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Abstract

In this review article, we propose to use the Bayesian inference approach for inverse problems in signal and image
processing, where we want to infer on sparse signals or images. The sparsity may be directly on the original space
or in a transformed space. Here, we consider it directly on the original space (impulsive signals). To enforce the
sparsity, we consider the probabilistic models and try to give an exhaustive list of such prior models and try to
classify them. These models are either heavy tailed (generalized Gaussian, symmetric Weibull, Student-t or Cauchy,
elastic net, generalized hyperbolic and Dirichlet) or mixture models (mixture of Gaussians, Bernoulli-Gaussian,
Bernoulli-Gamma, mixture of translated Gaussians, mixture of multinomial, etc.). Depending on the prior model
selected, the Bayesian computations (optimization for the joint maximum a posteriori (MAP) estimate or MCMC or
variational Bayes approximations (VBA) for posterior means (PM) or complete density estimation) may become
more complex. We propose these models, discuss on different possible Bayesian estimators, drive the
corresponding appropriate algorithms, and discuss on their corresponding relative complexities and performances.
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1 Introduction

In many generic inverse problems in signal and image
processing we want to infer on an unknown signal f(z)
or an unknown image f(r) with r = (x, y) through an
observed signal g(s) or an observed image g(s) related
between them through an operator # such as convolu-
tion g = i * f or any other linear or non linear transfor-
mation g = Hf. When this relation is linear and we have
discretized the problem, we arrive to the relation:

g=Hf +e, (1)
where f = [fi, .., f,]’ represents the unknowns, g = [g),
.., &m]” the observed data, € = [y, ..., €,]” the errors of

modeling and measurement and H the matrix of the
system response. We may note that, even if the noise
could be neglected (¢ = 0) and the matrix H invertible
(m = n), in general, the solution f: H™!g is not forcibly
the good solution, because this solution may be too sen-
sitive to small changes in the data due to the ill-condi-
tioning of this matrix. for the general case of m = n, one
tries to obtain a regularized solution, for example by
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defining it as the optimizer of a two parts criterion
f - argminy(f) - s —Hf|"+ 2[f°) @

which is given by f: [HH' + AI]"'H'g- When the reg-
ularization parameter A = 0, one gets a generalized
inverse f: [HH'|'H'g and when H invertible, one gets
the normal inverse solution f: H'g. The regulariza-
tion theory has been developed since the pioneer work
of Tikhonov [1] and Tikhonov and Arsénine [2] who
had introduced a quadratic regularization terms to
account for some prior properties of the solution
(smoothness). Since that, many different regularization
terms have been proposed. In particular, in place of L,

norm: Ly (f) = ”f“i = Zj |f1

use the Ly norm Lo(f) = Hf”o = Z]-S(ﬁ) or the L; norm
Li(f) = |Ifll1 = Z; |f| to enforce the sparsity of the solu-
tion [3-11]. Then, due to the fact that Ly(f) is not con-
vex and L(f) is convex, but not continuous, the
optimization of a criterion with these expressions
becomes more difficult than the L, norm case. For this
reason, there was a great number of works who

2
, it has been proposed to

© 2012 Mohammad-Djafari; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.


mailto:djafari@lss.supelec.fr
http://creativecommons.org/licenses/by/2.0

Mohammad-Djafari EURASIP Journal on Advances in Signal Processing 2012, 2012:52

http://asp.eurasipjournals.com/content/2012/1/52

specialized in proposing algorithms for the optimization
of such criteria.

Interestingly, defining the solution of the problem (1)
as the optimization of a criterion with two parts can be
assimilated to a maximum a posteriori (MAP) solution
in a Bayesian approach where the first term of the cri-
terion (2) can be related to the likelihood and the sec-
ond term to a prior model as we will see in the
following where the main objective is to show how the
Bayesian approach can go farther than the regularization
in at least the following aspects:

« A better account for the noise term characteristics;
« A better and easier way for translating the prior
knowledge and in particular the sparsity;

« New tools for assessing the regularization para-
meter, a great subject of discussion for all those
work with regularization theory;

+ New solutions and new tools for doing computa-
tions (optimizations and integrations).

1.1 The Bayesian approach
The Bayesian inference approach is based on the poster-
ior law:

p(g|f.01) p(f162)
p(g1601,02)

where the sign « stands for “proportional to”, p(gl|f,
0,) is the likelihood, p(f]6,) the prior model, 6 = (6,, 6)
are their corresponding parameters (often called the
hyper parameters of the problem) and p(g|0;, 0-) is
called the evidence of the model.

This general Bayesian approach is illustrated as fol-
lows:

p(f|8,01.62) = o p(g|f, 01)p(fP2)

: 2
p(f162) | | p(glf.01)|—1 p(flg.8) |—F
Prior Likelihood Posterior

In this approach, the likelihood p(g|f, #;) summarizes
our knowledge about the noise and the model linking
the observed data g to the unknowns f and the prior
term p(f]@,) summarizes our incomplete prior knowl-
edge about the unknowns and the posterior law p(f|g, 0)
combines these two terms and contains all our state of
knowledge about the unknowns f after accounting for
the prior and the observed data.

As a very simple example, when the noise is assumed

to be Gaussian, then the MAP solution
f: argmax¢{p(f |g,0)} is obtained as the optimizer of
the criterion J(f) = ||g - Hf||* + AQ(f) where the expres-

sion of Q(f) depends on the prior law. When the prior
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knowledge is translated as a Gaussian probability law,
then Q(f) = ||f||§ and when it is translated as a Laplace
probability law, then Q(f) = ||f]|1 [12-14].

The first interest of using the Bayesian approach to
the regularization approach is to have new tools for
handling the hyper parameters [15].

1.2 Full Bayesian approach

When the parameters @ have to be estimated too, we
can assign them a prior p(0|6,) with fixed values for 0,
(often called hyper-hyper-parameters) and express the
joint posterior

f,01)p(f102)p(0100)
p(g160)

and then try to estimate them jointly, for example
joint MAP [16]:

(f,0) = argr&l,%({r?(fﬂ 3. 60)}

0(£,0 |3, 80) = "8 @

(5)

This Full Bayesian approach is illustrated as follows:

1 8o
Hyper prior model p(8|6q)
8, 6,
(716 o0 | o Olg.08) | L
o — .0lg. a, =
p(f162 pl(glf. 601 p(f.0lg.c.B)| &
Prior Likelihood Joint Posterior

One may also first integrate out one of them, for
example f'to obtain

(6 l5,00) = [ 5(5.01s.00)f, ©
estimate 6, for example by
0 = argmax{p(6 [, 6, )) ?)

and then use it for the estimation of the other one

using p(f {g,b\),
This approach (called sometimes type II maximum
likelihood) is illustrated as follows:

(o509 =0 00l9) =8 piribg) [

Joint Posterior Marginalization over f

!

However, very often this marginalization cannot be
done analytically and so the optimization for the estima-
tion of @ cannot be achieved. In such cases, the expecta-
tion-maximization (EM) algorithms can be helpful [17].
Considering g as incomplete data, f as hidden variable,
(g, ) as complete data and noting In p(g|@) as
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incomplete data log-likelihood and In p(g, f|0) complete
data log-likelihood, the classical EM algorithm writes:

k
E - step : q(0,f9\( )) = Epmg,a(k)){lnp(gff 10)}

- (8)
M - step:b\(k) = arg maxy {q(o,ﬁ(k 1))}

The Bayesian version (Bayesian EM) is not very far
and differs only by the introduction of p(6):

k
E-step : q(0,0") = B, 10 P8 10) + Inp(0))

M - step " - arg maxg {q(O,/O\(kil))}

This is illustrated as follows:

|p(f.6lg) | — [EM, Bayes EM|— 0 — — f

As we mentioned before, one of the main steps in the
Bayesian approach is the prior modeling which has the
role of translating our prior knowledge on the unknown
signal or image in a probability law. Sparsity is one of
the prior knowledge we may translate. The main objec-
tive of this article is to see what are the different
possibilities.

1.3 Prior modeling
In this article, we propose different prior modeling for
signals and images which can be used in a Bayesian
inference approach in many inverse problems in signal
and image processing where we want to infer on sparse
signals or images. The sparsity may be directly on the
original space or in a transformed space (see Figures 1,
2, 3, and 4). In this article, we consider the sparsity
directly in the original domain.

The prior models discussed are the following:

- generalized Gaussian (GG) with Gaussian (G) and
Laplace or double exponential (DE) as particular cases;

- symmetric Weibull (W) with symmetric Rayleigh (R)
and again the DE as particular cases;

- Student-t (St) with Cauchy (C) as particular case;
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- Elastic net prior model;

- generalized hyperbolic model;

- Dirichlet and symmetric Dirichlet;

- Mixture of two centered Gaussians (MoG2), one
with very small and one with a large variances;

- Bernoulli-Gaussian (BG), also called Spike and slab;

- Mixture of two Gammas (MoGamm);

- Bernoulli-Gamma (BGamma);

- Mixture of three Gaussians (MoG3), one centered
with very small variance and two symmetrically centered
on positive and negative axes and large variances;

- Mixture of one Gaussian and two Gammas (MoG-
Gammas), and in a more summary the case of

- Bernoulli-Multinomial (BMult) or mixture of Dirich-
let (MoD).

Some of these models are well-known [12-14,18-26],
some others less. In general, we can classify them into
two categories: (i) simple non Gaussian models with
heavy tails and (ii) mixture models with hidden variables
which result to hierarchical models.

In the Section 2, we give more details about the spar-
sity and all these prior models which enforce the

sparsity.

1.4 Bayesian computation

The second main step in the Bayesian approach is to do
the computations. Depending on the prior model

selected, the Bayesian computations needed are:

« For simple prior models:
- Simple optimization of p(f]6, g) for the MAP:

r(f16.9)| —

- Joint optimization p(f; 0|g) for joint MAP:

o~

il .
Simple Optimization L

Algorithm

—
—

Joint Optimization
Algorithm

D))

p(f,0lg)

Figure 1 Sparsity: explicite sparse signals. The signal at the right is sparse, but its derivative (signal at the left) is still more sparse.
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Figure 2 Sparsity: sparse signals in a transformed domaine (Fourier or wavelet). First row: signals, second row: Fourier or wavelet

- Generation of samples from the conditionals p

(f10, g) and p(0|f, g) for the MCMC Gibbs sam-
pling methods,

Gibbs sampling

F~p(fl0,q)
0~ p0f.g)

D)~k

p(f,0lg)

50 100 150 200

250

Figure 3 Sparsity: explicite sparse images. The images at the top
are sparse. The images at the bottom are not sparse, but their
Laplaciens are (images at top).

- Variational approximation (VA) of the joint p(f;

0|g) by a se

af.0)8) =a:(f 10 . 8) 42(6

parable

f.8)

and then using them for estimation

p(f,0lg) [—

Variational
Bayesian
Approximation

— ql(f‘bv:g)‘> f

— g2(6]f.9)— 6

« For hierarchical prior models with hidden variables

z:
- Joint optimization p(f, z, 0|g) for joint MAP,
Joint — jf\
p(f.z,0lg) | — | Optimization |— z
Algorithm | @
- Generation of samples from the conditionals p
(flz, 0, g), p(0|z, f, g and p(z|f, 0, g) for the
MCMC Gibbs sampling methods:
Gibbs sampling }:
pr(flzaeg) =
,z,0 — ’ —z
P20 = pelr.0.0) |2
6 ~p6|f zg)
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Figure 4 Sparsity: sparse images in a transformed domain (Fourier or wavelet). First row: images, second row: Fourier or wavelet

transforms.

- Variational approximation (VA) of the joint p(f,
z, 0|g) by a separable

7.0,8)q:(0 1. 2)

af.z0|8) =0 (f[Z6,8) 0a(z

and then using them for estimation

Variational | — q1(f|z, é: a)— f
Bayesian  |— ¢2(z|f,0.9)— 2
Approximation | ¢,(8|Z, f,g)— 0

o(f,z,0lg) | —

The second main objective of this article is to discuss
on the relative complexities and performances of the
algorithms obtained with the proposed prior law.

The rest of the article is organized as follows:

In Section 2, we present in details the proposed prior
models and discuss their properties. For example, we
will see that the Student-t model can be interpreted as
an infinite mixture with a variance hidden variable or
that the BG model can be considered as the degenerate
case of a MoG2 where one of the variances go to zero.
Also, we will examine the less known models of MoG3
and MoGGammas where the heavy tails are obtained by
combining a centered Gaussian and two large variance
non-centered Gaussians or Gammas.

In Section 3, we examine the expression of the poster-
ior laws that we obtain using these priors and discuss
then on complexity of the Bayesian computation of the
algorithms. In particular for the mixture models, we
give details of the joint estimation of the signal and the

hidden variable as well as the hyper parameters (para-
meters of the mixtures and the noise) for unsupervised
cases.

In Section 4, we give more details on the variational
Bayesian approximation method, first for the general
case and then for the case of mixture laws and more
specifically the case of the Student-t considered as a
continuous mixture.

Finally, we present the main conclusions of this article
in Section 5.

2 Prior models enforcing sparsity
First, as we mentioned, the sparsity is a property which
can be described either directly for the signal itself or
after some transformation, for example on the derivative
of the signal, or in more general on the coefficients of
the projection of the signal on any basis or any set of
functions.

Different prior models have been used to enforce
sparsity.

2.1 Generalized Gaussian (GG), Gaussian (G) and double
exponentials (DE) models

This is the simplest and the most used model (see for
example, [27]). Its expression is:

p(fly. B) =196 v B) xexp{—y Y If|” 1 (10)
j j
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0.051 p o= exp(—y'IxIf)
6 p = exp(-r'Ix")

=10 -8 6 4 -2 o 2 4 6 B 10 Z2 15 -1 -05 o 0.5 1 15 2

Figure 5 Generalized Gaussian family. The probability density function p(x) is shown in the left and - In p(x) is shown in the right.

where 2.2 Symmetric Weibull (W) and symmetric Rayleigh (R)
models
GG(fily, B) = By exp{—y|fj|ﬂ}. (11) The second model we consider is the symmetric Wei-
2r(1/p) bull probability density function (pdf):
Two particular cases are of importance: o(fly. B) = 1—[ Wi 1y, B)
— 1 . ]
« B = 2 (Gaussian): (14)
B
ocexp =y > _|fi|” + (B —1)log|f
p(fly) =[N |0 1/@r)) cexp =1 Y If* 12 j
! ]2 where
ocexp{=y |f[}
WIF, _ Ag](B-1) AL (15)
(ilv. B) = clfil™ " expl=v [f["}

+ =1 (double exponential or Laplace):
and where ¥ > 0 and 8 > 0, and the particular cases of
B =1 is the double exponential and 8 = 2 is the sym-

(13)  metric Rayleigh distribution:

p(fly) =[[PEGIy) ocexp =y Y If]
j j

{- } ?
X exp V||f||1 p(f|y,ﬂ)=1_[R(ﬁ|y)ocexp —J/Z’fj’ +log fi| ¢ (16)
j j

The general shape of these priors are shown in Figure
5, where the cases f = 1 and 0 <f3 < 1, which are of
great interest for sparsity enforcing are compared to the
Gaussian case f§ = 2.

the cases where 0 <3 < 1 are of great interest for sparsity
enforcing. This family of models are illustrated on Figure 6.

N 7+ == exp(—y(ixI"+(B=1)"log (1))
025 P = exp(=y((xI+(3-1)"log(IxD) q

. 1 L L L . L L
=10 8 6 4 2 o 2 4 6 B 10 -2 -15 -1 -05 o 05 1 15 2

Figure 6 Symmetric Weibull family. The probability density function p(x) is shown in the left and - In p(x) is shown in the right.
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2.3 Student-t (St) and Cauchy (C) models
The second simplest model is the Student-t model:

p(fIv) = []Stlfi1v) o exp [—”;1 Y log(1+f2v); (17)
j j

where

1
TV

Knowing that

C((v+1)/2)

SO rp2)

(1 +]¢}2/v)—(v+1)/2 (18)

St(filv) = /OOOJ\/(fj |0,1/7)G (5 Iv /2,v/2) dr;  (19)

we can write this model via the positive hidden vari-
ables 7; :

p(f. o) =[G |5) =TT VG
1 2
o<exp{—2 erjfj }

0,1/7)

(20)
P(t] |ar b) = g(l'] |a, b) X Tj(a_l) exp{_b_[]}
witha=b= ])/2
Cauchy model is obtained when v = 1:
(21)

p(f) = ]C() cexp{—> log(1+f?)
j j

This family of models are illustrated on Figure 7.
2.4 Elastic Net (EN) prior model

A prior model inspired from elastic net regression litera-
ture [28] is:

p(f|v)=1'[€N(ﬁ|v)o<a<p{—Z(m\ﬁ\mﬁ)} (22)
j j
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where
EN(Iv) = N(0,1/n)DEm) cexp {-n [fi| - o)} (23)

which is a product of a Gaussian and a double expo-
nential pdfs. This family of models are illustrated on
Figure 8.

2.5 Generalized hyperbolic (GH) prior model
Another general prior model which can be used is:

—1/2)/2
pU18,v.8) = [ 62+ )" expipn)
Kv,l/z(oz\/82 +fj2)
where K,_,,, is the second kind Bessel function of

order (v - 1/2). This family of models are illustrated on
Figure 9.

(24)

2.6 Dirichlet (D) and symmetric Dirichlet (SD) models
When f; are positive and sums to one, we can use the
Dirichlet model

Dfle) o [T with >0, D fi=1 (5
j j

where a = {¢, ..., op} with ¢ > 0. The proportionality
constant is

Hj ['(o)
r (T ()

It is noted that the support of this distribution is [0,1]
Nand ||l =% f = L.

It is also interesting to note that the domain of the
Dirichlet distribution is itself a probability distribution,
specifically a N-dimensional discrete distribution and
the set of points in the support of a N-dimensional
Dirichlet distribution is the open standard N - 1-sim-
plex, which is a generalization of a triangle, embedded
in the next-higher dimension.

B(a)

(26)

P exp(~((v+1)2)10g(1+}xi%)

[
LY
5

PRI

P = exp(~((v+1)/2)"log(1+[x1%)

=10 -8 -6 -4 -2 o 2 4

Figure 7 Student-t and Cauchy family. The probability density function p(x) is shown in the left and - In p(x) is shown in the right.

10

2,
2

-15 -1 -05 o 1 15
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oaf PRk oS I A N nezommon]
0.06
Figure 8 Elastic net family. The probability density function p(x) is shown in the left and - In p(x) is shown in the right.
J

A very common special case is the symmetric Dirichlet
(SD) distribution, where all of the elements making up
the parameter vector o have the same value o called the
concentration parameter:

D(f le) Hff"l with f;> 0,

)

26=1 )

j

When a > 1, the symmetric Dirichlet distribution is
equivalent to a uniform distribution over the open stan-
dard standard N - 1-simplex, i.e., it is uniform over all
points in its support. & > 1 prefer variants that are
dense, evenly-distributed distributions, i.e., all probabil-
ities f; returned are similar to each other. & < 1 prefer

sparse distributions, i.e., most of the probabilities f;
returned will be close to 0, and the vast majority of the
mass will be concentrated in a few of them. This is the
case on which we are interested. An illustration of this
family of models are illustrated on Figure 10.

2.7 Mixture of two Gaussians (MoG2) model

The mixture models are also very commonly used as
prior models. In particular the mixture of two Gaussians
(MoG2) model:

p(f 1o, v0) = [ TON(10,01) + (1= DN 10,10)) (98
i

r p o= (62+x%)"~ 92 exp(~x)."besselk( ~(@4x%)%)

= (8%4x%) 2 exp(~p*x).‘besselk(v—.5,a° (8%+x%) %)

o x(@Pha-1)

o 1 2 3 4 5 6 7 B 9

10 o

Figure 10 Dirichlet family. The probability density function p(x) is shown in the left and - In p(x) is shown in the right.

1 2 3 4 5 6 7 B B 10
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o T T T T T T T T T T T T T T
—c —c
—— MoG2 MoG2

=10 -8 6 -4 2 o 2 4 6 B

Figure 11 Mixture of two Gaussians family. The probability density function p(x) is shown in the left and - In p(x) is shown in the right.

which can also be expressed through the binary valued This model has also been called spike and slab. This
hidden variables z; € {0,1} family of models are illustrated on Figure 12.

p(flz) = l—L p(fi |Zj) = l—L N(f; |O, vy ) 2.9 Mixture of three Gaussians (MoG3) model
Ja Another mixture model proposed is using a Mixture of
s (29) : )
o exp Z three Gaussians, one centered at zero and two symme

2 =iy trically placed:
P(z=1) =1, P(zj=0)=1—x
X v0, v, v—1, B) = | |.[(1 = MN(f 10, v
In general v; >>v, and A measures the sparsity (0 <4 pU 2 v0, V1, -1, B) 1—[1 [( Y )

<< 1). This family of models are illustrated on Figure 11. + (M2N(f 1+8,v41) (32)

_ _ +(A2N(f; 1-B,v-1)]
2.8 Bernoulli-Gaussian (BG) model
The Bernoulli-Gaussian model can be considered as the which can also be expressed through the ternary
particular case of the MoG2 with the particular degener-  valued hidden variables z; € {-1, 0, +1}

ate case of vy = 0:
p(f1z) = [1; p(f; %) = [N |28, vs)

p(f 12,0) = [T05) = [TONG 10.0) + (1= 205(5) (30 Pz =1) = 4/2, )
j j P(zj=—1) = 1/2,
which can also be written as P(zj=0)=1— A
p(f1z) =TT p(f; ’Zj) =1 IN( |0,y)]5(zi) In general v,; = v.; = v >>1y and A measures the spar-
! ]1—[ [S(f)]‘s(l_zi) (31) sity (0 <A << 1). This family of models are illustrated on
e Figure 13.
P(zj=1) =4, P(zj=0)=1—2

—G
—— MoG2

=10 8 -6 -4 -2 o 2 4 6 8 1054 -3 -2 -1 o 1 2 3 a

Figure 12 Bernouilli-Gaussian family. The probability density function p(x) is shown in the left and - In p(x) is shown in the right.
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-10 ) 6 4 2 o 2 4 6 B

3
10

Figure 13 Mixture of three Gaussians family. The probability density function p(x) is shown in the left and - In p(x) is shown in the right.

) -3 2 -1 o 1 2 3 4

2.10 Mixture of one Gaussian and two Gammas
(MoGGammas) model

Another mixture model proposed is using a mixture of
one central Gaussian and two symmetric Gammas:

p(f hvo p) = [T [(1 =N (10,v0)
+ (1/2)G(f o, B)
+(1/2)G(f; lee, B)]

which can also be expressed through the ternary
valued hidden variables z; € {-1, 0, +1}

p(f12) = IT; (f; |2) = IN(f; 10, 19 )| Z°) x
[G(f lor, )= x
[g(_f] |ot,,3 )]Zja(z,-u)

(34)

(35)
P(zj=1) = 1/2,

P(Zj —1) = )»/2,

P(zj=0)=1—A.

This family of models are illustrated on Figure 14.

2.11 Bernoulli-Gamma (BGamma) model
As in the BG model, when we want to enforce both
sparsity and positivity, we can use the BGamma model:

p(f e, B) = [T128(H) + (1 = 1)G(f e, B)]

]

(36)

or
p(f12) =[] o |2) = [T 1590 e )

[T [0 -2)()]
P(zj=0)=1—-2

37)
P(z = 1) = A,

A particular case of this model is Bernoulli-exponen-
tial (BExponential) which obtained when o = 1. These
families of models are illustrated on Figure 15 and Fig-
ure 16.

2.12 Mixture of Dirichlet (MoD) model
» Mixture of Dirichlet model

p(f1rh o, 00) = AD(f lar ) + (1 — A)D(f |e2) (38)
where
D(f o) oc [ [ 7" withfj > 0,) fj=1 (39)
j j

is the symmetric Dirichlet distribution. We need to
choose a; > 1 for dense part and 0 <, < 1 for the
sparse part.

2.13 Bernoulli-multinomial (BMultinomial) model
As in the BG or BGamma model, when we know that
the signal is sparse and can only take one of the K

o. T T T T T T T
—20c
—— MoGGammas

—2c
MoGGammas

=10 -8 -6 -4 2 o 2 4 6 B

in the right.

34 . . L L . .
10724 -3 2 -1 o 1 2 3 4

Figure 14 Mixture of one Gaussian and two Gammas family. The probability density function p(x) is shown in the left and - Inp(x) is shown
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BG: lambda=.1;alpha=2;beta=1;

o 1 B B 4 5 B 7 B B

10 o

Figure 15 Bernouilli-Gamma family. The probability density function p(x) is shown in the left and - In p(x) is shown in the right.

1 B B 4 5 B 7 B B 10

discrete values {ay, ..., ax}, we can use the BMultinomial
model:

p(f ha,e) = [ [aMult(fyla, o) + (1 — 1)8(f) (40)
j

where a = {a, ..., a;} and & = {0, ...
1 and

, OCK} with Yk O =

n! a
Mult(fila, o) = o)
(fjl ) al!...aK!IZ[ k

p(f 12) = T1;p(f; |2) = TT; [ Mule(f; lec )]
1_[,‘ [(1 - Zj)‘s(ﬁ)]
P(z=0)=1—x

(41)
P(zj=1) =4,

3 Bayesian inference with sparsity enforcing
priors

The priors proposed can be used in a Bayesian approach
to infer on f given the observed data g through the poster-
ior law given in Equation (3). First let assume the error €
to be centered, Gaussian and white: ¢ ~ N (g0, v.I).
Then, using the forward model (1) we have

el - v x| ) - nf) @

1
Vg

Now, we consider different priors.

3.1 Simple prior models
Given p(g|f) and any simple prior law p(f), the posterior
law is written:

p(f [8) o< p(8 |f )p(f) o exp{i(f)} (43)
with
10 =, ls =1 +2) (@

where Q(f) = -In p(f) and so the Maximum A Poster-
iori (MAP) solution is expressed as the minimizer of
this criterion which has two parts: the first part is due
to the likelihood and the second part is due to the prior:

2110.9) |

Thus, depending on the choice of the prior we obtain
different expressions for Q(f). For example for the GG
model of (10) we get

Optimization of

J(f) = g:llg — HE|I? +Q(f)

— f

) =v Y If): (45)
j

For the symmetric Weibull model (14) we get

Q(f) = -y 3 IAl" + (8- D)loglfy . (46)
j

0.018}

0.016

0.01af

0.012f

0.006

0.004

0.002

0

o 1 B B 4 5 & 7 B B

10

Figure 16 Mixture of 2 Gammas family. The probability density function p(x) is shown in the left and - In p(x) is shown in the right.

o 1 > B 4 5 B 7 B B 10
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For the Student-t model (17) we get

a="1" Y log1+ ). )
j
For the elastic net model we get
Q(f) = Z [Vl |ﬁ| + szjz} (48)
j
and for the Dirichlet model we get
QN =25 f=00 ) fi=1 (49)
j j

For each of these cases, we may discuss on the unim-
odality and convexity of the criterion J(f) which depends
mainly on its Hessian

_[0O] _ g, [290)
W)‘[aﬁaﬁ]‘“ [aﬁaﬁ} .
e %0
=HH + 8f-2
]

We may look at each case to examine the range of the
parameters for which this Hessian matrix is positive
definite.

The optimization is done iteratively:

(0) Update
P ptn) = p®) 4 ()5 40

)

~

Update operation can be additive, multiplicative or
more complex. Updating steps o can be fixed or com-
puted adaptively at each step (steepest descent for
example). 3 can be, for example proportional to the
gradient, in which case, we have

(0) Update ~
T2 040 = $0 4 o[H' (g — HFY) — AV Inp(£ )] |-

We may also consider to estimate some of these para-
meters by assigning them appropriate priors and then
express the joint p(f; 0|g, 0,) as given in Equation (4) and
then try to estimate them jointly, for example joint MAP:

Joint
MAP

— f

— -~
— 0

p(f,0lg)
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or alternate optimization:

N Optimize Optimize »

0 o(f.0lg) | Ll p(f6le) | P
T with respect to f with respect to @ T

We may also want to explore this joint posterior by
generating samples from it. This can be done, for exam-
ple, through the following Gibbs sampling scheme:

Sample f | _ | Sample 8
f~p(f18;9) | £,0 ~p(0]F,9)| Y,

)

N

0

When a great number of samples are thus generated,
we may compute their means, variances or any other
statistics about them.

Finally, we may try to approximate this joint posterior
by a simpler one, for example by a separable g(f; 6) = ¢;
(f) q2(0) using the variational approximation (VA). The
main idea and the main basic steps to achieve this is
more detailed in the following section. Here, however,
we present the result on the following scheme:

@ | Compute | f | Compute | g

Fy ? n ? T —
o | 010:9) ] a6lf.9))

% and I =Ll and 0 2N

To illustrate the differences, we may consider the sim-
ple case of a linear forward model and Gaussian priors:

{p(g iffvE) :N(Hf’UEI) (51)
p(f |Uf) = N(O, UfI)
In this case, if we know @ = (v,, v, then
p(f g vervp) = N(&, 2)
with:
(52)

o=[HH+M| 'Hg
S = [HH+ M|

v -
with A = v;' So, we have f=n which can be com-

puted by optimizing J(f) = ||g - H f]|> + 2|[A]|>. A gradi-
ent based algorithm is shown below:

f(U)

T

FED = f W L o[H (g - HF®) — M| F




Mohammad-Djafari EURASIP Journal on Advances in Signal Processing 2012, 2012:52

http://asp.eurasipjournals.com/content/2012/1/52

Now putting inverse Gamma priors on v, and vg or
equivalently Gamma priors on 7. = 1/v, and 7y = 1/vy

{ p(ts lzo, Bro ) = g(“st ,350) (53)
p(z |etsor Bro) = Gleso. Bro)
we have
p(e |f & azo, Bro) = g(@gf B\a) (54)
p(zs |f aro, Bro) = G(@f, By)
with
o =g+ 1/2
138 = 1380 + “g - Hf”z/2
~ ~ g0 +
Te = ar/ﬂr =
af = a0+ 1/2
By = Bro + ||f||22/2 .
PPN afo +
T = Brlay =
2850 + | f]”

~ T
and A = Af Then, the alternate optimization of the
Te

JMAP estimate algorithm becomes

AT = HH T | g v
_ f _ <2cx o+1

- > H' e [P,
Tf ® g T St I TR

The Gibbs sampling algorithm becomes

=
I
Al

f~NX) = )
A= [H'H+AI | S :f“’gg((fiﬁ%) A=
TM—EH’Q 1~ (e, By)

The VBA algorithm becomes

q(f) = N(&, %)
¥ = [H'H+ ™
i=%Hg

(%) = G(@., B)
Qe =g+ 1/2
Be=Bo+|g—H<f>|)2
(56)

a(zr) = 6(@, Br)
&f = Qfo + 1/2

Fi-toe 600 L T

B
V

I
2

) =2 + diag [ 5]
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and’):=/f
Te
alf) = N5 %) G P
A 2=[H’H+,\I]*1 N i Q‘(J')
TﬁZEH’g é) q{'rf):g(af”@f) )\::—{

1

We recently implemented these algorithms for differ-
ent applications such as: synthetic aperture radar (SAR)
Imaging [29], ...

3.2 Mixture models

For the mixture models, and in general for the models
which can be expressed via the hidden variables, we
want to estimate jointly the original unknowns fand the
hidden variables: 7 in Cauchy model, z in MoG2, BG or
BGam models and z in MoG3 or MoGGammas. Let
examine these a little in details.

3.3 Student-t and Cauchy models
In this case the joint prior law can be written as:

p(f. ) = [ [ oG5 15)p(m) = [ L NG 10, 1/5)0(5)
(57)

1
o<exp{—2 ijj_](j2+alnfj—bl'j}Witha =b=v/2

such that

p(f. T [8) ocp(g [f )p(f. T) o< exp{—J(f, T)}

where

(58)

. 1 1
if. t) = o, ||g—Hf||2 +Z 21]']32 —alngj + by (59)
j

Joint Optimization of

J(f,7)

— f
— T

p(f,7lg)

Joint optimization of this criterion, alternatively with
respect to f (with fixed 7)

-~

f = argming{J(f, )}

, 1 2 1 (60)
= arg miny {21}8 | — Hf||” + Zj 271'](]'2}
and with respect to 7 (with fixed f)
T = argmin, {J(f, t)}
(61)

1
= arg min, {Z] 2tjﬁ2 _aln‘l:j+b‘l.'j}
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results in the following iterative algorithm:
f=[HH+vD)| 'Hg
-~ a
T=¢(f)= ~
RN ENY
D(7) = diag[1/7},j =1, ..., n]

(62)

e o~

TT_) [H'H +v.D(7)]”

—~

"H'g | 1) o(f) ﬁ)

Note that, 7; is the inverse of a variance and we have

f2+b

1/t = ] . We can interpret this as an iterative quad-

a
ratic regularization inversion followed by the estimation

of variances 7; which are used in the next iteration to
define the variance matrix D(z).

Here too, we may study the conditions on which the
joint criterion is uni-modal and its alternate optimiza-
tion converges to its unique solution.

We may also consider a Gibbs sampling scheme

o0 [2.8) <p@IE ) =NTFS) oo
~p(z|f.8) ocp(flr)p(z) =[], G(5 |, B

where
= = [H'H+v,D(7)]"! (64)
f=3SHg

and
1 1~
(i=2]+a=2ﬁ+v/2 (65)
B=0b =v/2

_ | FN1T. D) |~ Gl By |
T S=[H'H +v.DF)] | L) a=1f +v/2| T,
T f=%H'g B=uv/2
For the VBA, we have
p(g|f,vg)=./\/(g|Hf,ng), 7o = 1/ve

p(Ts) = g(fs leteo rﬁeo)

p(f 1v) = TT;p(f [vy) = T V(0. 37) = N(f 10, Vge)
V =diaglv], 1 =1/y, t=diag[r]=V""!

p(r) =T1;9(1j |0, o)

) =N 2)
m=XHg

$ = (ZHH+V) ", with V = diag[7]

(67)
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a(TE) = g(fs |&£ rgg)/
(?f = 0g0 + (1’1 + 1)/2
Be = Beo +1/2
T =0/B;
g @, B (68)
q(5) = 6(5 (&, B)
BZJ‘ = Uoo + 1/2
Bj = Boo+ <fj2 > /2
zj = Bj/a;
() = N (i, %) ( a(7)

- ~ Q%Q Q(Tc) = g(a(,,gc) (&g)
S=[rHH+V]" |4 ok
n=XH'g > |a(r) = G(a;. B5)

V=-diag {*—]

3.4 Mixture of two Gaussians (MoG2) model
In this case, following the same arguments, we obtain:

p(f.z|g) o< p(g |f)p(f, 2) o< exp{—J(f, 2)}

where

(69)

1 2
,Z2) = — H;
I(f.2)=,, s —Hf|
f'2 (70)
j
+ +zilni + (1 —2z)In(1 —A
Y, g, +AINA+ (=8I0 =)
Again, in this case also, the optimization of this criter-

ion, alternatively with respect to f and z results in the
following iterative algorithm:

f=[HH+v.D(z) 'Hg
Lt 2 (i —vo)ln

A (71)

/Z\j=¢(fj)= 1=

0, if]§E < (1 —w)ln

D(z) = diag|vz,j=1,..,n]

“Hg |,

T—) [H'H +v.D(2)] o (f7) Er

Here too, we may also consider a Gibbs sampling
scheme

e [e:8) cp& () =NCFS) )

zp(zlf,8) o p(flz) p(z)  =T1;P(z =k|f;)
where

3 = [HH+v.D(z)] " 73)

f=%xH}g
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and

P(z=1[f;) = 1, if {2 = (11 — w) In

oY (74)
P(z = O|]§-) = l,iffj2 < (v1 —vp)In N
f~N(fp 2) zj ~ P(z|f;),

z

2% = [H'H +v.D(z)] "L, Pz(zj =1|f) =1if .
TMEH’Q 15 >(v1v0)1n%T

3.5 BG model

For the case of BG we have to be more careful, because
the joint probability laws are degenerated. Two
approaches are then possible:

i) Considering them as the particular case of the MoG
models where the variance v, is fixed to a small value or
reduced gradually during the iterations.

ii) Trying first to integrate out f from the expression
of p(f; z|g) to obtain p(z|g) and optimize it with respect
to z (detection step) and then use it for the estimation
step.

To go further in detail of the second approach, we
may remark that for the given z, the expression of p(f,
z|g) as a function of fis Gaussian and so it can be easily
integrated out and we obtain:

p(z|g) o p(8 I2)p(2)
x N(g10, H(vdiag[zj, j = 1,...n])H  + v.I) ¥75)
)szzj(l _ )\’)Zj(l_z]')

Now writing the expression of £(z) = —Inp(z|g) and
keeping only all terms depending on z we obtain:
P 1—A
L(z) = -8B '(z)g — In|B(z)| — 2nln N (76)
where B(z) = H(vdiag [z}, j = 1, ..., n)H + v . We see
the complexity of this expression which needs the inver-
sion of the matrix B and its optimization which is a
combinatorial optimization needing to evaluate this
expression 2" times.
However, we may also remark that when z obtained,
the estimation of fis easy. We have:
f=HBg. (77)
which needs again the inversion of the matrix B.
The exact computations of Z and f are often too
costly, one may try to obtain approximate solutions.
Many approximations have been proposed. A good

overview of these methods can be found in [30, Chap.
5] and also in [31,32].
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3.6 BGamma and MoGGammas model

In these cases, it is no more possible to integrate out f
analytically as it was the case with Gaussians. One strat-
egy here is to use the MCMC methods to generate sam-
ples from the joint posterior. The second approach is to
approximate the joint posterior by a simpler one, for
example by a separable one on f and the hidden vari-
ables z in the BGamma or the MoGGammas cases. Very
often then we can do the computations analytically.
However, it may happens that, even after these separable
approximations, still we need to use the MCMC meth-
ods on some of variables. Detailed explanation of these
general methods is out of focus of this article. See
[30,33,34]. Here, we just give the details for the case of
the Gaussian mixtures (MoG2 or MoG3).

4 Variational Bayesian approximation for the case
of mixture laws

To start and to be complete as to propose an unsupervised
method, we include also the estimation of the parameters
6 and write the joint posterior law of all the unknowns:

p(f.z018) ccp(g|f.0)p(f 1z, 0)p(210)p(0) (78)
which can also be written as

a(f,z.018) = p(f |2.6;8)p(=6;8)p(6 |g) (79)
where

p(flz,0;8) =p(g|f.0)p(flz.0)/p(glz.0) (80)
with

plsle0) = [ plglr. 000 120) df
and

p(z10;8) =p(glz0)p(z10)/p(g16) (81)
with

(1) = [ plg iz 0)p(z10) dz
or

p(g10) = p(glz 0)p(z10)
when z are discrete valued, and finally

p(60 |g) = p(g10)p(0)/p(8) (82)

with

pls) = [ plg10)p(0) do
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One can also write:

palo.g) = [ plf.z16.5) of (83)
and

p61g)= [ [ otrz019)af dz= [ piel6ig) d (84
or

pol)- Y [ or20ls) af - Ypelois)  (ss)
when z are discrete valued.
We see that the first term

p(f|2.0.8) cxp(g|f. 0)p(flz0) (86)

will be easy to handle because it is the product of two
Gaussians and so it is a multivariate Gaussian. But the
two others are not.

The main idea behind the VBA is to approximate the
joint posterior p(f, z, 0|g) by a separable one, for exam-
ple

q(f,z0(8) = :1(f8) 92(z[8)a5(6 |g) (87)

illustrated here:

Variational |—s q1(f]g)— f
p(f,z.0|g)|—| Bayesian |— @2(z|g)— =
Approximation |—; g3(0|g)—

and where the expressions of ¢(f; z, 0|g) is obtained by
minimizing the Kullback-Leibler divergence

q q
KL(q : =/ In =<ln> 88
(@:p)=[4a ) ol, (88)
It is then easy to show that
KL(q: p) = Inp(gIM) = F(q) (89)
where p(g M) is the likelihood of the model
P(8|M)=///P(f,z,0,g|M)dfdzd0 (90)
with
p(f 20,81M)=pg|f 0)p(f |z 0)p(z10)p(0)  (91)
and F(q) is the free energy associated to g defined as
p(f,z,0,g|/\/l)>
F(q) ={In 92
- (im0 e0s q @)
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So, for a given model M, minimizing KL(q : p) is
equivalent to maximizing F(q) and when optimized,
F(q*) gives a lower bound for Inp(g | M ).

Without any other constraint than the normalization
of g, an alternate optimization of F(q) with respect to
q1, 4>, and g3 results in

0 (f) o exp {—(lnp(f, z'o'g)>q(z)q(9)}
da(2) oc exp [—(lnp(f, & 0’3)>q(f)q(0)}
43(6) o< exp | ~(Inp(f,2,6,8)) 1,000

Note that these relations represent an implicit solution
for q1(f), g2(z), and g3(0) which need, at each iteration,
the expression of the expectations in the right hand of
exponentials. If p(g|f, z, 0;) is a member of an exponen-
tial family and if all the priors p(flz, 6), p(z|03), p(61), p
(0,), and p(0s) are conjugate priors, then it is to see that
these expressions leads to standard distributions for
which the required expectations are easily evaluated. In
that case, we may note

f,Z;8)93)

a(f,2.0 1) = 01 (f [2.8:8)a2(=F. 8 2)05(6

where the tilded quantities ’E,f and g are, respectively
functions of 65, 5), (z, 5) and (:f, Z)

Variational |— fh(.ﬂ%«éa g)— ?
p(f,z,0|lg)—| DBayesian |— gqo(2|f,0,9)— %
Approximation | ¢.(8|f,%,g)— 0

and where the alternate optimization results to alter-
nate updating of the parameters (z, 5) for gy, the para-
meters (fﬁ) of g, and the parameters (7,2) of qs.

z ql(f‘zaav g)

? is computed
0 | as a function
of z and @

H
5

a,

z is computed 0 is computed | #

@, ax(=If,0.9) |gz)a(61f.Z.9) |as
7 EX

7 as a function ? as a function

—| of f and @ —?|of f and Z

Finally, we may note that, to monitor the convergence
of the algorithm, we may evaluate the free energy

p(f. 20,8 M)
Fla) = <1“ a(f 2, 0) >q

= (lnp(f,z,O,g)I/\/l)q+(—lnq(f,z,0))q (94)
=(Inp(g|f,z 0 ))q +(Inp(f Iz, 6 ))q +(Inp(z 10 ))q
+(—In q(f))q +(—In q(z))q +(—1In q(0))q

where all the expectations are with respect to q.
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Other decompositions are also possible:

af.z.0|3) = q:1(f [Z.6;8)
l—L (3 |, 75 0:8)
l—L. q31(0; 7.z ’0“(71);g)

illustrated here:

(7.2, 8l0) |

or even by:
q(f,z 0 g) = Hj 0j(f ‘f(fj)’z' 0:8)
[, a1t |f. 2. 0:2)
l—[l qs1(01|f.Z, 8- 8)

illustrated here:

2l 2.6l9) |

Here, we consider the second case (Equation (95)) and
give some more details on it. First to simplify the nota-
tions, we write it as:

q(f.z,0) = a1 () | [ 42i(z) [ [ 931(60)
j 1

(95)

Variational |— ¢1 (f|21§. g) B
Bayesian  |— g9,(z; ij, Z(_;. 0.9
Approximation | (135((9[‘1‘! z, g)

(96)

— qu(.fjljf(f_,')- zZ, b;:,g)
— a2i(z1/5, 25, 0.9)

Variational
Bayesian
Approximation | a6 F. %, 9)

(97)
where it can be shown that:

q1(f) o exp {—(lnp(f, 2, 0’3))qz(Z)q3(0)]
d2j(3) o< exp [—(lnP(f' Z 0’g)>al(f)q3(9)qz(1(—/))]
431(61) o< exp { ~{Inp(f 2,0, 8)}, (), (), (60}

where p(f, z, 0, g) = p(glf, O)p(flz, 0)p(z|0)p(6) and
where g,(z) = I1; q2/(z)), q3(0) = T1; g3/0), q2(2(.)) = M
q2(z)), (.); means expected value with respect to g.

In that case, with appropriate models for the priors
(exponential families) and hyper parameters (conjugate
priors), we see that g(f) is a multivariate Gaussian

s(f) =N(f
means) or Inverse Gammas (for the variances) and ¢(z))
are discrete distributions whose expressions can be writ-
ten easily.

To illustrate this in more detail, we consider the case
of the Student-t model.

i, i), q(8)) are either Gaussians (for the
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4.1 Student-t model
In this case, we have the following relations for the for-
ward model and the prior laws:

P(glffvg)=N(g|Hf,UgI), T=1/v,

p(f 12) = TT;p(f; |5) = TT; V(5 [0.5) =N'(f 10, Z)
Z =diag[z], aj=1/z, A=diagla]=2Z"

p(a) =T1;G(aj |0, Bo)

P(T) = g(t |ar0/ /3'[0)

Then, we obtain the following expressions for the
VBA:

q(f) = N(fJii. 2)
nL=<71>3XHg (99)
S=(<t>HH+Z) ", withZ=A' = diagl[d]

(98)

(1) = 6(z |@x, Br ),

Or =ar+(n+1)/2

B = Bro + 1/2[||g||2 -2<f>"Hg+H <ff > H}
(100)

(@) = 94 [&, B)

&Nj:a00+1/2

ﬂ] = ﬂ00+ <j;-2 > /2

where the expressions of the expectations needed are:

<f>=n
<ff >=Z +pp

<]§~2 >=[Z]; +L1,]2 (101)
<T>=T=0/p;
<4 >=1; = &l B
We can also express the free energy expression:
P(f,a,f,gl./\/l)>
Flg) =1
@ =(m " o
=(Inp(g|f.a, 7))+ (Inp(fla,v))+(Inp(alr))
+(=Ing(f)) + (—ng(a)) + (— Ing())
where
(inp(glf.7))= ) (<Int > ~In(27))

1
—2{<t>g’g—2<f>’H/g+H/<jf’>H}

(—1np(f|a))=—n;11n(2n)

1
~, {Zj< Inoj >< o ><fj2 >}

(—Inp(a)) = —(n + 1)ag, In(Be,)
+ (e, — 1)Zj[< Ing; > —B < a)] — (n+1)InT(«)
{p(r)))=clnd+(c—1) <Int) > —d <7 > —InT(c)
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and

(—Ing(f)) = —"; Y+ in(n)) - ; In|%;|
(~1Ing(a)) = - Z}, [@1n(8) + (@ — 1) < InG; >
—fj <aj > —InT(&)]

(a(x)=¢lnd+(E-1) <Int)> —d <t > —InT'(5)
In these equations,

<1Ingj >= ¥(a) — Inb;

1 =y (¢) —Ind
hera
V=",

The resulting algorithm can be summarized as follows

as(r FL &) = Girlds, )

H'g | H' < ff' > H|

2 gula; F.7) 22 =

o } . z e = o | BEE z

e I e R & Aot ]
S (s HHZT D = syt LT BT

5 Conclusion

The sparsity is a required property in many signal and
image processing applications. In this article, first we
reviewed the main steps of the Bayesian approach for
inverse problems in signal and image processing. Then
we presented in a synthetic way the different prior mod-
els which can be used to enforce the sparsity. These
models have been presented in two categories: simple
and hierarchical with hidden variables. For each of these
prior models, we discuss their properties and the way to
use them in a Bayesian approach resulting to many dif-
ferent inversion algorithms.

We have applied these Bayesian algorithms in many
different applications such as X-ray computed tomogra-
phy [35,36], optical diffraction tomography [37-39], posi-
tron emission tomography [40], Microwave imaging
[41,42], Sources separation [43-46], spectrometry
[47,48], Hyper spectral imaging [49], super resolution
[50-52], image fusion [53], image segmentation [54],
synthetic aperture radar (SAR) imaging [29]. To save
the place and be very synthetic, we did not give here
any simulation results or any results on different appli-
cations of these methods. These can be found in differ-
ent articles just referenced.
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