant parame-
ters.
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Figure 14: Distributions of ISNR obtained by both the SAR restora-
tion and our desensitised method when the inclination of the mo-
tion PSF is altered from 45 degrees according to the error εθ , keep-
ing the estimated length parameter to the actual value of 15 pix-
els. Regarding noise, a Gaussian artefact is applied in relation to a
BSNR of 20 dB keeping the variance estimation unchanged. Besides,
a horizontal line is included symbolizing the constant value of ISNR
reached when optimum estimates are considered in the Wiener fil-
ter.

A highly detailed analysis showed the requirement of a
trade-off to reach a number of iterations applied to each fre-
quency component, in order to balance the desensitisation
degree and the restoration error level.

First results of the desensitisation influence on both
the image-dependent and noise-dependent errors revealed a
higher robustness on the noise estimation as stated later in
the examples.

In case of errors on the variance of the noise, we justified
how our proposed method achieves ISNR values better than
those obtained when using the same wrong estimates in the
Wiener approach. Expressly, it is more likely to reach the tar-
get region when having high-noise conditions. Furthermore,
we could demonstrate that the desensitised frequency pairs
(ωi,ωj) are related to those eliminated by the low-pass degra-
dation filter, that is to say, zeros which become poles in the
restoration filter and, therefore, preventing from magnified
noise effects.

On the other hand, deviations from the original parame-
ters regarding the PSF were equally analysed making obvious
the successful behaviour of the filter regardless of whatsoever
estimation to be disturbed.

Finally, a set of extended results aimed to achieve fair
comparisons of our proposed method with regards to the
state-of-art. Indeed, real estimation methods and another
original restoration (SAR) were applied with successful re-
sults.
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APPENDICES

A. DERIVATION OF (31)

By considering the definition of Z(k) from (13) and applying
its first differentiation with respect to k, we have

R(k) = ∂

∂k

{

∂

∂k

[

(k + 1)
(

GHe
)k
]

}

= ∂

∂k

{

(

GHe
)k

+ (k + 1)
(

GHe
)k
ln
(

GHe
)

}

= ∂

∂k

{

(

GHe
)k[

1 + (k + 1) ln
(

GHe
)]

}

.

(A.1)

Taking a new derivative, it leads to

R(k) = (GHe
)k
ln
(

GHe
)[

1 + (k + 1) ln
(

GHe
)]

+
(

GHe
)k
ln
(

GHe
)

.

(A.2)

Thus, we can simplify to

R(k) = (GHe
)k
ln
(

GHe
)[

2 + (k + 1) ln
(

GHe
)]

. (A.3)

B. DERIVATION OF (33)

We start by solving the optimisation problem which states
the calculation of a value of k which maximises the function
R(k). Hence, let us compute its first derivative with respect to
k and set it to zero. Then, from (31), we obtain

∂R(k)
∂k

= ∂

∂k

{

(

GHe
)k
ln
(

GHe
)[

2 + (k + 1) ln
(

GHe
)]

}

= (GHe
)k
ln2
(

GHe
)[

3 + (k + 1) ln
(

GHe
)] = 0.

(B.1)

Considering the regularisation range from (20), the case
of GHe = 0 is a potential solution from (GHe)k, but it is un-
determined for the neperian function. Consequently, we can
solve (B.1) to find the position of the maximum of R(k) for
whatever value 0 < GHe < 1 as

3 + (k + 1) ln
(

GHe
) = 0. (B.2)

Therefore,

K = round
{

−
[

1 +
3

ln
(

GHe
)

]}

, (B.3)

where round{·} represents the operator to turn K into an
integer value such that k ≥ 1.

Let us check now that R(k) shows actually a maximum
for this value K given by (B.3). Applying the second deriva-
tive of R(k) from (B.1) and imposing the condition to be neg-
ative for K ,

∂2R(k)
∂k2

∣

∣

∣

∣

K
= ∂

∂k

∣

∣

∣

∣

K

{

(

GHe
)k
ln2
(

GHe
)[

3+(k+1) ln
(

GHe
)]

}

= (GHe
)k
ln3
(

GHe
)[

4 + (k + 1) ln
(

GHe
)]∣

∣

K < 0.
(B.4)

Taking the before-mentioned range 0 < GHe < 1 into
account, we can assure that there will be a maximum in R(k)
whether,

4 + (k + 1) ln
(

GHe
)∣

∣

K > 0. (B.5)

Substituting (B.3) into (B.5), we can simplify to a first
constraint on GHe,

GHe > exp(−2) ≈ 0.14. (B.6)

On the other hand, let us ensure now that this total num-
ber of iterations K recommended by (B.3) also satisfies the
condition established for the filter G′ to be less sensitive than
G defined as Z(k) < 1 in expression (14). Thus, substituting
the value of k from (B.3) into the function Z(k) (13) and im-
posing the latter condition, we have the following equation
to be solved:

Z(k)|K =
(

GHe
)−[1+3/ ln(GHe)]

[

3
ln
(

GHe
)

]

< 1. (B.7)

On the basis of [39], we achieve the solution regarding
GHe as

GHe <
−3

exp(−3)LambertW
(− 3/ exp(−3)) ≈ 0.84, (B.8)

where the operation LambertW{·} can be defined as

LambertW(x) · exp [LambertW(x)
] = x. (B.9)

Therefore, the number of iterations K aimed at (B.3) ful-
fills the conditions from (34) if and only if

0.14 < GHe < 0.84. (B.10)
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