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The idea of space-time coding devised for multiple-antenna systems is applied to the problem of communication over a wireless
relay network, a strategy called distributed space-time coding, to achieve the cooperative diversity provided by antennas of the relay
nodes. In this paper, we extend the idea of distributed space-time coding to wireless relay networks with multiple-antenna nodes
and fading channels. We show that for a wireless relay network with M antennas at the transmit node, N antennas at the receive
node, and a total of R antennas at all the relay nodes, provided that the coherence interval is long enough, the high SNR pairwise
error probability (PEP) behaves as (1/p)min IMNIR 5 M=#N and (log 1/MP/P)JM\) if M = N, where P is the total power consumed
by the network. Therefore, for the case of M#N, distributed space-time coding achieves the maximal diversity. For the case of
M = N, the penalty is a factor of log "' P which, compared to P, becomes negligible when P is very high.
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1. INTRODUCTION

It is known that multiple antennas can greatly increase the
capacity and reliability of a wireless communication link in a
fading environment using space-time coding [1-4]. Recently,
with the increasing interestin ad hoc networks, researchers
have been looking for methods to exploit spatial diversity
using the antennas of different users in the network [5-
24]. Many cooperative strategies are proposed, for example,
amplify-and-forward (AF) [11, 13, 14, 16, 21, 23], decode-
and-forward (DF) [9, 10, 14, 16, 22], and coded cooperation
[15].In [7], the authors proposed the use of space-time codes
based on Hurwitz-Radon matrices in wireless relay networks.

This work follows the strategy of [5], where the idea
of space-time coding devised for multiple-antennasystems
is applied to the problem of communication over a wire-
less relay network. (Though having the same name, the
distributed space-time coding idea in [5] is different from
that in [14]. Similar ideas for networks with one and two
relays have appeared in [6, 11].) In [5], the authors consider
wireless relay networks in which every node has a single
antenna and the channels are fading, and use a cooperative
strategy called distributed space-time coding by applying a

linear dispersion space-time code [25] among the relays.
It is proved that without any channel knowledge at the
relays, a diversity of R(1 — loglog P/logP) can be achieved,
where R is the number of relays and P is the total power
consumed in the whole network. This result is based on the
assumption that the receiver has full knowledge of the fading
channels. Therefore, when the total transmit power P is high
enough, the wireless relay network achieves the diversity of
a multiple-antenna system with R transmit antennas and
one receive antenna, asymptotically. That is, antennas of the
relays work as antennas of the transmitter although they
cannot fully cooperate and do not have full knowledge of the
transmit signal. After the appearance of [5], code designs for
distributed space-time coding have been proposed in [26—
31] and the differential use of distributed space-time coding
has been introduced in [32-35]. The references [36, 37] ana-
lyze the diversity-multiplexing tradeoft of distributed space-
time coding. Distributed space-time coding in asynchronous
networks is discussed in [38—43]. Other related papers can be
found in [44—46].

This paper has two main contributions. First, we extend
the idea of distributed space-time coding to wireless relay
networks whose nodes have multiple antennas. Second and
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more importantly, based on the pairwise error probability
(PEP) analysis, we prove lower bounds on the diversity of
this scheme. We use the same two-step transmission method
in [5], where in one step the transmitter sends signals to
the relays and in the other the relays encode their received
signals into a linear dispersion space-time code and transmit
to the receiver. For a wireless relay network with M antennas
at the transmitter, N antennas at the receiver, and a total
of R antennas at all the relay nodes, our work shows that
when the coherence interval is long enough, a diversity of
min{M, N} R if M # N and MR (1 - (1/M)(loglog P/logP))
if M = N can be achieved, where P is the total power used in
the network. With this two-step protocol, it is easy to see that
the errorprobability is determined by the worse of the two
steps: the transmission from the transmitter to the relays and
the transmission from the relays to the receiver. Therefore,
when M # N, distributed space-time coding is optimal since
the diversity of the first stage cannot be larger than MR,
the diversity of a multiple-antenna system with M transmit
antennas and R receive antennas, and the diversity of the
second stage cannot be larger than NR. When M = N,
the penalty on the diversity, because the relays cannot fully
cooperate and do not have full knowledge of the signal,
is R(loglog P/logP). When P is very high, it is negligible.
Therefore, with distributed space-time coding, wireless relay
networks achieve the same diversity of multiple-antenna
systems, asymptotically.

The paper is organized as follows. In the following
section, the network model and the generalized distributed
space-time coding are explained in detail. A training scheme
is also proposed. The PEP is first analyzed in Section 3.
In Section 4, the diversity for the network with an infinite
number of relays is discussed. Then, the diversity for the
general case is obtained in Section 5. Section 6 contains
the conclusion. Proofs of some of the technical theorems
are given in Appendices A-D. In Appendix E, we discuss
heterogeneous networks.

2. WIRELESS RELAY NETWORK
2.1. Network model and distributed space-time coding

We first introduce some notation. For a complex matrix A,
A, A', and A* denote the conjugate, the transpose, and the
Hermitian of A, respectively. det A, rank A, and tr A indicate

the determinant, rank, and trace of A, respectively. A denotes
the vectorization of A formed by stacking the columns of X
into a single column vector. I, denotes the n X n identity
matrix and 0,,, is the m X n matrix with all zero entries.
We often omit the subscripts when there is no confusion. log
indicates the natural logarithm. || - || indicates the Frobenius
norm. P and E indicate the probability and the expected
value. g(x) = O(f(x)) means that lim,_..(g(x)/f(x)) is a
constant. h(x) = o(f(x)) means that lim,_... (h(x)/f(x)) =
0. [a] is the minimal integer that is not less than a.

Consider a wireless network with R + 2 nodes which
are placed randomly and independently according to some
distribution. As shown in Figure 1, there are one transmit
node and one receive node. All the other R nodes work
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FIGURE 1: Wireless relay network with multiple-antenna nodes.

as relays. The transmitter has M transmit antennas, the
receiver has N receive antennas, and the ith relay has R;
antennas. Since the transmit and received signals at different
antennas of the same relay can be processed and designed
independently, the network can be transformed to a network
with R = SX,R; single-antenna relays by designing the
transmit signal at every antenna of every relay according to
the received signal at that antenna only. This is one possible
scheme. In general, the signal sent by one antenna of a relay
can be designed using received signals at all antennas of the
relay. However, as will be seen later, this simpler scheme
achieves the optimal diversity asymptotically although a
general design may improve the coding gain of the network.
Therefore, to highlight the diversity results by simplifying
notation and formulas, in the following, we assume that
every relay has a single antenna. Denote the channel vector
from the M antennas of the transmitter to the ith relay as

£ = [fii - - fui]’, and the channels from the ith relay
to the N antennas at the receiver as g = [gn - - gin].
We use the block-fading model [2] by assuming a coherence
interval T. From the two-step protocol that will be discussed
in the following, we can see that we only need f; to keep
constant for the first step of the transmission and g; to keep
constant for the second step. It is thus good enough to choose
T as the minimum of the coherence intervals of f; and g;.
Also, perfect symbol-level synchronization is assumed in this
network model. For asynchronized networks, please refer to
[38-43].

The information bits are encoded into T X M matrices
s, whose mth column is the signal sent by the mth transmit
antenna. For the power analysis, s is normalized as

Etrs*s = M. (1)

To send s to the receiver, the same two-step strategy in [5] is
used, as shown in Figure 1. In step one, the transmitter sends
«/P1 T/Ms. The average total power used at the transmitter for
the T transmissions is P T. The received signal vector and the
noise vector at the ith relay are denoted as r; and v;. In step
two, the ith relay sends t;. The received signal and noise at the
receiver are denoted as X and w. The noises are assumed to
be ii.d. CN (0, 1). Clearly,

r, =P T/Mgf, + v,

X = [n : tR]G+ﬂ, @

where G = (g} gfq]t.
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We use distributed space-time coding proposed in [5] by
designing the transmit signal at relay i as a linear function of
its received signal:

t; = Ajr;, (3)

where A; is a predetermined T' X T unitary matrix known to
both the ith relay and the receiver. It is fixed during training
and data transmissions. For various methods on how to
design the A;, see [26—31]. P, can be proved to be the average
transmit power for one transmission at every relay. After
some calculation, the system equation can be written as

PP, T

X = M D) SH+ W, (4)
where
S= [Als : AR§] , H = [(flgl)t K (ngR)t]t’
(5)

_ [ r|S X
W - \/PIT |:i_zlg11A1Vl PR i_zlglNAlvl:| +w. (6)

The received signal matrix, X, is T X N. S, which is T X MR,
is the linear distributed space-time code. Since f; is M X 1 and
gi is 1 X N, the equivalent channel matrix H is RM X N. W,
which is T' X N, is the equivalent noise matrix.

Define

) %

RW_I+1+P1G G. (7)
The covariance matrix of the equivalent noise matrix can
be proved to be Ry. The diversity analysis in this paper is
much more difficult than that in [5] because in networks
with single-antenna nodes, the covariance matrix of the
equivalent noise is a multiple of the identity matrix. Here,
for the diversity result, we need to analyze the eigenvalues of
Ry or find bounds on them.

2.2. Assumptions and training

In this paper, we assume that f,,; and g;, have independent
Rayleigh distributions; that is, f,,; and gi, are independent
circulant complex Gaussian random variables with zero
mean. For simplicity, we also assume that f,; and g, have
the same variance, which is 1. The heterogeneous case, in
which every channel has a different variance, is discussed in
Appendix E. The same diversity results can be obtained in
heterogeneous networks. We make the practical assumption
that the relays have no channel information. However, we do
assume that the receiver has enough channel information to
do coherent detection. Thus, a training process is needed.
For coherence ML decoding at the receiver, the receiver
needs to know H and Ry, or equivalently, H and G. We
propose a training process that contains two steps and takes
M, + 2N, symbol periods (other training methods can also
be envisioned, and the one proposed here is one possibility).

Each step mimics the training process of a multiple-antenna
system [47] as its system equation has the same structure.
First, we estimate G, which takes M, symbol periods. Let
U, be a predesigned full-rank M, x R pilot matrix. The ith
relay sends the ith column of U, simultaneously. The receiver

gets
M
YP=1/%UPG+EP, (8)

where Q, is the power used at every relay and w, is
the M, x N noise matrix. Since there are RN unknowns
(corresponding to the components of G) and min{M,, R}N
independent equations, we need M, > R. We could estimate
G from U, using ML, MMSE, or other criteria.

Then, we estimate H using distributed space-time coding
discussed in Section 2.1. This takes 2N, symbol periods. The
transmitter sends a full-rank N, x M pilot signal matrix s,
and the relays perform distributed space-time coding. From
(4), the received signal can be written as

P1pPy,N,
Xp= |22 H+ Wy, 9
PoNMP,+1)F P ®)

where Py, and P, are the powers used at the transmitter
and every relay and
Sp=[A1s, -+ Arsy| (10)
is the carefully designed N, X MR pilot space-time codeword.
Now, let us discuss the number of training symbols needed

in this step. Note that G is known from the first training step.
Define

f= [f{ fﬁ]t. (11)

By stacking the columns of X into one single column vector,
we can rewrite (9) as

[ Spydiagi{giiIns. .. grilu}
o P PPZPNP X
X, = | P22 TP f+Ww
p \M(Pl,p +1) !
| Spdiag{ginIms . .. > grnIm})
- [ guAlgp s gRlAR§p
P1pP2pNp v
— | ZLbPTAPTTP : - : f+w
\M(Pr,+1) - o !
| SINA1S, - grNARS,
| guly, - griln,
_ | PrpPopNp
\ M(PI)P + 1)
[ &ivIN, -+ grNIN,

X diag{Algp, ... ,ARgp}f + Wp.
(12)
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Denote Theorem 2 (ML decoding and the PEP Chernoff bound).
The ML decoding of the relay network is
guln, - griln,
=\ diag{Ays,..., Ars, ). argmin tr (x B ]mSkH)
gindn, - &rvln, Sk (P1+1) -
(13) S . un
X Ry} (X - 12skH) .
The number of independent equations in (9) equals the rank M(Py+1)

of #,, which is min{N,N,N,R, MR}. Since there are MR
unknowns (corresponding to the components of f), we need
min{N,N, N,R, MR} = MR, which is equivalent to

N, = max {[MR/N1,M}. (14)

While this condition is satisfied, we could estimate f from
X, using ML, MMSE, or other criteria. The overall training
process takes at least R+2 max {[ MR/N |, M} symbol periods.
The optimal designs of Uj, Qp, S, (or §P), and Py p, Py are
interesting issues. However, they are beyond the scope of this
paper.

3. PAIRWISE ERROR PROBABILITY AND
OPTIMAL POWER ALLOCATION

To analyze the PEP, we have to determine the maximum-
likelihood (ML) decoding rule. This requires the conditional
probability density function (PDF) P(X | s;), where s, € &8
and 4 is the set of all possible transmit signal matrices.

Theorem 1. Given that s is transmitted, define

Sk = [A1§k Asy -t AR§k]- (15)
Then conditioned on sy, the rows of X are independently
Gaussian distributed with the same variance Ry. The tth row

of X has mean JP\P, T/M(P; + 1)[Sk],H with [Sk]; being the
tth row of Sk. Also,

P(X |sy)

= (7N detRW)fT

% eftr(Xﬂ/PleT/M(P1+1)SkH)R;Vl(Xﬂ/PleT/M(PlJrI)SkH)*

(16)

Proof. See Appendix A. O

In view of Theorem 1, we should emphasize that for a
wireless relay network with multiple antennas at the receiver,
the columns of X are not independent although the rows of
X are. (The covariance matrix of each row Ry is not diagonal
in general.) That is, the received signals at different antennas
are not independent, whereas the received signals at different
times are. This is the main reason that the PEP analysis in the
new model is much more difficult than that of the network
in [5], where X had only a single column.

With P(X | s;) in hand, we can obtain the ML decoding
and thereby analyze the PEP. The result follows.

With this decoding, the PEP of mistaking s, by s, averaged over
the channel realization, has the following upper bound:

P(Sk N Sl) < E e—(P|P2T/4M(l+P1))tr(Sk—Sl)*(Sk—Sl)HR;VlH*'
fmi)gin

(18)

Proof. The proof is omitted since it is the same as the proof
of Theorem 1 in [5]. O

As both H and Ry are known at the receiver, sphere
decoding can be used to perform the ML decoding in (17).

The main purpose of this work is to analyze how the PEP
decays with the total transmit power. The total power used in
the whole network is P = P; + RP,. One natural question is
how to allocate power between the transmitter and the relays
if P is fixed. Notice that when R — co, according to the law
of large numbers, the off-diagonal entries of (1/R)G*G go to
zero while the diagonal entries approach 1 with probability
1. It is thus reasonable to assume (1/R)G*G =~ Iy for large
R. With this approximation, minimizing the PEP is now
equivalent to maximizing P,P,T/4M(1 + P; + RP,). This is
exactly the same power allocation problem in [5]. Therefore,
we can conclude that the optimum solution is to set

p p

Pi==, Py=-—.
L) 27 2R

(19)
That is, the optimum power allocation is such that the
transmitter uses half the total power and the relays share
the other half. As discussed in Section 2.1, for the general
network where the ith relay has R; antennas, the antennas
are treated as R; different relays. Therefore, in general, the
optimum power allocation is such that the transmitter uses
half the total power as before, but every relay uses a power
that is proportional to its number of antennas, that is, P, =
P/2 and the power used at the ith relay is R;P/2R.

4, DIVERSITY ANALYSISFORR —
4.1. Basicresults

As mentioned earlier, to obtain the diversity, we have to
compute the expectations over f,,; and g, in (18). We will do
this rigorously in Section 5. However, since the calculation
is detailed and gives little insight, in this section, we give a
simple asymptotic derivation for the case where the number
of relay nodes approaches infinity, that is, R — oo. As
discussed in the previous section, when R is large, we can
make the approximation Ry =~ (1+P,R/(P; +1))Iy. Denote
the nth column of H as h,. From (5), h, = 4,f, where we
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have defined §, = diag{ginm,...,grnlm}. Therefore, from < 1 16MR \ "
(18) and using the optimal power allocation in (19), ~ (N = 1D)IR\ PTd,,
Ly < (PT/I6MR)UH* (S¢—S))* (S¢—S)H _ R
P(sy s;) S fmFgme =S (Sk=Si |: ( 1) J )/ 16MR/PTa,i,,])ydy:| )
- E e—(PT/léMR)Zlehj,‘(Skfsl)*(sk—sz)h,,
Joniogin (24)

Smisin

_ B o PTAMBRIE (SN 65 (5-5) (Se-$)ga)f

(20)
Since f is white Gaussian with mean zero and variance Iy,

P(sy —s))

§§ndet*1 [IRM + I6MR - Zgn (Sk = S1)™ (Sk — S1)Gn }
(21)

Similar to the multiple-antenna case [4, 48] and the case
of wireless relay networks with single-antenna nodes [5], to
achieve full diversity, Sy — S; must be full rank. Since the
distributed space-time codes Sk and S; are T X MR, in the
following, we will assume T' = MR and the code is fully
diverse.

Denote the minimum singular value of (Sx — §;)* (Sx —
S;) by o2,,. From the full diversity of the code, 02;, >
0. Therefore, the right side of (21) can be further upper
bounded as

P(s; — s;) < Edet™!

PTo?
I + mln
8in |: Ry 16MR Zgn 9’”

(22)
M
(1420 S )

Since gi, are iid. CN(0,1), ZQ] 1lgin|? are iid. gamma
distributed with PDF (1/(N — 1)!)g" e 8. Therefore,

P(sy — s))

1 * PTo2. M
SJ‘(N_I),*R {L (1+16MR x) xN e xdx}

(23)

R

By defining y = 1+ (PTo?,,/16MR)x, we have

m1n

P(sy — s))

< 1 < 16MR )N 16MRY/PTa,
- (N_ 1)'R PTUmln

) ) R
1 M ’

The following theorem can be obtained by calculating the
integral.

Theorem 3 (diversity for R — o). Assume that R — oo,
T = MR, and the distributed space-time code is full diverse.
For large total transmit power P, by looking at only the highest-
order term of P, the PEP of mistaking s, by s, has the following
upper bound:

P(s; — s;) S ! R<16A;IR
(N - 1)! Tamin

( 2N—l R
(M_N) PNR  if M >N,

X logl/MP MK
P

(N — M — 1)1'p~MR

)min{M,N}R

if M =N,

if M < N.
(25)

Therefore, the diversity of the wireless relay network is

min{M,N}R ifM#N,
d= (26)
1 loglogP e
MR (1 M logP ) if M = N.
Proof. See Appendix B. O

4.2. Discussion

With the two-step protocol, it is easy to see that regardless
of the cooperative strategy used at the relay nodes, the
error probability is determined by the worse of the two
transmission stages: the transmission from the transmitter to
the relays and the transmission from the relays to the receiver.
The PEP of the first stage cannot be better than the PEP of
a multiple-antenna system with M transmit antennas and R
receive antennas, whose optimal diversity is MR, while the
PEP of the second stage can have diversity not larger than
NR. Therefore, when M # N, according to the decay rate
of the PEP, distributed space-time coding is optimal. For
the case of M = N, the penalty on the decay rate is just
R(loglog P/log P), which is negligible when P is high.

If we can use the diversity definition in [49], since
limp_(loglogP/log P) = 0, diversity min{M, N}R can be
obtained.

The results in Theorem 6 are obtained by considering
only the highest-order term of P in the PEP formula. In brief,
we call the rth highest-order term of P in the PEP formula
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the rth term. When analyzing the diversity, not only is the
first term important, but also how dominant it is. Therefore,
we should analyze the contributions of the second and also
other terms of P compared to those of the first one. This is
equivalent to analyzing how large the total transmit power P
should be for the terms in (25) to dominate. The following
remarks are on this issue. They can be observed from the
proof of Theorem 3 in Appendix B.

Remark 1. (1) If |[M — N| > 1, from (B.13) and (B.22),
the second term behaves as P~min{MNIR+1 The difference
between the first and second terms is a P factor. Therefore,
the first term is dominant when P > 1. In other words,
contributions of the second and other terms are negligible
when P > 1.

(2) If M = N, from (B.16), the second term is

log®~'p
PMR °

M-1R (16MR\"™"
) o

(M- 11"

m1n

which has one less log P than the first one. Therefore, the

first term, (1/(M — D)®)(16MR/To2, )" (log™ P/PY"", is
dominant if and only if logP > 1, which is a much
stronger condition than P > 1. When P is not very large,
contributions of the second and even other terms are not
negligible.

(3) If IM — N| = 1, from (B.11) and (B.24), the
second term behaves as P~ MMMNIR(og P/P). The difference
between the first and second terms is log P/P factor. There-
fore, the first term given in (25) is dominant if and only
if P > logP. This condition is weaker than the condition
logP > 1 in the previous case; however, it is still stronger
than the normally used condition P > 1.

5. DIVERSITY ANALYSIS FOR THE GENERAL CASE
5.1. Asimple derivation

The diversity analysis in the previous section is based on the
assumption that the number of relays is very large. In this
section, analysis on the PEP and diversity for networks with
any number of relays is given.

As discussed in Section 3, the main difficulty of the PEP
analysis lies in the fact that the noise covariance matrix Ry
is not diagonal. From (18), we can see that one way of upper
bounding the PEP is to upper bound Ryy. Since Ry = 0,

P+lzz|gﬂ’l

n=1i=1

Ry < (tI‘Rw)IN = ( ) Iy. (28)

Therefore, from (18) and using the power allocation given in
(19),

P(s; —s))

2))tr H*(Sk=S1)* (Sk—S)H

< B e (PTSMNRUH(INR) D 3
™ fuingin

in

(29)

when P > 1. If the space-time code is fully diverse, using
similar argument in the previous section,

R o2 gi M
P . < mm ! )
(sk s) < U( 8MNR 1 + (1/NR)S R 1g1)

(30)

where, as before, 02, is the minimum singular value of
Sk =S

)*(Sk — ) and g = S11giml?. Calculating this
integral, the following theorem can be obtained.

Theorem 4 (diversity for wireless relay network). Assume
that T = MR and the distributed space-time code is full diverse.
For large total transmit power P, by looking at the highest-order
terms of P, the PEP of mistaking s, by s; satisfies

min{M,N}R
1 M
P(sy —s) g AL
(N - 1)' Tamm
R
M _ .
[N(M—N)} P ¥M>N,
R (10oMp MR
X*<l+%) (ng ) if M =N,
1 R
[ﬁ F(N-M- 1)1] P-MR i M < N.
k (31)
Therefore, the same diversity as in (26) is obtained.
Proof. See Appendix C. O

Although the same diversity is obtained as in the R —
o case, there is a factor of N in (31), which does not
appear in (25). This is because we upper bound Ry by
(trRy)Iy, whose expectation is N times the expectation
of Ry, while in the previous subsection we approximate
Ry by its expectation. This factor of N can be avoided by
tighter upper bounds of Ry . In the following subsection, we
analyze the maximum eigenvalue of Ry . Then in Section 5.3,
a PEP upper bound using the maximum eigenvalue of Ry is
obtained.

5.2. The maximum eigenvalue of Wishart matrix

Denote the maximum eigenvalue of (1/R)G* G as Amax. Since
G is a random matrix, Ap. 1S @ random variable. We first
analyze the PDF and the cumulative distribution function
(CDF) of Amax.

If entries of G are independent Gaussian distributed with
mean zero and variance one, or equivalently, both the real
and imaginary parts of every entry in G are Gaussian with
mean zero and variance 1/2, (I/R)G*G is known as the
Wishart matrix. While there exists explicit formula for the
distribution of the minimum eigenvalue of a Wishart matrix,
we could not find nonasymptotic formula for the maximum
eigenvalue. Therefore, we calculate the PDF and CDF of A4x
from the joint distribution of all the eigenvalues of (1/R)G*G
in this section. The following theorem has been proved.
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FIGURE 2: PDF of the maximum eigenvalue of (1/R)G*G.

Theorem 5. Assume that R > N and G is an R X N matrix
whose entries are i.i.d. CN (0, 1).

(1) The PDF of the maximum eigenvalue of (1/R)G*G is
RRN ) R-N ,—RA

1Y T(R - n+1)I(n)

Pl V) = detF, (32)

where F is an (N — 1) X (N — 1) Hankel matrix whose
(i, j)th entry equals fij = fOA(A — f)?R-N+itj=2o=Rt y
(2) The CDF of the maximum eigenvalue of (1/R)G*G is

RRN

[T, T(R — n+ 1)I(n)

P(Amax < A) = detF', (33)

where F' is an N X N Hankel matrix whose (i, j)th entry
equals f; = (RN 2R

Proof. See Appendix D. O

A theoretical analysis of the PDF and CDF from (32)
and (33) appears to be quite difficult. To understand Ay,
we plot the two functions in Figures 2 and 3 for different R
and N. Figure 2 shows that the PDF has a peak at a value a
bit larger than 1. As R increases, the peak becomes sharper.
An increase in N shifts the peak right. However, the effect is
smaller for larger R. From Figure 3, the CDF of Aax grows
rapidly around A = 1 and becomes very close to 1 soon after.
The larger R is, the faster the CDF grows. Similar to the PDE,
an increase in N results in a right shift of the CDE. However,
as R grows, the effect diminishes. This verifies the validity of
the approximation G*G = Rly in Section 4 for large R.

In the following corollary, we give an upper bound on
the PDE. This result is used to derive the diversity result for
general R in the next subsection.

F1GURE 3: CDF of the maximum eigenvalue of (1/R)G*G.

Corollary 1. When R = N, the PDF of the maximum
eigenvalue of (1/R)G* G can be upper bounded as

pr.(A) < CIARN=1g= R (34)
where
1
Ci=—x
[T, T(R—n+1)I(n)
2N—1RRN
X
M- R-N+2n—1)(R-N+2n)(R-—N+2n+1)

(35)
is a constant that depends only on R and N.

Proof. From the proof of Theorem 5, F is a positive semidef-
inite matrix. Therefore, det F < Hfj: fan. From (32), f,, can
be upper bounded as

A
fnn < J = t)ZtR—N+2n—2dt
0

2
" (R-N+4+2n—-1D)(R-N+2n)(R-N+2n+1)

% /\R—N+2n+1 ,
(36)
then we have

detF
2N—l

<
M MR-N+2n—1)(R-N+2n)(R-N+2n+1)

o ARN-R+N-1
(37)

Thus, (34) is obtained. O
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5.3. Bound on PEP from bound on eigenvalues

If the maximum eigenvalue of (1/R)G*G is Amax, the maxi-
mum eigenvalue of Ry is 14+(P,R/(P1+1))Amay, and therefore
Ry < (1 4+ (PoR/(Py + 1))Amax)IN. From (20) and using the
power allocation given in (19), we have

P(§k — 8 | Amax = C)

< E ef(PlpzT/4M(1+P1+szmax))tr(skfs,)*(skfs,)HH*
Sonr e

< B~ (PT/B1+Ama ) MR)tr(Sc=S1) " (Sc~S)HH*
™ fursgen
(38)

The only difference of the above formula with formula (20) is
that the coefficient in the constant in the denominator of the
exponent is 8(1 + Amax) now instead of 16. This makes sense
since ¢ — 1 as R — oo. Therefore, using an argument similar
to the proof of Theorem 3, at high total transmit power, by
looking at the highest-order terms of P,

1 14+ MR min{M,N}R
P(§k — 8 | AmaX:C)g R |:8( Cz) :|
(N_ 1)' Tamin
( 2N—1 R
(M—N) P-NR if M >N,
x4 (1og"™p MR

(‘)gp if M =N,

(N - M - 1)IRp~MRif M < N.
(39)

The following theorem can thus be obtained.

Theorem 6 (diversity for wireless relay network). Assume
that T = MR and the distributed space-time code is full diverse.
For large total transmit power P, by looking at the highest-order
terms of P, the PEP of mistaking s, by s, can be upper bounded
as

N min{M,N}R
C 8MR
Plsy —s) S &
(sx —s1) S (N - D)IR (T(Tﬁqin>
( 2N71 R
(sr) 2 e
x4 [og"™p\ MR
( ogP ifM=N,
(N =M - DIP=MRif M <N,
(40)
where
mintMNIR (min{M,N}R\ (RN +i— 1)!
o ( ‘ )(mw) if R=N,
i=0 !
o=
minMNIR fmin{M,N}R\ (RN +i—1)! |
G o3 ( l. )RiNRN RN,

1
[T, I(N - r+ DI(r)

G =

2R—1NRN
X .
M (N=R+2r—1)(N=R+2r)(N—R+2r+1)
(41)

Therefore, the same diversity as in (26) is obtained.

Proof. WhenR > N,
Plse —51) = || Plse — 5 Lhnax = iy, (01de

< J Ci RN e Rep (s, — 8; | Amax = ¢)dc
0

(42)
using (34) in Corollary 1. From (39),
min{M,N}R
P(s, —s) S (MR
(N - 1)' Tamin
X JOOCRN’Ie’RC(l + )min{tMNIR 7
0
( zN—l R
(M—N) p-NR if M >N,
x 1 (log P\ }
( (1)3%4 ) if M =N,
[(N =M - DI"P~MR if M < N.
(43)
Since
JmcRN’le’R‘(l + ¢)min{MNIR 70
0
(44)

RRN+i

min{fN}R (min{M,N }R> (RN +i—1)!
i

i=0

(40) is obtained.

For the case of R < N, G* isan N X R (N > R)
matrix whose entries are i.i.d. CN (0, 1). Denote the maximal
eigenvalue of (I/N)GG* as A" max. Its PDF and CDF are given
in Theorem 5 with R and N being switched. Using the facts
that the maximal eigenvalue of (1/R)G*G is (N/R)\A' max and

© N min{M,N}R
J cRN’le’NC<1+—c> dc
0 R

(45)

mm%N}R (min{M,N}R> (RN +i - 1)!

iNRN
i=0 ! RN

we can finish the proof of this theorem. O
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6. SIMULATION RESULTS

In this section, we show simulated block error rates of
three networks with multiple transmit/receive antennas and
compare them with the three PEP bounds we derived in
(25), (31), and (40). These bounds are also addressed as PEP
bound 1, PEP bound 2, and PEP bound 3 for the sake of
presentation. The main purpose of this section is to verify
the diversity results in (26). The optimal code design is not
an issue. In the simulations, we use the power allocation in
(19) and the ML decoding in (17). It is known that with ML
metric, a factor of 1/2 can be applied to Chernoff bounds
on the two-signal error rate, which is the block error rate
when there are two possible transmit signals. Thus, the PEP
bounds shown in Figures 4—6 are calculated from (25), (31),
and (40) with a factor of 1/2. In all figures, the horizontal
axis indicates P, the total transmit power used in the whole
network.

Our first example, whose performance is shown in
Figure 4, is a network with one transmit antenna, two relay
antennas, and two receive antennas, thatis, M = 1, R = 2,
N = 2. Weset T = MR = 2. The transmit signal is designed
as

s = [51 Sz:lt, (46)

where s; and s, are chosen as BPSK signals (normalized
according to (1)). The matrices used at relays are designed
as

0 -1
Ay =D, A2=|:1 0] (47)

The distributed space-time codeword formed at the receiver
S is thus a 2 X 2 real orthogonal design [50]. Then, we show
performance of a network with M = 2, R = 2, N = 1 in
Figure 5. We set T = MR = 4. The transmit signal is deigned
as

S1 —$82

S8
s= , (48)
- $3 =S4

S4 S3

where s;, s, s3, s4 are also BPSK signals (normalized
according to (1)). The matrices used at relays are designed
as

Ay =1y Ay = (49)

o —oo
— o oo
cocol
com~o

The distributed space-time codeword formed at the receiver
S is thus a 4 X 4 real orthogonal design [50]. Finally, in
Figure 6, we show performance of a network with M = 2,
R=1,N =2 Weset T = MR = 2. The transmit signal is

Block error rate

10 12 14 16 18 20 22 24 26 28 30
P (dB)

—%— PEP bound 2
—&— PEP bound 3

— 2-signal error rate
—+— Block error rate
—©— PEP bound 1

FiIGurRe4: M =1,R=2,N=2,T =2.

100

1071k

102 ¢

Block error rate

1073 ¢

1074 ¢

10-5 L L L L L L L L L
10 12 14 16 18 20 22 24 26 28 30
P (dB)

—— PEP bound 2
—&— PEP bound 3

—— 2-signal error rate
—t+— Block error rate
—6— PEP bound 1

FIGURE5S: M =2, R=2,N=1,T = 4.

designed as

I I Bt )
§_ |:52 ) :|7 (50)

where s; and s, are BPSK signals (normalized according to
(1)). The matrices used at the relay are set to be I,. The
distributed space-time codeword formed at the receiver S is
again a 2 X 2 real orthogonal design [50]. The transmission
rate of all three networks can be calculated to be 1/2. For
comparison, we also show the 2-signal error rates of the three
networks by fixing s,,..., st.
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The (t, n)th entry of X can be written as
R M T
| PiP,T
Xin = M4(11312+ 1 ; Z: ;fmiginai,trsk,rm
. (A.1)
g b, kT
g + P +1 ,:ZI Zlginai,hvir + Win,
3
2 where a;;. is the (¢, 7)th entry of A; and sk 1y, is the (7, m)th
entry of s;. With full channel information at the receiver,
R M T
PP, T
Exty = ;) 2 1 Z Z Zfrmgmal trSk,rm- (A.2)
+ 1 1m=171=1

10 12 14 16 18 20 22 24 26 28 30
P (dB)

—*— PEP bound 2
—&— PEP bound 3

— 2-signal error rate
—+— Block error rate
—©— PEP bound 1

FiGure6: M =2, R=1,N=2,T = 2.

Figures 4-6 indicate that when the transmit power is
high, all three networks achieve the diversities shown by the
PEP bounds. This verifies our diversity result in (26). PEP
bound 1 is the tightest of the three. This is because PEP
bound 1 is obtained by approximating Ry by its asymptotic
(R — o) limit, which is also its mean; however, strict lower
bounds on Ry are used in the calculations of bound 2 and
bound 3. In Figure 5, the three bounds are very close to each
other and, actually, bounds 1 and 2 are the same.

7. CONCLUSIONS

In this paper, we generalize the idea of distributed space-time
coding to wireless relay networks whose transmitter, receiver,
and/or relays can have multiple antennas. We assume that the
channel information is only available at the receiver. The ML
decoding at the receiver and PEP of the network are analyzed.
We have shown that for a wireless relay network with M
antennas at the transmitter, N antennas at the receiver, a total
of R antennas at all the relay nodes, and a coherence interval
not less than MR, an achievable diversity is min{M, N}R
if M#N and MR(1 — (1/M)(loglogP/logP)) if M = N,
where P is the total power used in the whole network.
This result shows the optimality of distributed space-time
coding according to the diversity gain. Simulation results are
exhibited to justify our diversity analysis.

APPENDICES
A. PROOF OF THEOREM 1

Proof. Itis obvious that since H is known and W is Gaussian,
the rows of X are Gaussian. We only need to show that
the rows of X are uncorrelated and that the mean and
variance of the tth row are /(P1P,T/(P; + 1)M)[Sk],H and
Ryy, respectively.

Therefore, the mean of the tth row is then represented by
N(P1P,T/M(Py +1))[Sk]:H. Since v;, wy, and s, are inde-
pendent,

COV(xfl n> Xy, )

= E(xtlnl - Extlﬂl ) (xtznz - Extznz)
11 1n1=1i=11n=1
X Egilnlail,tln Vﬁﬁgiznzaiz,l’z‘l’zvizh + Ewl’lnlwlznz
R T
p,

Z Zul t1 @i, szgmlgmz + 6“1”2 6t1 t

i=17=1

P, &
=4 —i—g im&i, +On
tity (Pl + erIgl lgmz 1”2)

glnz

P1+1

P,
= 8[1[2 P 11 [glm - ng] +6ﬂ1nz

anz
(A.3)

The fourth equality is true since A; are unitary. Therefore, the
rows of X are independent since the covariance of x,,, and
Xt,n, 18 zero when t; # t,. It is also easy to see that the variance
matrix of each row is Iy + (P,/(P; + 1)) G'G, which equals Ryy.
Therefore,

P([X]t | §k)

= (nN detm) o

« e~ tX—+/(PIP T/M(P+D)ScH], Ry (X~ (PP, T/M (P, +1))S¢H).

-T
= (TL’N det Rw>
o~ tIX /(PP T/M(Py+1)SEH) Ry (X = /(Py P T/M(Pr+ 1) SiH),

(A.4)

Since P(X | s;) = [T ,P([X], | s;), (16) can be obtained.
O
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B. PROOF OF THEOREM 3 Therefore,
Proof. Define
P(sp — /)
N1 /N —
I= Z ( ) J yl Me (16MR/PTq? Ormin ydy (Bl) - 1 ( 16 MR >NR
1=0 ~ (N - 1)'R PTUmln
We first give three integral equalities that will be used later: L6MR \ - M) | R
- ><[(N_M_l)'(PT 2 ) +O(PMR)]
I x"e M dx Omin
o TN =M =11 16MR\ME 1 1
= e W Zk— — 4>0, Ru>0,n=012..., - (N-1)! To2,. pvir 1O\ pur )
k=0 (B.2) (B.9)
© L,—ux E
J en dx = (- 1)"”% While analyzing the performance of the system at high
. . " transmit power P, not only is the highest-order term of P
s (= 1) wu 50 n=12 important, but also how fast other terms decay with respect
ut Znee s (n—k)’ “=" >0 to it. Therefore, we should also look at the second highest-
(B.3) order term of P. To do this, we have to consider two different
® g-pix cases.
J . dx = —Fi(—pu), Ru>0, u=>0, (B.4) IfN=M+1,
u
where 16MR ) . [ 16MR
X g I= PTo? +M | -Ei PTo? + 0(1)
Ei(y) = J 7dt, x<0, (B.5) min Imin
: - : 16MR )
is the exponential integral function [51]. To calculate I, we =\ pro2 +MlogP + O(1).
discuss the following cases separately. e (B.10)
Case 1 (M < N). In this case, ’
. Nz—l <N - 1) mez,Me,(MMR/PToZ- »dy Therefore,
M l 1 MR
1 (16MR 1
N-1 (16MR/PTG2,,) y P(sy —s;) S ( )
+ J e—dy (B6) ¢ M Tamln PMR
M-1)h y

-1
Z ( ) J y~(M=D o= (16MR/PTe)y

Using equalities (B.2)—(B.4) with u=1, u= (16 MR/PTo

mm)

andn=I1-Morn=M-1-1,
N-1 —(I-M+1)
N-1 16 MR
=3 (M) oo (prg)

N-1 P IN-1 1 (B.7)
+<M_1>logP+lZO< ] )M—l—l

+ lower-order terms of P.

By only looking at the highest-order term of P, which is in

the first term with [ = N — 1, we have
-(N-M)
[=(N-M- 1y SMR +o(p-(N-M))
PTO'mm

(B.8)

RM (16MR\"™"" logP log P
MIR Tamm PMR+1 PMR+1
(B.11)

The second highest-order term of P in the PEP behaves as

logP/PMR+1 — p~(MR+1-loglogP/logP)
IfN>M+1,
16M (N-M)
=0 - M- ZR) F(N- (N -M-2)!

(N-M-1)
><< 16 MR ) o(PN*Mfl)
PTO'mm

S M CE

16MR 1
_ _ | -
X (N —-M —2)! 7 +o< )]

(B.12)
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Therefore,

(N-M- 1R 16MR\M} 1
To? PMR

min

P(§k - §l) S (N — 1)!R

(N-1)(N-M-2)(N-M- 1’1
+ R
(N = 1)!

16MR\M&T 1 1
To? PMR+1 to PMR+1 )°

(B.13)
Case 2 (M = N). In this case,
0 67(16MR/PTU‘.2mn)y
o [t
1 y
(B.14)
"IN -1 )
S < l ) J (M) = (OMRPT )y g,
1=0 1
Using (B.4) with gy = 16MR/PTc?;, and u = 1, and (B.3)
withu =1landn =M — [ — 1, we have
N-2
N-1 1
I =1logP+ —_—
8 I_ZO ( I ) M-1-1
(B.15)
+ lower-order terms of P
< logP +2N"! + lower-order terms of P.
Therefore,
1 16MR\ "R log"P
P(§k - §l) S R ( 2 ) MR
(M - 1)' Tamin p
N-1 MR _R-1
N 28-1IR (16]\2/1R> log" P (B.16)
(M - 1)'R Tgmin PMR
log®~'p
O( PMR )

Also, the second highest-order term of P in the PEP behaves

as log" "' P/PRM and the next term has one log P less and so
on.
Case 3 (M > N). In this case,

MEFIN - :
I= Z ( ] )L y_(M_l)e_(16MR/PTUmin)ydy. (B.17)
1=0

Using (B.3) withu = 1, = 16MR/PTo2;,,andn = M—I—1,

N-1
N-1 1
I= l=z(:) < i ) M-oI-1 + lower-order terms of P.

(B.18)

Thus,

- 1 ( 16MR )NR
~ (N— I)R PTO.Z

min

N-1 N -1 1
X[Z( I )M—l—1+0(1)]

1=0

1 N-1 N -1 1
:[(N—l)!z( I )M—l—l]

1=0

P(sy — )

R

R

( 16 MR
To?

min

NR
) PR o(p,
(B.19)

We can further upper bound the PEP to get a simpler
formula. Notice that 1/(M — [ — 1) < 1/(M — N). Thus,

1 N-1 N -1 R
P(sk—’Sz)S[(M_N)(N_l)!Z< l >}

1=0

NR
(16MR> VR

Tarzrlin
_ R
B [ 2N-1 ] (16MR>NRP,NR'
(M-N)YN -1 \ T2,
(B.20)

As discussed before, we also want to see how dominant
the highest-order term of P given in the above formula is. If
M>N+1,M—1-2>N+1-(N—1)-2 = 0.From (B.3),

[ 2Nt 16MR 0(1)
M-N (M-N)M-N-1)PTd2, p)
(B.21)
Therefore,
2N-1 K r16MR\NR
Plev — 2 % | | (7a,)
sk =) S| G- - ToZ,.
1 R 16MR\ 1
“|pve T M-N-1\To2, ) PNk
1
to{ pyret )
(B.22)

The second highest-order term in the PEP behaves as
/(PN If M = N + 1,

16 MR log P 1
I< 2N*1+——+o(—>. B.23
To2, P P (B.23)
Therefore,
R(N-1) NR
Plsy — ) S (o) x
(N - 1)‘ Tamin PNR

2R-DIN-DR ( 16MR)NR” logP
(N _ 1)|R TO'Z PNR+1

logP
+o{ pre )

(B.24)
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which indicates that the second highest-order term in the
PEP behaves as log P/PNR+1 — R—(NR-*—I—IoglogP/logP). ]

C. PROOF OF THEOREM 4

Proof. Since g; have PDF p(g;) = (1/(N — 1)!)g" 'e~8

> T

1<ij<---<i <R

R
P(sy —8)) < Z (C.1)

where

Ti,..i, = ﬁ J : J

the iy,...,i,th integrals are from x to oo,

others are from 0to x

R 2 -M
PTo: . f
% 1_[(1 + Omin & R )

L 8MNR 1+ (1/NR)XL g

x g e fidg - - - dgr
(C2)

and x is any positive real number. Let us calculate T, first:

1 ) 0 rx xﬁ
hee
(N—l)' X x JO 0 i
r R-r

) <1 . PTay, g )M
8MNR 1+ (I/NR)>X, g

Xgl.Nfle_gidgl .. ng
ekl T
< -
(N - DRy XE

-M
X PTUmm Si
( 8MNR 1+ ((R—r)/NR)x+ (1/NR)>|_, gl-)

x g e Sidg - - - dg,

J J ]_[ g e ¥dgy - - - dgr

i=r+l1
—rM
1 PTUmm R—r
TIN= 1)!R(8MNR) yrN)
M

(o] (o) R
xL L (1+ NR x+Zg,)
X H e N8 dgrs

tll

(C.3)

where y(n,x) is the incomplete gamma function [51]. We
should choose x so that the diversity is maximized. Define
= P%, where f is a positive constant and « is any real

constant. The value of 8 does not affect the diversity. Here, to
have the PEP result con51stent with formula (25) in Section 6,
weset f = (To2,,/SMNR)®. Therefore, choosmg the optimal
(in the sense of maximizing the diversity) x is equivalent to
choosing the optimal a. If « > 0, the r = 0 term in the PEP
upper bound is

%),RyR(N,P“) =1+o(1). (C.4)

(N -
Therefore, having « positive is not optimal according to
diversity. Similarly, if @« = 0, x = 1. The r = 0 term in the PEP
upper bound, (1/(N — 1)!R)yR(N, 1), is a constant. Therefore,
a should be negative. Thus,
%ﬁNP(xN + O(PotN)

= ixN +o(xN) = (C.5)

N
We are only interested in the highest-order term of P. When
P is large, ((R — r)/NR)x is negligible compared with 1.
Therefore,

- 1 ( T0min )
Lot <5 (N — 1)!RNR7r SMNR

y(N, x)

—rM+aN(R-r)

(C.6)
% P—rMﬂxN(R—r)A

where we have defined

00 ) r e’g"
A=L L (1+ng) ‘del"'dgr-

i=18i
(C.7)

. . a . .
We consider the expansion of (A + Zle/\i) into monomial
terms:

r a

(1+—Zgl) §(< Z Z C(iy,. .,1]

<h<-e-<lj<kipnij=1
Yin<a
1 o i
X 7(NR)i]+...+i,.gz’fgz’j = -gzj>,
(C.8)

where j denotes how many g; are present, l,...,[; are the
subscripts of the g; that appear, i,, > 1 indicates that g, is
taken to the i, th power, and finally

i) (ﬁ) (k;h) o (k—il—;j. . —ij1>

(C.9)

counts how many times the term glil1 gl’; e gllj appears in the

expansion. Thus,

I YD D

<see<lp=rinesijzl

Dims<r

XC(il,... lj;il,...,ij),

(C.10)

Vi) AGs T
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where

A(j;ll,...,lj;il,...,ij)

e 8m
(NR)11+ +lj (HJ M N+1-i, gl )

(C.11)
© o8

x I J g dgi.

#1500

From (B.2)—(B.4), while P — o0, a < 0, and n > 0,
J AMedA = n! + o(1),

9] e_A

Td)t = (—a)logP + o(logP), (C.12)

rmﬂ‘“_ Lg-np-an 4 o(p-en).

Therefore, the highest-order term of P in A is the j = 0 term.
If we only keep the highest-order term of P in A,

r —o
(o) e gx
A= HJ NN 98
i=17% &i
1 7N) _ . .
— p-reM=N)if M > N,
ai-nyP s
~ (_(x)rlogrp if M =N,
(N-M-1) if M < N.
(C.13)
From the symmetry of g1,...,gr, we have T, | =T,
Therefore,
P(§k — §z)
R
< Z (7‘) Tl ..... r
r=0
(N—l)'Rz( )NR r
—rM+aN(R-r)
« (%) p-rM+aN(R-r)
8MNR
—ra(M—N)
1 Tox, ) .
! preM-N) - if M >N,
(M—NY <8MNR !
X1 (-)log'P if M =N,
(N-M-1)" if M < N.
(C.14)

We should choose a negative a such that the exponent of the
highest-order term of P in the above formula is minimized.
In other words, if we denote the exponent of the rth term as
f(r), choose an « < 0 such that max, f(r) is minimized.
IfM >N, f(r) = =tM+aN(R —r) —ra(M — N) =
aNR — rM(1 +a). If a < —1, f(r) is an increasing function

of r. Thus, max, f(r) = f(R) = —a(M — N)R — MR, which
is minimized when « equals its maximum —1. If « > —1,
f(r) is a decreasing function of r. Thus, max, f(r) = f(0) =
aNR, which is minimized when « equals its minimum —1.
Therefore, we should set « = —1, and

(/N + 1/(M — N))* <8MNR)NRP,NR
(N-1)R Top

min

P(sy — s S

- [(M - 1\]\14)/(]}]\7 - 1)!]R<81{\i:f)mpm'
(C.15)

If M < N, f(r) = aNR — rN(a + M/N). By similar
argument, we should set « = —M/N. Thus,

( 8MNR ) MR pMR
To? '

min

(N+(N-M-D)"

P(sy —s;) S N _DIE

(C.16)

If M =N, f(r) = aNR — rN(a + 1 — (1/N)(loglog P/
logP)). Using similar argument, the optimal choice of « is
1 — (1/N)(loglog P/log P). Therefore,

P(S . ) - 1 [(8MNR>loglogP/logP 1
Sk T8 R
(N - 1)'R Tamm

N
R
N (1 3 iloglogP)]
N logP

(8MNR> ~MR <log1/MP ) MR

To., p
N (1/N+1)R(8MNR> <log1/MP> i
- (N - 1)'R T(Tmm p
(C.17)
0

D. PROOF OF THEOREM 5
Proof. We first give a theorem that will be needed later.

Theorem 7. Define A = (A4,...
and h,

,An). For any functions f, g,

N
J dAT ] f (L) det Vg(A) det Viy(A) = N!det Fyp,

go()h) Tt go(/\N)
ngl(Al) : gN—l(/\N)
ho (A1) ho(An) (D.1)
e =i
l’lel()Ll) R thl(/\N)
(1)
:Jf(t) | [roe) - )]

gn-1(t)
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Define G" as a complex Gaussian matrix whose entries’
real and imaginary parts have mean zero and variance one.
Denote the ordered eigenvalues of GG’ ™ as A’y = A5+ -+ >

A'N. It is well known that the eigenvalues have the following
joint distribution [52]:

N
Py Ay) = CIIAENe ™2 [T (=),

i=1 1<i<j=<N

(D.2)

where C = 27RN/TT™_ T(R — n+ 1)I'(n) is a constant. Denote

the ordered eigenvalues of (1/R)GG* as A, = A, - -+ = Ay.
Therefore, A; = 2RA;. The joint distribution of Ay,...,Ay is
therefore
P(As,...,AN)
B , L AA e dAy
= P()Ll,...,AN)idll dh
= det [diag{2R,...,2R}](2RAy,...,2RAy)
= (2R) cﬂ QR Ne ™ TT [2R( - A))]°
i=1 1<i<j<N
N
= CQRMNTARNe B [T (hi—1))>
i=1 1<i<j<N
(D.3)

To get the PDF of Ay, we have to do the integral over
A2,...,AN. Define f(x) = — x)’ xR NeRx and g(x) =
hi(x) = x*~1. Thus,

P(Amax = A)
=P =1)

:J P(MAo,. . AN)dAy - - - dAy
A=Ay > Ay

A A
- P, )N, - d)
(N—l)!Jo Jo (A2 QL N

RN
85}21_2)1)'/\12 N, RAJ J' 1—[ (L= M) AR-N g R

x [T Wi=21)°dAy---diy

2<i<j<N
CR™ \x N, 1 J’ Jl i
(N_l)'/\ ng(/b)
x det Vg (Aa,...,An) det Vi (Agy.. AN)AL - - - Ay
RN
_ %AR—NE—RA(Nf 1)!detF,
(D.4)

where in the second equality we have changed the integral
space from ordered A; to unordered one. From the symmetry

of A;, we only need to divide the new value by (N — 1)!. From
Theorem 7,

t

F= I:g(t) . tN*Z] dt, (D.5)

tN72

whose (i, j)th entry is f;; = fOA(A — t)?tR-N+itj-20-Rt gt The
CDF of A, can be obtained similarly. O

E. DISCUSSION ON HETEROGENEOUS NETWORKS

In Section 2.2, it is assumed that f,,; and g;, have the same
variance. Physically, this means that the distances between
the transmitter/receiver and all relays are about the same,
which may not be a practical assumption for networks with
scattered nodes. In this appendix, we extend our diversity
analysis to heterogeneous networks whose channels have
different variances. We assume that the distributions of fiui
and g, are CN(0, af ) and GN(O ) respectively. By
following the derivation in Section 4, compared with (21),
the PEP for the heterogeneous case can be upper bounded by

P(s — s)
PT
< — —
ljzndet [zf+ 16MR§ G (Sk — S (Sk 51)9n]>

(E.1)

,aﬁmR} is the

where 2¢ = diag{a}ll,.. ,alzR,...

2
Y Ofml Yo e
. . .M

covariance matrix of f. Denote afzi = min,,_, {U%m_} and agzi =

mm {a . We have from (E.1) that

-M

02PToki, <N | gin|®
2 min 8in
<0ff+ TGMR 2 a2,

(E.2)

Since |gix|*/a7, has the exponential distribution with mean 1
and g;,’s are independent, >N |gin|2/(7g2i” has the i.i.d.
gamma distribution (1/(N — 1)!))g¥~'e¢. Thus, following
the derivations in Section 4 and Appendix B, we can show

that the PEP of heterogeneous networks has the following
upper bound:

P(sy — s
R —min{M,N} 16 MR min{M,N}R
(N - 1)'R (n ) ( Tomin )
- R —(N-M) IN-1 R
(ﬂazf) (M—N) P MR,
i=1
X1 /log?Mpy MR
( OgP ) if M= N,
(N — M — 1)IRp-MR if M < N.

(E.3)
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Thus, the same diversity results as in (26) can be obtained.
Similarly, the rigorous analysis in Section 5 also applies to
this heterogeneous case.
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