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With conventional AOA positioning using a reverse-link signal, each sensor is equipped with an array antenna to measure
the incident angle of the signal emitting by a mobile source. In order to perform the complicated array processing for angle
measurements, both the sensor size and the power consumed by the sensor can increase in RLAOA (reverse-link AOA) positioning.
In some applications such as mobile vehicle localization, the vehicle has fewer limitations in terms of size or power consumption.
Rather, it is desirable to make the sensor as light as possible. This paper presents a new angle-based positioning scheme using a
forward-link signal. Under the assumption that a ground vehicle moves on a horizontal surface, a measurement equation for the
FLAOA (forward-link AOA) is initially derived. Using the measurement equation, a closed-form solution for FLAOA positioning
is proposed. With the proposed method, it is also possible to estimate the azimuth of the vehicle as well as its position. The
performance of the proposed method is compared to that of RLAOA positioning in a computer simulation. The simulation results
show that the proposed method is potentially suitable for applications involving the localization and guidance of mobile vehicles.
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1. Introduction

Over the past few decades, many types of radio-navigation
systems have been developed. Examples include GNSS
(global navigational satellite system), AGNSS (assisted
GNSS), and geolocation systems using cellular networks.
These radio-navigation systems are widely used in various
LBS (location-based service) applications. To improve or
complement the existing systems, upgraded or new location
systems are currently under development. Examples of this
include GNSS modernization and IR-UWB (impulse radio
ultra wide band) WPAN (wireless personal area network)
location systems [1–4].

Depending on the measurements used, radio-navigation
systems can be classified as either time based or angle based.
An OWR (one-way ranging) TOA (time-of-arrival) system
measures the signal propagation time between the sensor and
a user, whereas a TDOA (time-difference-of-arrival) system
uses the time difference between different sensors. As sensors
are installed at known positions, the three-dimensional

user position can be estimated from at least four TOA
measurements, or equivalently, TDOA measurements from
at least three. In time-based OWR, either a forward-link or
a reverse-link signal can be used. Using a forward-link signal
from the sensor to the user, a user estimates its position on
a self-positioning basis. Using a reverse-link signal, remote
positioning or indirect positioning is possible. Although
time-based OWR systems require the timing synchronization
of sensors with a very high precision, they are able to offer a
high degree of positioning accuracy [3–7].

AOA (angle-of-arrival) systems measure the incident
angle of a signal from a source at an array antenna [5–7].
They can achieve high positioning accuracy without timing
synchronization. In conventional AOA systems, sensors
installed at known positions are equipped with array anten-
nas to measure the incident angle of the reverse-link signal
from the user. In this RLAOA (reverse-link AOA) positioning
system, angle measurement is a function of the unknown
user position. From at least three RLAOA measurements,
three-dimensional user position can be estimated. In RLAOA
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Figure 1: AOA measurement at an array antenna.

positioning, both the size and power consumption of the
sensors can increase owing to the size of the array antenna
and due to the complicated array signal processing for the
angle measurement.

In some applications, such as mobile vehicle localization,
it is often preferred to have sensors run on batteries. On
the other hand, the vehicle has fewer limitations in terms
of size or power consumption. To meet these requirements,
it is desirable that the array antenna is installed on the
vehicle to measure the incident angle of the forward-link
signal emitted by the sensors. In this FLAOA (forward-link
AOA) approach, however, angle measurement is influenced
by unknown user attitude and position. Consequently, more
than six angle measurements are necessary to estimate three-
dimensional user position and attitude. Moreover, FLAOA
measurements are highly nonlinear with respect to the user
position and attitude. As FLAOA measurement equations are
highly nonlinear and very complicated, FLAOA positioning
has been rarely studied.

As RLAOA measurements are nonlinear with respect to
the user position, NLS (nonlinear least square) approaches
have been proposed to get the position estimates [8]. Exam-
ples include the GN (Gauss-Newton) method [3, 5, 6] and
closed-form solutions [7, 9, 10]. The GN method can achieve
high accuracy, but the convergence of the iterative process
is not always ensured if the initial guess is not sufficiently
accurate. The closed-form solution provides a noniterative
solution that avoids the convergence problem; moreover, its
computational load is light. However, its estimation error is
somewhat larger compared to that of the GN method where
GN converges.

This paper presents a new AOA location methodology
using FLAOA measurements. Under the assumption that
a ground vehicle moves on a horizontal surface, FLAOA
measurement is initially modeled. Using an FLAOA mea-
surement equation, a closed-form solution for FLAOA
positioning is newly proposed. Given that the proposed
method estimates the azimuth of the vehicle as well as its
position, additional information pertaining to the guidance
and control can be provided. In the guidance of ground
vehicles, the azimuth should be provided to control the mov-
ing direction and consequently to make the vehicle arrive at
a desired destination. Through a computer simulation, the
performance of the GN method and the closed-form solution
for FLAOA measurements is analyzed. The performance of
FLAOA positioning is then compared to that of RLAOA

positioning. Finally, an efficient location estimation method
for a mobile vehicle is suggested.

2. FLAOA Positioning for Mobile Vehicles

2.1. FLAOA Measurement Model. AOA location systems
measure the incident angle at an array antenna. Assuming
that two antennas are horizontally separated by a distance
d to form an array antenna, as shown in Figure 1, through
the cross-correlating signals received at Antenna 1 and 2,
the path difference li can be obtained [11]. From the path
difference, the incident angle ϕi is given by

d cos
(
ϕi
) = li, 0 < ϕi < π. (1)

In conventional RLAOA location systems, sensors are
equipped with array antennas to obtain angle measurements
using the reverse-link signal from a user. Figure 2(a) shows
the basic principles of RLAOA for a two-dimensional case.
In the figure, {xR, yR} denotes a fixed reference frame.
Assuming that orientations of array antennas in all sensors
are set to 0 with respect to the reference frame, the RLAOA
measurement is represented by

tan
(
ϕi
) = y − yi

x − xi
, (2)

where (x, y) and (xi, yi) denote the user and the ith sensor
position with respect to the reference frame, respectively. As
an RLAOA measurement is a function of the user position, a
two-dimensional user position can be estimated from at least
two RLAOA measurements.

In FLAOA positioning, an array antenna is installed on
the vehicle (user), as shown in Figure 2(b). In the figure,
{xR, yR} and {xU , yU} denote the reference frame and the
user frame, respectively. The user frame is rigidly attached
to the vehicle, and the x-axis is parallel to the baseline vector
between two antennas in the array antenna. Assuming that
the vehicle is moving on a horizontal flat surface so that the
roll and pitch of the user frame remain unchanged in terms
of the reference frame, if the azimuth is equal to αU , the
relationship between the user frame and the reference frame
is given by [12]

⎡

⎣
xU

yU

⎤

⎦ =
⎡

⎣
cos(αU) sin(αU)

− sin(αU) cos(αU)

⎤

⎦

⎡

⎣
xR

yR

⎤

⎦. (3)

Hence, the FLAOA measurement is represented by

tan
(
ϕi
) = yU − yUi

xU − xUi

= −(x − xi) sin(αU) +
(
y − yi

)
cos(αU)

(x − xi) cos(αU) +
(
y − yi

)
sin(αU)

= −(x − xi) tan(αU) +
(
y − yi

)

(x − xi) +
(
y − yi

)
tan(αU)

,

(4)

where (xU , yU) and (xUi, yUi) denote the user and the ith
sensor position with respect to the user frame, respectively.
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Figure 2: Basic principles of RLAOA and FLAOA.

Assuming that the angle measurement noise nϕi is IID
(independent and identically distributed) white Gaussian
noise with a variance of σ2

ϕ, the FLAOA measurement
equation considering the noise is written as

zϕi = ϕi + nϕi

= tan−1

(
−(x − xi) tan(αU) +

(
y − yi

)

(x − xi) +
(
y − yi

)
tan(αU)

)

+ nϕi,

i = 1, . . . ,m,

(5)

where m is the number of sensors. In (5), the FLAOA
measurement is influenced by the azimuth αU as well as by
the user position. Therefore, at least three measurements
are theoretically required to estimate the azimuth and the
position in two-dimensional FLAOA positioning.

2.2. Gauss-Newton Method for FLAOA Measurement. The
GN method has been widely used in various radio-
navigation systems using TOA, TDOA, or RLAOA measure-
ments [3, 5, 6]. In the GN method, linearization is done via
Taylor series expansion, and position estimates are obtained
using ILS (iterated least square) or IWLS (iterated weighted

least square) [13]. In this section, the GN method using
FLAOA measurements is derived.

Define r = tan αU and x = [x y r]T . Using a Taylor
series, ϕi in (5) is linearized as

ϕi(x) ∼= ϕi
(
x0
)

+
∂ϕi

∂x

∣
∣∣
∣
∣
x=x0

(x − x0)

+
∂ϕi

∂y

∣
∣∣
∣
∣
x=x0

(
y − y0

)
+

∂ϕi

∂r

∣
∣∣
∣
∣
x=x0

(r − r0),

(6)

where x0 = [x0 y0 r0]T is a nominal vector. From (5) and (6),
the linearized measurement equation is obtained by

δzϕ ≡

⎡

⎢
⎢
⎢
⎢
⎣

δzϕ1(x)

...

δzϕm(x)

⎤

⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎣

zϕ1(x)− ϕ1
(
x0
)

...

zϕm(x)− ϕm
(
x0
)

⎤

⎥
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⎥
⎥
⎦
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⎡
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⎣

(x − x0)
(
y − y0

)

(r − r0)

⎤

⎥
⎥
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⎦

+

⎡

⎢
⎢
⎢
⎢
⎣

nϕ1

...

nϕm

⎤

⎥
⎥
⎥
⎥
⎦
≡ G

(
x − x0

)
+ n.

(7)

With the linearized measurement of (7), in the GN
method, position estimates are iteratively obtained by apply-
ing ILS. Here, the prior estimate is used as a nominal point in
next iteration. In most cases, the estimate obtained by the GN
method may converge to a true value within 3–5 iterations.
When the initial point is not properly chosen or when the
sensor geometry is poor, however, the estimate can converge
to an erroneous value or even diverge.

2.3. A Closed-Form Solution for FLAOA Measurement.
RLAOA measurement is nonlinear to user position as in
(2). By measurement transformation, a closed-form solution
for RLAOA measurement was derived in [7]. As FLAOA
measurement is influenced by the azimuth of vehicle as
well as by its position, a closed-form solution for FLAOA
measurement should be newly proposed. In this section,
FLAOA positioning using the closed-form solution is derived
by employing parameter transformation in addition to
measurement transformation.

Equation (4) can be rewritten as

(
y − yi

)
tan
(
ϕi
)

tan(αU) + (x − xi) tan
(
ϕi
)

= (y − yi
)− (x − xi) tan(αU).

(8)
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Defining r = tan(αU), p = x + r y, and q = rx − y and using
(5), (8) is rewritten as

p tan
(
zϕi − nϕi

)
+ q − r

{
yi tan

(
zϕi − nϕi

)
+ xi

}

= xi tan
(
zϕi − nϕi

)
− yi.

(9)

If nϕi is sufficiently small, using the fact that tan(zϕi −
nϕi) ∼= {sin(zϕi) − cos(zϕi)nϕi}/{cos(zϕi) + sin(zϕi)nϕi}, (9)
is approximated as

(
p − r yi

){
tan
(
zϕi
)
− nϕi

}
+
(
q − rxi

){
1 + nϕi tan

(
zϕi
)}

∼= xi
{

tan
(
zϕi
)
− nϕi

}
− yi

{
1 + nϕi tan

(
zϕi
)}

.

(10)

For i = 1, . . . ,m, (10) is represented by a matrix-vector form
that is given by

zϕ
′ ≡

⎡

⎢
⎢
⎢
⎢
⎢
⎣

x1 tan
(
zϕ1

)
− y1

...

xm tan
(
zϕm
)
− ym
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⎥
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⎦
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⎢
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tan
(
zϕ1

)
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(
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)
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}

...
...

...

tan
(
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)
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(
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)

+ xm
}
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⎢
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nϕ1

...
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⎥
⎥
⎥
⎥
⎦

≡ Hx′ + Jn = Hx′ + v,

(11)

where ki = r yi − p + xi + (q − rxi + yi) tan(zϕi).
As nϕi in (5) is IID white Gaussian noise with a variance

of σ2
ϕ, the covariance matrix of the pseudomeasurement noise

is equal to Q = cov(v) = σ2
ϕ(J · JT). When x′ is estimated

using WLS (weighted least square), weighting matrix is
typically given by Q−1. As p, q, and r in Q are unknown, a
two-step estimation technique is used, as in [10]. In the first
step, using the LS (least square), a primary estimate of x′ is
obtained to estimate cov(v):

x̂′LS =
(
HTH

)−1
HTzϕ

′. (12)

In the second step, with the estimated weighting matrix Q̂,
the final estimate of x′ is obtained using the WLS as given by

x̂′ =
[
HTQ̂−1H

]−1
HTQ̂−1zϕ

′. (13)
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Figure 3: Sensor allocation and reference points.

From x̂′ = [ p̂ q̂ r̂]
T

in (13), estimates of the user position
and the azimuth are represented as

x̂ =

⎡

⎢
⎢
⎢
⎣

x̂

ŷ

α̂U

⎤

⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

p̂ + q̂r̂

1 + r̂2

p̂r̂ − q̂

1 + r̂2

tan−1(r̂)

⎤

⎥
⎥
⎥
⎥
⎥
⎦
. (14)

As the closed-form solution for FLAOA measurements has a
noniterative structure, it is not associated with a divergence
problem, and computation is simple compared to the GN
method.

3. Simulation Results

The performance of the FLAOA positioning scheme is
compared to that of RLAOA positioning in a computer simu-
lation. It is assumed that a mobile vehicle is working indoors
and that it moves on a horizontal flat workspace whose
size is 12 m × 12 m. The work space was determined based
on the Institute of Electrical and Electronics Engineering
(IEEE) 802.15.4a standard for low rate WPAN [14]. It is
also assumed that angle measurements are obtained using
IR-UWB system with linear array antennas for RLAOA. For
FLAOA, an “L” shape planar array antenna is used to avoid
angle ambiguity. Considering the typical accuracy of IR-
UWB location, the variance of the angle measurement noise
nϕi in (5) is given as σ2

ϕ = 10−3rad2 [15]. As the IR-UWB
system is resistant to severe multipath and NLOS (nonline-
of-sight) problem is not a topic of this paper, NLOS or
multipath is not considered in the simulation. Four sensors
are symmetrically allocated, as shown in Figure 3. In the
figure, the sensors are denoted by “�”. It is known that the
positioning accuracy of radio-navigation varies depending
on the sensor geometry with respect to the user position [16].
To analyze the impact of the sensor geometry on the accuracy
of the positioning, 121 reference points were selected. They
are denoted as “•” in Figure 3. 100 trials were executed at
each reference point to obtain the statistical data.

The performance of FLAOA positioning using the GN
method was analyzed first. In the simulation, an initial
position estimate is given by (0, 0), and iteration is set to
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Figure 4: Number of divergence in the GN method.

be terminated when the estimate converges to within 1 cm.
Figure 4 shows the number of divergence trials in the GN
method for each reference point. In FLAOA positioning, the
azimuth of vehicle is given as αU = −10◦. At 37 reference
points near the border of the workspace, divergence takes
place in FLAOA positioning using the GN method. On the
other hand, in RLAOA using the GN method, divergence
occurs only at two reference points. At the reference points
where divergence occurs, the relative frequency is .09–0.96 in
FLAOA positioning, whereas it is 0.01 in RLAOA. The relative
frequency is defined as the number of divergence out of total
trials. In addition, the performance of FLAOA positioning
using the GN method is greatly influenced by the azimuth
αU , in other words, the geometry seen from the vehicle’s
array antenna. As divergence occurs in a large part of the
workspace and because the relative frequency is excessively
high, FLAOA positioning using the GN method is inadequate
for application to localization issues.

Next, the performance of FLAOA positioning using the
closed-form solution is analyzed. Three location estimation
methods are compared: the proposed FLAOA positioning
method, RLAOA using the closed-form solution as proposed
in [10], and RLAOA using the GN method. Figure 5 shows
the range estimation error of the three methods at each
reference point. In Figure 5(a), the azimuth of vehicle is given
as αU = −10◦. In the GN method, the trials whose solutions
diverge are excluded from the plot. The range estimation
error is obtained from

er̂ = E
{√

(x − x̂)2 +
(
y − ŷ

)2
}
. (15)
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Figure 5: Range estimation error.

In the two RLAOA positioning methods, the range esti-
mation error is 0.2∼0.31 m over the entire workspace. In
the proposed FLAOA method, the range estimation error is
0.21–0.32 m, which is nearly identical to that with RLAOA
positioning.

As mentioned earlier, azimuth estimate is also obtained
in FLAOA positioning. Figure 6 shows the RMS (root mean
square) azimuth estimation error at each reference point
in the proposed FLAOA positioning with different azimuth
angles. For the entire workspace, the angle estimation error
is only 0.75–1.16◦ in all three cases. Considering σϕ ∼= 1.81◦,
this is sufficiently accurate for use in guidance control of
indoor mobile vehicles. Except when the azimuth approaches
αU = ±90◦, the magnitude of the estimation error is
consistent regardless of the azimuth angle. At αU = ±90◦,
r = tan(αU) in x′ of (11) goes to infinity. Since “L” shape
planar antenna is used in FLAOA, this singularity problem
can be avoided. As with the azimuth estimation error, the
range estimation error is consistent regardless of the azimuth
angle, except when the azimuth approaches αU = ±90◦.
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Figure 6: RMS azimuth estimation error in FLAOA positioning
using the closed-form solution.

4. Conclusions

This paper presents a new angle-based location method
using FLAOA measurements. Two types of position estima-
tion methods using FLAOA measurements are examined: the
GN method and the closed-form solution. Simulation results
showed that FLAOA positioning using the GN method
diverges by more than 30% of the workspace and that
it is inadequate for localization of mobile vehicles. On
the other hand, the positioning performance of FLAOA
using the closed-form solution is nearly identical to that
of conventional RLAOA. Moreover, the proposed method
provides an azimuth estimate that is sufficiently accurate for
use in guidance control.

Though FLAOA positioning requires one additional
sensor compared to RLAOA, it can provide an azimuth that is
valuable when used with guidance control of mobile vehicles.
In FLAOA positioning, it is also possible to make sensors

small and light. Therefore, the proposed FLAOA positioning
method is a potential solution for applications related to the
localization and guidance of mobile vehicles.
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