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Abstract
In this article, we consider a cognitive radio (CR) relay network where one source secondary user (SU) communicates
with its corresponding destination SU with the help of relay SUs. Conventionally, equal bandwidth and/or power are
allocated to each relay SU, which may not be eﬃcient for the CR with limited bandwidth and power. Therefore, this
article presents bandwidth and power allocation with amplify-and-forward (AF) or decode-and-forward (DF) relaying
protocol to (1) maximize the sum network throughput; (2) minimize the total transmit power of the CR network with
considering the fairness of power drain of relay SUs; (3) maximize the energy eﬃciency of the CR network. It is shown
that DF relaying protocol can achieve better performance when the decoding rate constraint is not considered. In
contrast, when considering the decoding rate constraint in DF relaying protocol, we propose the hybrid relaying
protocol that combines AF and DF relaying protocols. We formulate the joint bandwidth and power allocation
problem with hybrid relaying protocol to maximize the sum network throughput. A greedy algorithm is developed to
solve the joint optimization problem, which has much less computational complexity. It is shown that the greedy
algorithm has comparable performance to the exhaustive search algorithm. Finally, numerical results are provided to
endorse our proposed algorithms.
Keywords: Cognitive radio, Relay network, Bandwidth and power allocation, Relaying protocol, Greedy algorithm

Introduction
Cognitive radio (CR) has emerged as a promising technology to meet the challenge of the spectrum scarcity for
the next generation wireless systems [1,2]. CR allows secondary users (SUs) to access the “spaces” in frequency,
time, and/or space domains as long as they do not cause
harmful interference to primary users (PUs). Generally,
there are mainly two paradigms for the operation of CR:
opportunistically spectrum access (OSA) [3,4] and spectrum sharing (SS) [5]. OSA allows SUs to transmit only
when a frequency band is detected to be idle, while SS
allows SUs to transmit simultaneously with the PU over
the same frequency as long as the quality of service of PU
is guaranteed. In this article, we focus on the SS paradigm.
In order to improve CR network performance, resource
allocation in CR networks has been extensively researched
(see e.g., [6-9]). In [6], the optimal power allocation strategies which aim at, respectively, maximizing the ergodic,
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delay-limited and outage capacities of the SU were studied
under diﬀerent combinations of transmit power constraint and interference power constraint. In [7], the optimal bandwidth and power allocations were derived to
maximize the sum ergodic capacity of all the SUs under all
possible combinations of transmit power constraint and
interference power constraint. In [8], the optimal timesharing and power allocation policy was studied under the
peak transmit power constraint and average interference
power constraint. In [9], the downlink and uplink subcarriers and power allocations were studied under considering the CR out-of-band emissions and spectrum-sensing
errors.
On the other hand, in the case of severe channel
conditions in direct links, cooperative relay has been
introduced to forward the data from source to destination in CR networks. Recent works [10-12] have studied
the resource allocation for cooperative relay in CR networks. In [10], relay selection and power allocation with
amplify-and-forward (AF) relaying protocol were investigated in cooperative CR systems. In [11], the power and
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channel allocation with decode-and-forward (DF) relaying protocol was proposed to maximize the overall endto-end throughput in the cooperative relay CR network. In
[12], the relay and power allocation schemes with decodeand-forward (DF) relaying protocol were presented for
cooperative relay in the CR network.
However, since the total available bandwidth of CR
networks is limited, it is necessary to study the joint bandwidth and power allocation for cooperative relay in CR
networks. Unfortunately, very few works have considered
the joint optimization problem. In this article, we study
the joint optimization of bandwidth and power allocation
for cooperative relay in CR networks, which is especially
eﬃcient for the CR with both limited bandwidth and limited power. Meanwhile, unlike majority of research which
has focused only on maximizing the throughput of CR
networks, various performance metrics for the joint optimization problem have been considered in this article.
For some applications which require high data rate, it
is preferable to allocate the resource to maximize the
CR network throughput. While when the limited transmit power and the fairness issue are considered for the
resource allocation, it is preferable to minimize the total
transmit power of the CR network with considering the
fairness of power drain of relay SUs. Finally, by taking into
consideration the total energy consumption of all SUs,
energy eﬃciency is also used as the performance metric.
Similar to [13,14], energy eﬃciency is deﬁned as the number of bits transmitted per unit of energy consumption in
this article.
The contributions of this article can be summarized
as follows. First, the problems of the joint bandwidth
and power allocation with AF or DF relaying protocol
are, respectively, formulated to: (1) maximize the sum
throughput of the CR network; (2) minimize the total
transmit power of the CR network with considering the
fairness of power drain of relay SUs; (3) maximize the
energy eﬃciency of the CR network. We derive the optimal bandwidth allocation with AF relaying protocol to
maximize the sum throughput of the CR network for any
given power allocation, which results in equivalent problem that only involves power allocation. Second, the corresponding problems which maximize the sum throughput
of the CR network and minimize the total transmit power
of all SUs can be formulated as optimization problems
which are shown to be convex. Therefore, we can solve
these problems by using convex optimization techniques.
Third, the design of joint bandwidth and power allocation to maximize the energy eﬃciency of the CR network
has been formulated as the fractional programming (FP)
problem [15]. To solve it, we transform it to the parametric formulation, which allows convex optimization
technology to be applied to ﬁnd the optimal bandwidth
and power allocation strategy. Finally, considering the
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decoding rate constraint in DF relaying protocol, we propose the hybrid relaying protocol that combines AF and
DF relaying protocols. The joint bandwidth and power
allocation problem with hybrid relaying protocol is formulated to maximize the sum throughput of the CR
network. Moreover, an exhaustive search algorithm and
a greedy algorithm are proposed to obtain the optimal
solution.
The rest of this article is organized as follows. In
Section System model, the system model is given. In
Section Joint bandwidth and power allocation with AF or
DF relaying protocol, joint bandwidth and power allocations with AF or DF relaying protocol are, respectively,
formulated and studied for three performance metrics.
In Section Joint bandwidth and power allocation with
hybrid relaying protocol, joint bandwidth and power allocation with the hybrid relaying protocol is formulated.
Moreover, two optimization algorithms are proposed.
In Section Numerical results and discussions, numerical results and discussions are given. Finally, Section
Conclusion makes some concluding remarks.

System model
Consider a CR network with one source SU, one destination SU, and K relay SUs that are employed for forwarding
data from source SU to destination SU. It is assumed that
the direct link between source SU and destination SU
does not exist due to the severe channel condition. Further, it is considered that the SUs are allowed to use the
spectrum of bandwidth W which originally assigned to
one PU, as long as the quality of service of PU is guaranteed. Here, the spectrum is assumed to undergo ﬂat
fading and can be divided into distinct and nonoverlapping channels with unequal bandwidths, so that the SUs
share the spectrum through frequency division to avoid
RD
interferences with each other. Let hSR
k and hk denote the
instantaneous channel gains between source SU and relay
SU k, and between relay SU k and destination SU. Let gSP
and gkRP denote the instantaneous channel gains between
source SU and PU, and between relay SU k and PU. In this
article, we assume that the SUs have a perfect knowledge
of channel state information, and this can be realized by
estimation and feedback [16].
Of course, in practical systems the bandwidth cannot be
divided randomly, and only discrete bandwidth partitioning is possible. For example, in an orthogonal frequency
division multiplex (OFDM) system, the bandwidth allocated to each user is speciﬁed by an integer number of
subcarriers. However, similar to [17], we assume that subcarrier spacing is small enough so that the bandwidth
variables can be approximated as to be continuous in this
article. Moreover, motivated by the continuous solution,
the optimal solution of the discrete case can be achieved
through quantizing the optimal solution of the continuous
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case [18]. It is beyond the scope of this article to elaborate
more on the topic.
Concerning the relaying procedure, two half-duplex
relaying protocols are considered in this article.
1) AF relaying protocol: The relay SU receives and
ampliﬁes the transmitted data from source SU in the
ﬁrst phase, and retransmits the data to destination SU
in the second phase. Then, two-hop source-destination
link throughput for the kth relaying link with AF relaying
protocol can be written as [19]
⎞
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Moreover, in this section, we assume that relay SU will
be able to execute DF relaying protocol if the data rate
between source SU and relay SU is greater than zero. In
other words, there is no decoding rate constraint in DF
relaying protocol.
Sum throughput maximization

1) AF relaying protocol
For AF relaying protocol, the joint bandwidth and
power allocation problem aiming at maximizing the sum
throughput of the CR network can be formulated as follows:
Problem P1:
K

where Wk denotes the channel bandwidth allocated to the
kth relaying link. PkS denotes the transmit power of source
SU allocated to the kth relaying link. PkR denotes the transmit power of relay SU k. N0 stands for the power spectral
density (PSD) of additive white Gaussian noise (AWGN).
2) DF relaying protocol: The relay SU receives and
decodes the transmitted data from source SU in the ﬁrst
phase, and re-encodes and forwards the data to destination SU in the second phase. Then, the one-hop sourcerelay link throughput for the kth relaying link can be
written as
 2
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k
DF
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and the one-hop relay-destination link throughput for the
kth relaying link can be written as

2

PkR hRD
k
DF
Rk,RD = Wk log2 1 +
.
(3)
Wk N0

where Pth is the maximum total power that can be used
for transmission. Ith is the maximum allowed interference
to PU band.

Therefore, two-hop source-destination link throughput
for the kth relaying link with DF relaying protocol can be
written as

Proposition 1. For any given power PkS and PkR (k =
1, 2, . . . , K), the optimal bandwidth allocation of Problem
P1 can be found as

DF
DF
RDF
k,SD = min{Rk,SR , Rk,RD }.

k=1

(4)

Joint bandwidth and power allocation with AF or
DF relaying protocol
In this section, the problems of joint bandwidth and power
allocation with AF or DF relaying protocol are formulated
and solved for diﬀerent performance metrics. For convenience, we set γ0 = N10 in the subsequent discussions, and
focus on the high regime of γ0 in AF relaying protocol.
Therefore, the two-hop source-destination link throughput for the kth relaying link with AF relaying protocol can
be approximated as
 2  RD 2
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Proof. See Appendix 1.
According to Proposition 1, Problem P1 can be equivalently written as
Problem P2:
 2  RD 2
K
 h  γ0
PkS PkR hSR
1
k
k
max W log2 1 +




2
S  SR 
R  RD 2
W
PkS ,PkR
P h
+P h
k=1

k

k

k

k

(12)
s· t·

(8)(9)(10)

(13)

Yu et al. EURASIP Journal on Advances in Signal Processing 2012, 2012:224
http://asp.eurasipjournals.com/content/2012/1/224

Furthermore, Problem P2 is equivalent to
Problem P3:
 2  RD 2
K
 h  γ0
PkS PkR hSR
k
k
max
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+ Pk hk
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Power minimization with considering the fairness

(14)
(15)
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Proposition 2. The objective function of Problem P3 is
concave in PkS and PkR (k = 1, 2, . . . , K).
Proof. See Appendix 2.
Obviously, the constraint conditions of Problem P3 are
convex. Therefore, Problem P3 is a convex optimization
problem. Some standard numerical algorithms for convex
optimization can be used to ﬁnd the optimal solution.
2) DF relaying protocol
For DF relaying protocol, the joint bandwidth and
power allocation problem aiming at maximizing the sum
throughput of the CR network can be formulated as follows:
Problem P4:
max
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Similar to [20], through introducing new variables Tk ,
Problem P4 can be equivalently written as
Problem P5:

Wk ,PkS ,PkR ,Tk

In the problem of maximizing sum throughput, the fairness of relay SUs is not considered. In general, fairness
could be deﬁned in terms of diﬀerent parameters of the
system [21]. In this article, we focus on the fairness of
power drain of relay SUs. When the diﬀerences of relay
SUs’ channel power gains are large, it is possible that relay
SUs with higher channel power gains will consume most
of power. Relay SUs with lower channel power gains might
not need to consume any power. This will result in a
lower survival time of some relay SUs and the CR network. Moreover, by taking into consideration the limited
transmit power of the CR network, we minimize the total
transmit power of the CR network simultaneously.
1) AF relaying protocol
For AF relaying protocol, the joint bandwidth and power
allocation problem aiming at minimize the total transmit
power of the CR network can be formulated as follows:
Problem P6:

s· t·

K
Wk ,PkS ,PkR
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and
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S
R
functions of Wk , Pk , and Pk . Therefore, Problem P5 is
a convex optimization problem. According to the well
known relationship on the harmonic mean
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where rk is the minimum acceptable throughput for kth
relaying link. {α1 , α2 , . . . , αK } is the set of predetermined
proportional constraints that are used to ensure fairness.
In this article, we set α1 = α2 = · · · = αK = 1.
Proposition 3. The function RAF
k,SD of Problem P6 is
S
R
concave in Wk , Pk , and Pk (k = 1, 2, . . . , K).
Proof. The proof is similar to Proposition 2, and is
omitted for brevity in this article.
According to Proposition 3, we can know that Problem
P6 is also a convex optimization problem. The optimal
solution can be eﬃciently obtained.
2) DF relaying protocol
For DF relaying protocol, The joint bandwidth and
power allocation problem aiming at minimize the total
transmit power of the CR network can be formulated as
follows:
Problem P7:
K

(21)
we can easy to show that the sum throughput in DF
relaying protocol is superior to that in AF relaying protocol. This conclusion is also validated by latter numerical
simulation results.
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The solution of Problem P7 is similar to the solution of
Problem P6. In order to save space, the description will
not be repeated again.
Energy eﬃcient

1) AF relaying protocol
Energy eﬃciency in the CR network is another widely
considered design objective. Therefore, for AF relaying
protocol, the corresponding joint bandwidth and power
allocation problem aiming at maximizing energy eﬃciency can be formulated as follows:
Problem P8:
K
AF
k=1 Rk,SD
(30)
f = max



K
S
R
Wk ,PkS ,PkR
k=1 Pk + Pk
rk − RAF
k,SD ≤ 0,

s· t·

k = 1, 2, . . . , K

(7)(9)(10)
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Proof. The proof is similar to Proposition 2 in [14], and
is omitted for brevity in this article.
According to Proposition 4, we can know that if we can
ﬁnd an optimal λ∗ such that the optimal value gZ∗ (λ) (λ∗ )
of Problem P9 is 0, then the corresponding optimal solution of Problem P9 is also optimal for Problem P8. Furthermore, instead of using exhaustive search to identify
the optimal λ∗ , we can use a more eﬃcient bisection
search method according to Proposition 5. Algorithm 1
gives the method for ﬁnding the optimal λ∗ . In Algorithm
1, the interval [ λmin , λmax ] is selected to contain λ∗ , and ε
is a predeﬁned small constant.

Algorithm 1: Find the optimal λ∗ .

(31)

1. Given: λ ∈[ λmin , λmax ]

(32)

2. Repeat
a) λ ← (λmin + λmax ) /2
b) Solve convex optimization Problem P9 and
get gZ∗ (λ) (λ)
c) if gZ∗ (λ) (λ) ≤ 0, set λmax ← λ

Let Z denotes the set of a solution to Problem P8 and
fZ denotes the energy eﬃciency achieved by using the
set Z. Thus, the set of the optimal solution is given by
Z ∗ = arg max fZ . The optimization Problem P8 belongs
Z

to the FP problem, which is diﬃcult to solve directly.
Instead, we can transform the fractional programming to
the parametric formulation, which allows convex optimization technology to be applied to ﬁnd the optimal
bandwidth and power allocation strategy. Similar to [14],
the parametric formulation can be given as follows:
Problem P9:
K
Wk ,PkS ,PkR

s· t·

K

RAF
k,SD − λ

g(λ) = max

k=1

PkS + PkR

(33)

k=1

(7)(9)(10)(31)

(34)

where λ is a given value. Let Z(λ) denotes the set of a
solution to Problem P9 and gZ(λ) (λ) denotes the value
achieved by using the set Z(λ). Thus, the set of the optimal solution for a given value of λ is given by Z ∗ (λ) =
arg max gZ(λ) (λ). According to Proposition 3, we can know

else set λmin ← λ
3. Until λmax − λmin ≤ ε
2) DF relaying protocol
For DF relaying protocol, the joint bandwidth and power
allocation problem aiming at maximizing energy eﬃciency can be formulated as follows:
Problem P10:
K
DF
k=1 Rk,SD
(35)
max


K
S
R
Wk ,PkS ,PkR
k=1 Pk + Pk
s· t·

rk − RDF
k,SD ≤ 0,
(7)(9)(10)

k = 1, 2, . . . , K

(36)
(37)

The solution of Problem P10 is similar to the solution
of Problem P8. In order to save space, the description will
not be repeated again.

Z(λ)

that Problem P9 is a convex optimization problem for a
given value of λ.
Therefore, the relationship between Problem P8 and
Problem P9 is established as follows.
Proposition 4. fZ∗ = λ∗ if and only if gZ∗ (λ) (λ∗ ) = 0.
Proof. The proof is similar to Proposition 1 in [14], and
is omitted for brevity in this article.
Proposition 5. gZ∗ (λ) (λ) is a monotonously decreasing
function of λ.

Joint bandwidth and power allocation with hybrid
relaying protocol
In previous section, we assume that relay SU can execute
the DF relaying protocol if the data rate between source
SU and relay SU is greater than zero. But actually the data
rate between source SU and relay SU should be higher
than r (r > 0) to ensure reliable decoding in relay SU. This
decoding rate constraint will cause that some poor quality of relaying link may require more resource. In this
case, a part of resource will be wasted. In this section, we
propose a hybrid relaying protocol to overcome the problem, in which a relay SU uses the AF relaying protocol
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only if it cannot reliably decode the source data. Otherwise, a relay SU uses the DF relaying protocol. Therefore,
the joint bandwidth and power allocation problem with
hybrid relaying protocol can be formulated as follows:
Problem P11:
K

max

Wk ,PkS ,PkR ,tk

s· t·



AF
tk RDF
k,SD + (1 − tk ) Rk,SD



rk −[ tk RDF
k,SD

Greedy algorithm

k = 1, 2, . . . , K

+ (1 − tk ) RAF
k,SD ] ≤

The greedy algorithm is described as following.
(39)
Greedy algorithm: Find the optimal tk , Wk , PkS , and PkR
for Problem P11.

0,

k = 1, 2, . . . , K

(40)

(7)(8)(9)(10)

(41)

where t =[ t1 , t2 , . . . , tK ] is a binary vector which indicates
the transmission mode of the relay SUs. If tk = 1(resp.
tk = 0), it denotes the relay SU uses the DF relaying protocol (resp. the AF relaying protocol). rk is the minimum
acceptable throughput for kth relaying link. r is the relay
SU’s decoding rate constraint when the relay SU uses the
DF relaying protocol.
In general, it is diﬃcult to ﬁnd the optimal solution for
Problem P11 directly. In the following, we will, respectively, develop the exhaustive search algorithm and the
greedy algorithm to obtain the optimal solution.
Exhaustive search algorithm

Obviously, we can obtain the optimal solution by exhaustive search for t . Therefore, for a speciﬁc t , Problem P11
can be transformed to Problem P12 through introducing
new variables Tk :
Problem P12 (for a speciﬁc t ):
K

max

Wk ,PkS ,PkR ,Tk

s· t·

R Wk , PkS , PkR , Tk =

(42)

Tk

k = 1, 2, . . . , K
tk r − RDF
k,SR ≤ 0,


AF
R
+
−
t
rk − tk RDF
)
(1
k
k,SD ≤ 0,
k,SR

(43)

k = 1, 2, . . . , K

(44)

k = 1, 2, . . . , K

+ (1 − tk ) RAF
k,SD ] ≤

J(0) = ∅
R(0) = 0

At the n th iteration:
Step2: if n > K, go to Step 4. Otherwise
(n) = {1, 2, . . . , K} − J(n−1)
for each relaying link k ∈ (n) do
tk = 1
t = t (n−1) ,
Solve the optimization Problem P12 for the
speciﬁc t , and get the sum throughput R(n),k =


R Wk , PkS , PkR , Tk (If the optimization Problem P12
for the speciﬁc t has no feasible solution,
the sum throughput R(n),k = 0).
end for
Step3: if max R(n),k ≤ R(n−1) , go to Step 4.
k∈(n)

j(n) = arg max R(n),k ,
t (n) = t (n−1) ,
R(n) = R(n),j(n) ,

 
J(n) = J(n−1) ∪ j(n)
tj(n) = 1
n=n+1

Go to Step 2.
(45)

0,

k = 1, 2, . . . , K
Tk −[ tk RDF
k,RD

(0) = {1, 2, . . . , K},
t (0) = [0, 0, . . . , 0],
n=1

k∈(n)

AF
rk −[ tk RDF
k,RD + (1 − tk ) Rk,SD ] ≤ 0,

+ (1 − tk ) RAF
k,SD ] ≤

Step1: Perform the initialization as follows:

Otherwise

k=1

Tk −[ tk RDF
k,SR

S
R
RAF
k,SD are jointly concave functions of Wk , Pk , and Pk ,
respectively. Therefore, Problem P12 is convex and can
be solved eﬃciently. It is clear that the number of solving the optimization Problem P12 in the exhaustive search
algorithm is 2K . When K is large, the exhaustive search
algorithm has a very high complexity.

(38)

k=1

tk r − RDF
k,SR ≤ 0,
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(46)
0,

k = 1, 2, . . . , K

(47)

(7)(8)(9)(10)

(48)

As discussed in Section Joint bandwidth and power alloDF
cation with AF or DF relaying protocol, RDF
k,SR , Rk,RD , and

Step4: t (n−1) is the optimal t . Finally, the optimal
Wk , PkS , and PkR can be got through solving the
optimization Problem P12 for the optimal t .
At the initial stage of the greedy algorithm, we assume
that all relay SUs choose AF transmission mode. In the
greedy algorithm, (n) is termed as the candidate set
which contains the indices of relay SUs that have not chosen DF transmission mode and are eligible to choose DF
transmission mode at the nth iteration. J(n) contains the
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indices of relay SUs that have chosen DF transmission
mode after the nth iteration. t (n) denotes the transmission
mode of all relay SUs after the nth iteration. R(n) is the sum
throughput achieved on the speciﬁc transmission mode
t (n) . j(n) is the index of relay SU that chooses DF transmission mode at the nth iteration. The basic idea of our
proposed greedy algorithm is as follows. At each iteration,
all relay SUs that have not chosen DF transmission mode
will be selected separately. For each selected relay SU at
this iteration, its AF transmission mode will be changed
to DF transmission mode, which will form a new t . By
solving the optimization Problem P12 for the new t , the
sum throughput is obtained. Finally, the relay SU that gives
the largest sum throughput at this iteration changes initial AF transmission mode to DF transmission mode. The
greedy algorithm will repeat these procedures for the rest
of relay SUs that have not chosen DF transmission mode
until all relay SUs have chosen DF transmission mode or
the sum throughput stops increasing from one iteration to
the next.
It is clear that the number of solving the optimization Problem P12 in the greedy algorithm is at most
K(K+1)
. Therefore, the complexity of the greedy algo2
rithm is reduced greatly compared with the exhaustive
algorithm when K is large.

Numerical results and discussions
In this section, numerical results and discussions are presented to demonstrate the eﬀectiveness of our proposed
algorithms. We set γ0 = 30 dB and r = 1. We also set
W = 1, rk = 0.5, ∀k, Pth = 0 dBW and Ith = −20 dBW as
default values if no other values are speciﬁed. For simplicity, all the channel gains are assumed to follow Rayleigh
RD
fading. The variance of hSR
k and hk is set to be 0 dB, and
the variance of gSP and gkRP is set to be −10 dB. The numerical results presented in this article are obtained by Monte
Carlo simulation.
To better understand the superiority of our proposed
optimal joint bandwidth and power allocation (OBPA),
we compare it with equal bandwidth with optimal power
allocation (EBOPA) in this section.
In Figure 1, maximum sum throughput versus maximum total power Pth is presented for AF and DF relaying
protocols under maximum allowed interference Ith =
−20 dBW. In Figure 2, maximum sum throughput versus maximum allowed interference Ith is presented for AF
and DF relaying protocols under maximum total power
Pth = 0 dBW. In Figure 3, maximum sum throughput
versus bandwidth W is presented for AF and DF relaying protocols under Pth = 0 dBW and Ith = −20 dBW.
It is clear from these ﬁgures that maximum sum throughput achieved in DF relaying protocol is superior to that
achieved in AF relaying protocol when using the OBPA or
EBOPA scheme. It can be also observed that maximum
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Figure 1 Maximum sum throughput versus maximum total
power under Ith = −20 dBW.

sum throughput achieved in the OBPA scheme is larger
than that achieved in the EBOPA scheme when using the
DF or AF relaying protocol. Furthermore, from Figures 1
and 2, it can be seen that when Pth (Ith ) reaches a speciﬁc value, the maximum sum throughput becomes ﬂat.
This indicates that Ith (Pth ) becomes the dominant constraint. From Figure 3, it can be seen that the performance
improvement for the OBPA scheme is higher when bandwidth W is larger.
In Figure 4, minimum transmit power of the CR network versus R (R = r1 = r2 = · · · = rK ) is presented
for AF and DF relaying protocols under Pth = 0 dBW and
Ith = −20 dBW. In Figure 5, minimum transmit power
of the CR network versus bandwidth W is presented for
AF and DF relaying protocols under Pth = 0 dBW and

Figure 2 Maximum sum throughput versus maximum allowed
interference under Pth = 0 dBW.
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Figure 3 Maximum sum throughput versus bandwidth W under
Pth = 0 dBW and Ith = −20 dBW.

Ith = −20 dBW. It is clear from these two ﬁgures that
minimum transmit power achieved in DF relaying protocol is superior to that achieved in AF relaying protocol
when using the OBPA or EBOPA scheme. Moreover, minimum transmit power of the OBPA scheme is always less
than that of the EBOPA scheme when using the DF or AF
relaying protocol. Furthermore, minimum total transmit
power diﬀerence between the OBPA scheme and EBOPA
scheme is larger when R is larger, or when W is smaller.
This indicates that more power is saved through the joint
bandwidth and power optimization when the fairness of
relay SUs is considered.
In Figure 6, energy eﬃcient versus bandwidth W is presented for AF and DF relaying protocols under Pth =
0 dBW and Ith = −20 dBW. It is clear from the ﬁgure

Figure 4 Minimum transmit power of the CR network versus R
under Pth = 0 dBW and Ith = −20 dBW.
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Figure 5 Minimum transmit power of the CR network versus W
under Pth = 0 dBW and Ith = −20 dBW.

that energy eﬃcient in DF relaying Protocol is superior
to that in AF relaying protocol when using the OBPA or
EBOPA scheme. It also can be observed that energy eﬃcient achieved in the OBPA scheme is larger than that
achieved in the EBOPA scheme when using the DF or AF
relaying protocols. Furthermore, it can be seen that energy
eﬃcient increases with the increase of W .
In Figure 7, maximum sum throughput with the exhaustive search algorithm and the greedy algorithm versus
bandwidth W is presented for hybrid Relaying Protocol
under Pth = 0 dBW and Ith = −20 dBW. It is clear from
the ﬁgure that the greedy algorithm has no performance
loss compared to the exhaustive search algorithm, and
the maximum sum throughput increases with increasing
bandwidth W .

Figure 6 Energy eﬃcient versus bandwidth W under
Pth = 0 dBW and Ith = −20 dBW.
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K

Wk ≤ W

s· t ·

(50)

k=1

It can be easily proved that RAF
k,SD is a concave function
of Wk . Thus, the equivalent problem is convex. Using the
Karush-Kuhn-Tucker (KKT) conditions, we can know that
the optimal bandwidth allocation Wk∗ must satisfy


∂RAF
k,SD 

∂Wk 

Wk=Wk∗



∂RAF
j,SD 
=

∂Wj 

, k, j = 1, 2, . . . , K, k = j.
Wj =Wj∗

(51)
Since we have


∂RAF
k,SD 

∂Wk 

Figure 7 Maximum sum throughput versus bandwidth W for
hybrid relaying protocol.

Conclusion
In this article, we have studied the problems of bandwidth and power allocation in the CR relay network.
Particularly, we have presented bandwidth and power
allocations with AF or DF relaying protocol to (1) maximize the sum network throughput; (2) minimize the total
transmit power of the CR network with considering the
fairness of power drain of relay SUs; (3) maximize the
energy eﬃciency of the CR network. It is shown that the
corresponding resource allocation problems were equivalently reformulated as convex optimization problems
and, therefore, can be solved eﬃciently. Furthermore, it
is shown that DF relaying protocol can achieve better
performance when the decoding rate constraint is not
considered. In contrast, when considering the decoding
rate constraint in DF relaying protocol, we have further
proposed the hybrid relaying protocol, which combines
AF and DF relaying protocols. The joint bandwidth and
power allocation problem with hybrid relaying protocol
was formulated to maximize the sum network throughput. In order to reduce computational complexity of this
problem, the greedy algorithm which has comparable performance to the exhaustive search algorithm has been
developed to obtain the optimal solution. Finally, the performance of our algorithms has been evaluated through
numerical results.

Appendix 1
For given power
is equivalent to

PkS

and

PkR

(k = 1, 2, . . . , K), Problem P1

K

RAF
k,SD

max
Wk

k=1

(49)

 2  RD 2
 h  γ0
PkS PkR hSR
k
k




S  SR 2 ∗
R  RD 2 ∗
h
∗
P
W
+P
Wk
Wk =Wk
k k
k hk
k
  

S R  SR 2  RD 2
hk
γ0
Pk Pk hk
−







2 ∗
S R  SR 2  RD 2
S  SR 2 ∗
 W In2
hk
γ0 +Pk hk Wk +PkR hRD
Pk Pk hk
k
k




S R  SR 2  RD 2
hk
γ0
Pk Pk hk
(52)
=Y
 2 ∗


 W +PR hRD 2 W ∗
PkS hSR
k
k k
k
k
= log2 1+

x
where Y (x)  log2 (1 + x) − (1+x)In2
. Since Y (x) is a
monotonically increasing function for x > 0, we can
obtain from (51) that

 2 

 2  RD 2
   RD 2
PjS PjR hSR
 h  γ0
 hj  γ0
PkS PkR hSR
j
k
k
=  2
.

2
 2 ∗


  ∗
 W +PR hRD 2 W ∗
R  RD 
∗
PkS hSR
PjS hSR
k
k k
k
k
j  Wj +Pj hj  Wj

(53)

It can be easily seen that the
bandwidth allo optimal
∗ = W . Therefore,
W
cation Wk∗ is obtained when K
k=1
k
using (53), we can obtain the optimal values of Wk∗ given
by (11).

Appendix 2



For the function fk PkS , PkR =


∂fk PkS , PkR
∂PkS


∂fk PkS , PkR
∂PkR

 2  RD 2
 h  γ 0
PkS PkR hSR

k2 R k RD 2 ,
S
SR


P h
+P h 
k

k

k

we have

k

   RD 2 2
 h 
γ0
PkR hSR
k
k
=
 2

 2,
 + PR hRD 2
PkS hSR
k
k k

(54)

 2  RD  2
 h  γ0
PkS hSR
k
k
=



2 2 ,
2
PS hSR  + PR hRD 

(55)

k

k

k

k

 2  RD 2 2


 h 
γ0
2 PkR hSR
∂ 2 fk PkS , PkR
k
k
=−
 S 2
 2

 3,
∂ Pk
 + PR hRD 2
PkS hSR
k
k k

(56)
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 2  RD 2 2


 h 
γ0
2 PkS hSR
∂ 2 fk PkS , PkR
k
k
=
−
,
 R 2
3




∂ Pk
2 + PR hRD 2
PkS hSR
k
k k


∂ 2 fk PkS , PkR
∂PkS ∂PkR

=



∂ 2 fk PkS , PkR
∂PkR ∂PkS
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5.

(57)

 2  RD 2 2
 h  γ0
2PkS PkR hSR
k
k
=



 3.
2 +PR hRD 2
PkS hSR
k
k k

6.

7.

8.

(58)
Thus, from (54)-(58), it follows that


∂ 2 fk PkS , PkR
≤0
 2
∂ PkS


∂ 2 fk PkS , PkR
≤0
 2
∂ PkR
 S R
k Pk , Pk
 2
∂ PkS


∂ 2 fk PkS , PkR

∂ 2f

∂PkR ∂PkS



S R
k Pk , P k
 R 2
∂ Pk

∂ 2f

9.

(59)

10.

11.

(60)


−

∂ 2f

 S R
k Pk , Pk

∂PkS ∂PkR

= 0.

12.

13.

(61)



Since the Hessian matrix of fk PkS , PkR is given by
⎡ 2  S R 2  S R ⎤
∂ f k Pk , Pk ∂ f k Pk , Pk
 2
⎢
∂PkS ∂PkR ⎥
⎢ ∂ PkS
⎥
⎢
⎥
(62)
⎢
⎥,




⎢ ∂ 2 f PS , PR ∂ 2 f PS , PR ⎥
k
k
⎣
k k
k k ⎦
 2
∂PkR ∂PkS
∂ PkR


the Hessian matrix of fk PkS , PkR is a negative semi-deﬁnite


matrix. As a consequence, it is implied that fk PkS , PkR is
concave.
objective
function of Problem P3 is
the

Since
K
S R
k=1 fk Pk , Pk , it follows that the objective function of
Problem P3 is concave in PkS and PkR (k = 1, 2, . . . , K).
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