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Abstract
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K= UK—1+K

As a paradigm for reconstructing sparse signals using a set of under sampled measurements, compressed sensing
has received much attention in recent years. In identifying the sufficient condition under which the perfect
recovery of sparse signals is ensured, a property of the sensing matrix referred to as the restricted isometry
property (RIP) is popularly employed. In this article, we propose the RIP based bound of the orthogonal matching
pursuit (OMP) algorithm guaranteeing the exact reconstruction of sparse signals. Our proof is built on an
observation that the general step of the OMP process is in essence the same as the initial step in the sense that
the residual is considered as a new measurement preserving the sparsity level of an input vector. Our main
conclusion is that if the restricted isometry constant dx of the sensing matrix satisfies

then the OMP algorithm can perfectly recover K(> 1)-sparse signals from measurements. We show that our bound
is sharp and indeed close to the limit conjectured by Dai and Milenkovic.
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1 Introduction

As a paradigm to acquire sparse signals at a rate signifi-
cantly below Nyquist rate, compressive sensing has
received much attention in recent years [1-17]. The goal
of compressive sensing is to recover the sparse vector
using small number of linearly transformed measure-
ments. The process of acquiring compressed measure-
ments is referred to as semsing while that of recovering
the original sparse signals from compressed measure-
ments is called reconstruction.

In the sensing operation, K-sparse signal vector x, i.e.,
n-dimensional vector having at most K non-zero ele-
ments, is transformed into m-dimensional signal (mea-
surements) y via a matrix multiplication with ®. This
process is expressed as

y = &x. (1)
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Since n > m for most of the compressive sensing
scenarios, the system in (1) can be classified as an
underdetermined system having more unknowns than
observations, and hence, one cannot accurately solve
this inverse problem in general. However, due to the
prior knowledge of sparsity information, one can recon-
struct x perfectly via properly designed reconstruction
algorithms. Overall, commonly used reconstruction stra-
tegies in the literature can be classified into two cate-
gories. The first class is linear programming (LP)
techniques including ¢;-minimization and its variants.
Donoho [10] and Candes [13] showed that accurate
recovery of the sparse vector x from measurements y is
possible using £;-minimization technique if the sensing
matrix @ satisfies restricted isometry property (RIP) with
a constant parameter called restricted isometry constant.
For each positive integer K, the restricted isometric con-
stant dx of a matrix @ is defined as the smallest number
satisfying

(1 —8k) IxII3 < [1®x13 < (1 +8k) IIxI3 )
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for all K-sparse vectors x. It has been shown that if
8k < +/2 — 1 [13], the €;-minimization is guaranteed
to recover K-sparse signals exactly.

The second class is greedy search algorithms identify-
ing the support (position of nonzero element) of the
sparse signal sequentially. In each iteration of these
algorithms, correlations between each column of ® and
the modified measurement (residual) are compared and
the index (indices) of one or multiple columns that are
most strongly correlated with the residual is identified
as the support. In general, the computational complexity
of greedy algorithms is much smaller than the LP based
techniques, in particular for the highly sparse signals
(signals with small K). Algorithms contained in this
category include orthogonal matching pursuit (OMP)
[1], regularized OMP (ROMP) [18], stagewise OMP (DL
Donoho, I Drori, Y Tsaig, JL Starck: Sparse solution of
underdetermined linear equations by stagewise orthogo-
nal matching pursuit, submittd), and compressive sam-
pling matching pursuit (CoSaMP) [16].

As a canonical method in this family, the OMP algo-
rithm has received special attention due to its simplicity
and competitive reconstruction performance. As shown
in our Table, the OMP algorithm performs the support
identification followed by the residual update in each
iteration and these operations are repeated usually K
times. It has been shown that the OMP algorithm is
robust in recovering both sparse and near-sparse signals
[13] with O(nmK) complexity [1]. Over the years, many
efforts have been made to find out the condition (upper
bound of restricted isometric constant) guaranteeing the
exact recovery of sparse signals. For example, d3x <
0.165 for the subspace pursuit [19], 641 < 0.1 for the

CoSaMP [16], and 84¢ < 0.01/,/logK for the ROMP
[18]. The condition for the OMP is given by [20]

1

3K

Recently, improved conditions of the OMP have
been reported including &g,; < 1/4/2K [21] and

8k+1 < 1/(WK + 1) (] Wang, B Shim: On recovery limit
of orthogonal matching pursuit using restricted iso-
metric property, submitted).

The primary goal of this article is to provide an
improved condition ensuring the exact recovery of K-
sparse signals of the OMP algorithm. While previously
proposed recovery conditions are expressed in terms of
dr+1 [20,21], our result, formally described in Theorem
1.1, is expressed in terms of the restricted isometric
constant Jx of order K so that it is perhaps most natural
and simple to interpret. For instance, our result together

Okl <

3)
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with the Johnson-Lindenstrauss lemma [22] can be used
to estimate the compression ratio (i.e., minimal number
of measurements m ensuring perfect recovery) when the
elements of @ are chosen randomly [17]. Besides, we
show that our result is sharp in the sense that the con-
dition is close to the limit of the OMP algorithm conjec-
tured by Dai and Milenkovic [19], in particular when K
is large. Our result is formally described in the following
theorem.

Theorem 1.1 (Bound of restricted isometry constant).
Suppose x € R” is a K-sparse signal (K > 1), then the
OMP algorithm recovers x fromy = ®x € R" if

JK =1

Sk < .
K= UK=—1+K

(4)

Loosely speaking, since K/+/K — 1 ~ /K for K>> 1, the
proposed condition approximates to §x < 1/ (1 + «/K)

for a large K. In order to get an idea how close the pro-
posed bound is from the limit conjectured by Dai and

Milenkovic <8K+1 =1/ v K), we plot the bound as a func-

tion of the sparsity level K in Figure 1. Although the pro-
posed bound is expressed in terms of dx while (3) and the
limit of Dai and Milenkovic are expressed in terms of o,
so that the comparison is slightly unfavorable for the pro-
posed bound, we still see that the proposed bound is fairly
close to the limit for large K. *

As mentioned, another interesting result we can
deduce from Theorem 1.1 is that we can estimate the
maximal compression ratio when Gaussian random
matrix is employed in the sensing process. Note that the
direct investigation of the condition Jx <e for a given
sensing matrix @ is undesirable, especially when 7 is
large and K is nontrivial, since the extremal singular
values of (}) sub-matrices need to be tested.

In an alternative way, a condition derived from John-
son-Lindenstrauss lemma has been popularly consid-
ered. In fact, it is now well known that m x n random
matrices with i.i.d. entries from the Gaussian distribu-
tion A(0,1/m) obey the RIP with dx < € with over-
whelming probability if the dimension of the
measurements satisfies [17]

. n
- C-Klog ¢

(5)

m o2

where C is a constant. By applying the result in
Theorem 1.1, we can obtain the minimum dimension
of m ensuring exact reconstruction of K-sparse signal
using the OMP algorithm. Specifically, plugging
¢ =+K—1/(vVK—=1+K) into (5), we get
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and Milenkovic are expressed in terms of dg, 1.
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Figure 1 Bounds of restricted isometry constant. Note that the proposed bound is expressed in terms of dx while (3) and the limit of Dai
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This result [m is expressed in the order of

(6)

O(K2 log I’é) is desirable, since the size of measure-
ments m grows moderately with the sparsity level K

2 Proof of theorem 1.1
2.1 Notations
We now provide a brief summary of the notations used
throughout the article.

o T = supp(x) = { i | x; = 0} is the set of non-zero
positions in x.

« | D] is the cardinality of D.

« T\D is the set of all elements contained in 7 but not
in D.

« @) ¢ R™IPlis a submatrix of @ that only contains
columns indexed by D.

e Xp € RIPl is a restriction of the vector x to the ele-
ments with indices in D.

« span(®p) is the span (range) of columns in ®@p.

» ®rp denotes the transpose of the matrix ®p,.

. <I>E = (®rp®p) "' ®rp is the pseudoinverse of @,

+ Pp= <I>D<I>B denotes the orthogonal projection onto
span(®p).

+ P5 =1—Pp is the orthogonal projection onto the
orthogonal complement of span(®p).

2.2 Preliminaries-definitions and lemmas
In this subsection, we provide useful definition and lem-
mas used for the proof of Theorem 1.1.

Definition 1 (Restricted orthogonality constant [23]).
For two positive integers K and K, if K + K’ < n, then K,
K-restricted orthogonality constant Ox g, is the smallest
number that satisfies

{(@x, ®x/)| < Okkr || XIl2 I /1|2 7)
for all x and X’ such that x and X’ are K-sparse and
K’-sparse respectively, and have disjoint supports.

Lemma 2.1. In the OMP algorithm, the residual t* is
orthogonal to the columns selected in previous iterations.
That is,

(@) =0 (®)
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forie T

Lemma 2.2 (Monotonicity of dx [19]). If the sensing
matrix satisfies the RIP of orders Ky and K, respectively,
then

Ok, < 0k,

for any Ky < K,. This property is referred to as the
monotonicity of the restricted isometric constant.

Lemma 2.3 (A direct consequence of RIP [19]). Let I ©
{1,2,... ,n} and ®; be the sub-matrix of ® that contains col-
umpns of @ indexed by L If 6, < 1, then for any u e RM,

(1 =81 llullz <l ®/@pul2 < (1+8y) Il ull.

Lemma 2.4 (Square root lifting inequality [23]). For o
> 1 and positive integers K, K’ such that oK’ is also an
integer, we have

Ok,akr < \/aeK,K/- )

Lemma 2.5 (Lemma 2.1 in [13]). For all x, X’ € R”
supported on disjoint subsets I, I, < {1, 2,..., n}, we have

{®x, ®x/)| < 81,1411, I XlI2 || X/]l2.

Lemma 2.6. For two disjoint sets I, I, < {1, 2,... ,n}, let
O, 11,1 be the |1,|, |I|-restricted orthogonality constant of
®. If || + || < n, then

| @, @rxp,ll2 < O1in Il X2 (10)

Proof. Let y e R/l be a unit vector, then we have

max || w (@7, ®,x,) |2 =l @71, @px1, |2
u:flull2=1

(11)

where the maximum of inner product is achieved
when u is in the same direction of @/, ®.x;, i.e.,

(u =&/, x5,/ || B, P, ||2). Moreover, from Defini-
tion 1, we have

| w®r, ®nxp, |2 = |(<I>11u, (I>12X12)|
<O, Iuall2 || xll2 (12)
=011, I XII2
and thus
|| @71, @11, 112 < 1,101 1l X2

Lemma 2.7. For two disjoint sets 1,1, with |I1| + || <
n, we have

Sin+inl = O 1ny)- (13)
Proof. From Lemma 2.5 we directly have
|<¢11X11’ ¢12X12>| < Sin 4L ”X[] ||2||X12 Hz (14)
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By Definition 1, 0,1,/ is the minimal value satistying

[{(®r,x1,, ®1,x1,)| < O I X012 11 x5, 112, (15)

and this completes the proof of the lemma.

2.3 Proof of theorem 1.1

Now we turn to the proof of our main theorem. Our
proof is in essence based on the mathematical induction;
First, we show that the index ¢! found at the first itera-
tion is correct (' € T) under (4) and then we show that
1 is also correct (more accurately T = {tl,tz, ...,tk} IS
T then £ € T\T*) under (4).

Proof. Let t* be the index of the column maximally
correlated with the residual r*! in the k-th iteration of
the OMP algorithm. Since r*! = y for k = 1, ' can be
expressed as

¢! = argmiax|(<pi,y)| (16)
and also

(e )] = max (i) (7)
1 2

= | 2 eyl (18)
|T| jeT

_ ! | @rryll (19)

= \/K TYll2

where (19) uses the fact |T| = K (x is K-sparse sup-
ported on T). Now that y = ®7x7, we have
| @/r®rxrl2

(@, y)| = ! (20)
VK

> (=5 Il 1)
- X
Z JK K Tll2
where (21) follows from Lemma 2.3.
Now, suppose that t' does not belong to the support
of x (ie, t' & T), then

(@, y)| =1 @ro ®rxrl2 (22)

<61k |l xrll2 (23)

where (23) is from Lemma 2.6. This case, however,
will never occur if

(1 =8k) Il xrll2 > 61, Il Xrll2 (24)

VK



Wang et al. EURASIP Journal on Advances in Signal Processing 2012, 2012:8

http://asp.eurasipjournals.com/content/2012/1/8

or
‘/KQI,K + 61{ < 1. (25)

Let o = K/(K - 1), then a(K - 1) = K is an integer and

01,k = O1,a(k-1) (26)

< Jabi k-1 (27)
K

< b (28)

= \/K 1K

where (27) and (28) follow from Lemma 2.4 and 3.1,
respectively. Thus, (25) holds true when

K
\/K\/K 15K+5K<1,

which yields

VK =1

Sk < .
K= JK—1+K

(29)

In summary, if g < VK — 1/ (x/K— 1 +K), then ¢!

e T for the first iteration of the OMP algorithm. Now
we assume that former k iterations are successful (7% =
(¢, ... e T)for 1 < k < K - 1. Then it suffices to
show that #*! is in 7 but not in 7¥ (ie., &' e T\T¥).
Recall from Table 1 that the residual at the k-th itera-
tion of the OMP is expressed as

rk = y — q)TkiTk. (30)

Since y = ®7x7 and P+ is a submatrix of @7, rf e
span (®7) and hence r‘ can be expressed as a linear
combination of the |7| (= K) columns of ®7. Accord-
ingly, we can express r* as r* = ®x* where the support

Table 1 OMP algorithm

Input: measurements y
sensing matrix @
sparsity K
Initialize: iteration count k = 0
residual vector 1’ = y
support set estimate TO = 0.
While k < K
k=k+1.
(Identify) t = arg max; [(¢"" ).
(Augment)  T¢=T" U (4.
(Estimate) Xk = arg min ||y — @px|>.
(Update) k= y— <I>ka(Tk.»
End
Output: X=arg min ||Y - q>X”z‘

x:supp(x)=TK

Page 5 of 7

(set of indices for nonzero elements) of x* is contained
in the support of x. That is, ¥ is a measurement of K-
sparse signal X" using the sensing matrix ®.

Therefore, it is clear that if T e T, then £*' € T under
(29). Recalling that the residual r* is orthogonal to the col-
umn already selected ((¢;, Y= 0forie T from Lemma
1, index of these columns is not selected again (see the
identify step in Table 1) and hence £** € T\T*. This indi-
cates that under the condition in (4) all the indices in the
support T will be identified within K iterations (i.e., T =
T) and therefore

Xrx = arg rnxin |y — ®xx|> (31)
= <I>;Ky (32)
- dly (33)
= (@4 @r) @11 @rxs (39)
= X7, (35)

which completes the proof.

3 Discussions

In [19], Dai and Milenkovic conjectured that the sufficient
condition of the OMP algorithm guaranteeing exact recov-
ery of K-sparse vector cannot be further relaxed to
8k+1 = 1/+/K. This conjecture says that if the RIP condi-
tion is given by dx,; <e then e should be strictly smaller
than 1/4/K. In [20], this conjecture has been confirmed
via experiments for K = 2.

We now show that our result in Theorem 1.1 agrees
with the conjecture, leaving only marginal gap from the
limit. Note that since we cannot directly compare Dai and
Milenkovic’s conjecture (expressed in term of dx, 1) with
our condition (expressed in term of dy), we need to modify
our result. Following proposition provides a bit loose
bound (sufficient condition) of our result expressed in the

form of g1 < 1/ <\/K+9).

Proposition 3.1. If g, <1/ («/K+ 3 — \/2) then
Sk < VK —1/ (VK —1+K).
Proof. Since the inequality

1 _ VK-1

JK+3—-42 " JK—-1+K (36)

holds true for any integer K > 1 (see Appendix), if
Sar < 1/ (¢K+ 3 Jz) then 8.1 < VK — 1/ (VK = 1+K).
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Also, from the monotonicity of the RIP constant (Jg < dx
1) if Sk < VK —1/ (VK —1+K) then
8k < VK =1/ (VK —1+K). Syllogism of above two
conditions yields the desired result.

One can clearly that

Sia1 < 1/ (\/K+ 3- \/2) ~ 1/ (\/K N 1.5858) is better

than the condition §k,; < 1/ (3«/1(') [20], similar to the

observe

result of Wang and Shim, and also close to the achiev-
able limit (5k+1 < 1/«/K), in particular for large K.

Considering  that  the derived  condition

Sk < 1/ (JK+ 3 — \/2) is slightly worse than our

original condition 8k < +/K — 1/ (v/K — 1 +K), we may
conclude that our result is fairly close to the optimal.

4 Conclusion

In this article, we have investigated the sufficient condi-
tion ensuring exact reconstruction of sparse signal for
the OMP algorithm. We showed that if the restricted
isometry constant dx of the sensing matrix satisfies

JK =1

Sk <
K= JK—1+K

then the OMP algorithm can perfectly recover K-
sparse signals from measurements. Our result directly
indicates that the set of sensing matrices for which
exact recovery of sparse signal is possible using the
OMP algorithm is wider than what has been proved
thus far. Another interesting point that we can draw
from our result is that the size of measurements (com-
pressed signal) required for the reconstruction of sparse
signal grows moderately with the sparsity level.

Appendix-proof of (36)
After some algebra, one can show that (36) can be
rewritten as

1
+

Let f(K)=1+K/+/K—1—+K then f(2)=3—./2.
Hence, it suffices to show that f{K) is a decreasing func-
tion in K > 2 (i.e., f(2) is the maximum for K > 2). In
fact, since

VK <3-+2. (37)

(K=2)WVK—(K-1)JK—1

fK) = 2JK(K—1)(K—-1) (38)
with
VKK -1)(K-1)>0 (39)

Page 6 of 7

and

(K=2)VK—(K—1)VK—-1<0 (40)

for K > 2, f(K) < 0 for K > 2, which completes the
proof of (36).

Endnote
*In Section 3, we provide more rigorous discussions on
this issue.
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