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Abstract

In this article, challenges regarding the provision of channel state information (CSI) in non-contiguous orthogonal
frequency division multiplexing (NC-OFDM) cognitive radio (CR) systems are addressed. We propose a novel scheme
that utilizes cross entropy (CE) optimization together with an analytical pilot power distribution technique to design
pilot symbols that minimizes the channel estimate mean squared error (MSE) of frequency-selective channels. The
optimal selection of pilot subcarriers is a combinatorial problem that requires heavy computations. To reduce the
computational complexity, the CE optimization is utilized to determine the position of pilot subcarriers. Then, for a
given pilot placement obtained by the CE algorithm, a closed form expression to obtain optimal pilot power
distribution is employed. Simulation results indicate that, the proposed pilot symbol design provides better channel
estimate MSE as well as the bit error rate (BER) performance when compared with the conventional equal powered
pilot design.
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1 Introduction
The immense growth of wireless access technologies calls
for more and more spectrum resources following the con-
ventional spectrum framework, where most of the spec-
trum bands are exclusively allocated to specific licensed
services. However, measurements have shown that, a lot
of licensed bands are underutilized [1-3], which results
into spectrum wastage and promotes artificial spectrum
scarcity. This has fostered the spectrum regulatory bodies
such as Federal Communications Commission (FCC) to
open the licensed bands to unlicensed users through the
use of cognitive radio (CR) technology [4,5].
To exploit limited spectrum efficiently, CR technology

allows unlicensed users to access licensed spectrum
bands. CR improves spectral efficiency by sensing the
spectrum, detects the presence of the primary users (PUs)
and exploits the unused spectrum without disturbing
the PUs [3]. Since PUs have priorities to use the spec-
trum when the cognitive secondary users (SUs) co-exist
with them, then SUs need to continuously monitor the
events of the PUs to avoid interference and collisions. The
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reliable results of the PUs’ events are obtained through
spectrum sensing, then based on the sensing results, the
SUs can obtain information about the available spectrum
that they can access [5].
The non-contiguous orthogonal frequency division

multiplexing (NC-OFDM) transceivers are prominent
candidates for CR systems as they are designed to trans-
mit information in the presence of PUs. By deactivating
subcarriers utilized by the PUs, interference between the
PUs and the SUs can be mitigated [6,7]. However, the
presence of deactivated subcarriers in the active subcar-
rier zone may possibly lead to non-contiguous sequence
of the available subcarriers for the SUs and thereby com-
plicate the design of efficient pilot symbols for channel
estimations [6-9].
In the literature, several pilot symbols designs for

channel estimation have been predominantly developed
for OFDM systems with and without null edge subcarriers
(see [10-16], and the references therein). Optimal pilot
symbols for OFDM systems in the absence of null edge
subcarriers are considered in [14-16] where equal dis-
tance and equal powered pilot symbols were found to
be optimal with respect to several performance mea-
sures. However, in [10-13], it has been demonstrated that,
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for OFDM systems with null edge subcarriers equal dis-
tance and equal powered pilot symbols are not necessarily
optimal.
The conventional pilot symbols designs in [10-13] are

effective for traditional OFDM systems where the spec-
trum is contiguous except for the DC and null edge
subcarriers. But they are no longer effective for NC-
OFDM systems. For an arbitrary set of pilot subcarri-
ers, the methods in [10-13] can be adopted for pilot
power distribution. However, the pilot positions opti-
mization schemes (i.e., algorithms for determining the
optimal pilot placements) are not effective for NC-OFDM
systems.
In [7,8], a scheme for designing pilot symbols for

OFDM-based CR systems is proposed. The method in
[7,8] formulates the pilot design as an optimization prob-
lem that minimizes the upper bound related to the least
square (LS) channel estimate mean squared error (MSE).
An efficient scheme to solve the optimization problem
is also proposed. The algorithm in [7,8] considers equal
powered pilot symbols and obtain the optimal placement
of pilot symbols for a random set of activated subcar-
riers. However, the optimality of equal powered pilot
symbols does not necessarily hold true when there are null
subcarriers [10].
In this article, we propose a novel method that utilizes

cross entropy (CE) optimization together with the ana-
lytical pilot power optimization to design pilot symbols
for NC-OFDM to lower the MSE of the LS channel esti-
mate of the frequency-selective channel.We formulate the
pilot placement problem as a combinatorial problem and
employ the CE optimization to select optimal placement
of the pilot symbols. To the generated samples of pilot
placements, we adopt the analytical power optimization
for pilot power distribution in order to reduce the chan-
nel estimate MSE. Design examples consistent with IEEE
802.16e are provided to corroborate the superior perfor-
mance of our proposed method over the equal powered
pilot symbols in [7,8].
The rest of this article is organized as follows.

Section 2 introduces the systemmodel for the NC-OFDM
transceiver. In Section 3, the least square estimate is
concisely described while in Section 4, pilot design for
channel estimation is described. Simulation results are
provided in Section 5 and finally, Section 6 concludes our
design.

2 Systemmodel
We consider point-to-point wireless non-contiguous
orthogonal frequency division multiplexing (NC-OFDM)
transmissions over frequency-selective fading channels.
We assume that the discrete-time baseband equivalent
channel has a finite impulse response (FIR) of maximum
length L, and remains constant in at least one OFDM

symbol, i.e., is quasi-static. The channel impulse response
is denoted as {h0, h1, . . . , hL−1}.
Let us consider the transmission of one OFDM sym-

bol with N number of subcarriers. In the NC-OFDM
transceiver, not all subcarriers are active as in conven-
tional OFDM transmission. The active subcarriers are
located in the unoccupied spectrum bands determined by
spectrum sensing techniques.
At the transmitter, a symbol sequence {X0,X1, . . . ,

XN−1} undergoes serial-to-parallel (S/P) conversion to
be stacked into one OFDM symbol. Then, an N-points
inverse discrete Fourier transform (IDFT) follows to pro-
duce the N dimensional data, which is parallel-to-serial
(P/S) converted. The discrete-time baseband NC-OFDM
signal, consisting of all N contiguous subcarriers can be
expressed in the time-domain as

sn = 1√
N

N−1∑
k=0

Xke j
2πkn
N , n ∈[ 0,N − 1] , (1)

where the symbol over the kth deactivated subcarriers is
Xk = 0.
Prior to transmission, a guard interval also known as

a cyclic prefix (CP) is appended to each OFDM sym-
bol to mitigate multipath effects. We assume that the
length of the cyclic prefix Ncp, is greater than the channel
length L so that there is no inter-symbol interference (ISI)
between consecutive OFDM symbols. At the receiver, we
assume perfect timing and frequency synchronization.
After removing CP, we apply discrete Fourier transform
(DFT) to the received time-domain signal yn for n ∈
[ 0,N − 1] to obtain for k ∈[ 0,N − 1]

Yk = 1√
N

N−1∑
n=0

yne−j 2πknN = Hksk + Wk , (2)

where Hk is the channel frequency response at frequency
2πk/N given by

Hk =
L−1∑
l=0

hle−j 2πklN , (3)

and the noise Wk is assumed to be i.i.d. circular Gaussian
with zero mean and variance σ 2

w.
Since for OFDM-based cognitive radio (CR) systems,

subcarriers occupied by the primary users (PUs) are deac-
tivated, the cognitive secondary user (SU) utilizes only the
activated subcarriers for transmission of data signals and
pilot symbols. Thus, to ensure correct demodulation of
data over the activated subcarriers, information about the
activated subcarriers can be transmitted to the receiver
via control channel before any data communication
process begins.
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Let K be a set of activated subcarriers, then cardinality
of the set K can be represented as |K|. For channel esti-
mation, we place Np(≤ |K|) pilot symbols {p1, . . . , pNp}
at subcarriers k1, k2, · · · , kNP ∈ K (k1 < k2 < · · · <

kNP ), which are known at the receiver. The number of
pilot symbols affects not only on the channel estima-
tion accuracy but also on the data rate. However, it is
not easy to analyze its impact on the overall system
performance in terms of data rate, since it depends on
many factors. Here we just assume that Np ≥ L so
that the channel can be perfectly estimated if there is
no noise. Let us denote the index of pilot symbols as
Kp = {k1, . . . , kNP } and index of the SU data carry-
ing subcarriers as Kd , that is, Kd � K \ Kp where \
denotes set difference. The number of data subcarriers is
Nd = |Kd|.
Let diag(a) be a diagonal matrix with the vector a on its

main diagonal. Collecting the received signals having pilot
symbols as Ỹ =[Yk1 , . . . ,YkNp ]

T , we obtain

Ỹ = DHpp + W̃ , (4)

where DHp is a diagonal matrix with its nth diagonal
entry being Hkn such that DHp = diag

(
Hk1 , . . . ,HkNp

)
,

and p is a pilot vector defined as p = [
p1, . . . , pNp

]T ,
the i.i.d. Gaussian noise vector W̃ is defined as W̃ =[
Wk1 , . . . ,WkNp

]T
.

From Ỹ , we would like to estimate channel frequency
responses for equalization and decoding. Thus, Hk for
k ∈ K have to be estimated from Ỹ . In pilot-symbol-
assisted modulation (PSAM) [10-13], a few known pilot
symbols are embedded in an OFDM symbol to facilitate
the estimation of the unknown channel.

3 Least square channel estimation
We define F as an N × N DFT matrix, whose (m + 1,
n+1)th entry is e−j2πmn/N form, n ∈[ 0,N−1].We denote
an N × L matrix FL =[ f 0, . . . , f N−1]H consisting of N
rows and the first L columns of the DFT matrix F , where
H is the complex conjugate transpose operator. We also
define an Np × L matrix Fp having fHkn for kn ∈ Kp as its
nth row. Then, we can express (4) as

Ỹ = DpFph + W̃ , (5)

where the diagonal matrix Dp and channel vector h are
respectively defined as Dp = diag

(
p1, . . . , pNp

)
, and h =

[h0, . . . , hL−1]T .
Let a vector having channel responses to be estimated,

i.e., Hk for k ∈ Kd , be Hd =[Hk1 , . . . ,Hk|Kd | ]T . Similar to
Fp, we define a |Kd| × Lmatrix Fd having fHkn for kn ∈ Kd
as its nth row, where kn < kn′ if n < n′. Then, we obtain

Hd = Fdh. (6)

Since (5) is linear, the least squares (LS) estimate Ĥd of
Hd is given by

Ĥd = Fd
(
DpFp

)† Ỹ , (7)

where (·)† stands for the Moore-Penrose pseudo-inverse
of a matrix. The LS estimate does not require any prior
knowledge on channel statistics and is thus widely appli-
cable.
If we define the estimation error vector Ed = Ĥd − Hd,

then the correlation matrix Re of Ed can be expressed as
[10,12]

Re = E{EdEH
d } = Fd

[
1
σ 2
w
FH
p �pFp

]−1
FH
d , (8)

where E{·} stands for the expectation operator and �p is a
diagonal matrix given by

�p = DH
p Dp = diag

(
λ1, . . . , λNp

)
, (9)

with λn = |pkn |2 for kn ∈ Kp.
For a traditional OFDM symbol without null subcar-

riers, FH
d Fd = cI for a non-zero constant c, then

E{||Ed||2} = cE{||ĥ − h||2}, where || · || denotes the
Euclidean norm. The Equation FH

d Fd = cI is attained
if all pilot symbols have the same power and are uni-
formly distributed in an OFDM symbol. But, this is not
always possible if there are null subcarriers in the OFDM
symbol [10,12]. Thus, for NC-OFDM equal powered pilot
symbols are not necessarily optimal.
Now, our objective is to find the optimal pilot symbols

that minimize the channel estimate MSE at the activated
subcarriers, which is defined as

η =
(∑
k∈K

E{|Ĥk − Hk|2}
) 1

2

= (traceRe)
1
2 . (10)

Note that, η2 = E{||Ĥd − Hd||2} �= cE{||ĥ − h||2} if
FH
d Fd �= cI.

4 Design of pilot symbols for NC-OFDM
In this section, we consider pilot-symbol-assisted trans-
mission where periodically embedded pilot symbols,
known by both the transmitter and the receiver are used
to estimate the fading channel coefficients of the time-
varying channel. For a givenK, we propose a cross entropy
(CE) based algorithm together with analytical pilot power
distribution technique to determine pilot set Kp with a
potential of minimizing the channel estimate mean square
error (MSE).
Our objective is to find the optimal pilot symbols that

minimize the channel estimate MSE at the activated data
subcarriers. The design of optimal pilot symbol calls for
joint optimization of the pilot placement Kp and power
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distribution λ. Thus, the optimization problem can be
expressed as

(λ�,K�
p) = argmin

λ,Kp
η2 (11)

under the constraints that Kp ⊂ K, and

λ 	 0, (12)

where λ =[ λ1, . . . , λNp ]T , and
∑Np

k=1 λk = 1. The opti-
mization problem in (11) can be reexpressed as

min
λ,Kp

σ 2
wtrace

[
Fd

(
FH
p �pFp

)−1
FH
d ,

]
(13)

subject to λ 	 0, Kp ⊂ K.

The optimization problem in (11) is analytically
intractable as it requires the joint optimization of pilot
indicesKp and pilot power distribution λ. Numerical opti-
mization is possible but computational inefficient because
power distribution to the pilot symbols is not uniform. In
[7,8], similar optimization is considered with equal pow-
ered pilot symbols assumed to be optimal, thereby opti-
mizing only the indices of the pilot symbols. By employing
equal powered pilot symbols, the optimization problem in
[7,8] is simplified. However, for NC-OFDM equal power
pilot symbols are not necessarily optimal.
To determine the optimal set Kp, i.e., the optimal loca-

tion ofNp pilot symbols, we have to enumerate all possible
sets, then optimize the pilot symbols for each set and com-
pare them. This design approach becomes intractable as
|K| gets larger.
In the literature, several randomized optimization algo-

rithms based on the CE method have been proposed
and have been shown to lead to good performances on
numerous optimization problems [17-19], often outper-
forming other randomized algorithms [18]. Motivated
by the effectiveness of the CE method for finding near-
optimal solutions in huge search spaces, this article adopts
the CE-based method to search for the near-optimal posi-
tion of the pilot symbols with lower least square (LS)
channel estimateMSE. The CEmethod is an iterative pro-
cedure for evaluation of rare event probabilities and also
for combinatorial optimizations. Each iteration involves
generating a random sample according to a probabil-
ity distribution and then updating the parameters of the
probability distribution in order to produce better samples
in the next iteration. While applications of the CE-based
methods to various disciplines of engineering have already
been reported (see, e.g. [19-22]), to the best of our knowl-
edge, they have not been employed yet to pilot symbol
designs for channel estimation in conventional as well as
NC-OFDM.

Let us denote the set Km
p as

Km
p = K({Ik}|K|

k=1 = 1), Ik ∈ {0, 1}, m = 1, . . . ,M,
(14)

where the indicator function Ik shows whether a subcar-
rier at the kth position is selected. The set of allM = ( |K|

|Kp|
)

possible subsets is denoted by � = {K1
p, . . . ,KM

p }, where(a
b
)
denotes the possible combination set.

Once the pilot subcarriers are determined, we can apply
the analytical method in [11], which employ the Lagrange
multiplier to solve the optimization problem with respect
to λ under the power constraint. The optimal power
distribution is given by [11]

λ�(n) = σ 2
w

√
�(n, n)∑L

n=0
√

�(n, n)
, n = 0, . . . , L − 1 (15)

where

� =
(
FdF−1

p

)H (
FdF−1

p

)
. (16)

Note that, Equation (15) is essentially the same as the
analytical power distribution in [13] and the two designs
give the same power distribution. Convex optimization
designs in [10,12] can also be used for power distribu-
tion, however the complexity of the convex optimization
design is higher than the analytical power distribution.
Moreover, convex optimization designs are not stable for
OFDM systems with large number of subcarriers [13].
Our optimal pilot sequence design can be formulated as

a combinatorial optimization problem as

K�
p = arg min

Km
p ∈�

Csel(Km
p ), (17)

where

Csel(Km
p ) = trace

[
Fd

(
FH
p �pFp

)−1
FH
d

]
, (18)

represents the channel estimate MSE of the pilot set Km
p ,

and K�
p is the global optimal set of the objective function.

Using (15) and (16), the objective function can be
represented as [13]

Csel(Km
p ) = λ−1

p diag
(
�H�

)
(19)

which is (19) is much simpler than (18) .
Applying the CE to solve (17), the first step is trans-

forming the deterministic optimization problem (17) into
a family of stochastic sampling problems [17,18]. Since
the considered problem is on a discrete case, a family
of Bernoulli probability density functions associated with
the pilot symbol selection vector, ω = [

ω1,ω2, . . . ,ω|K|
]
,

ωk ∈ {0, 1}, is given by

f (ω; q) =
|K|∏
k=1

q[ω]kk (1 − q1−[ω]k
k ) (20)
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where q =[ q1, q2, . . . q|K|] is a probability vector whose qk
entry indicates the probability of selecting the kth subcar-
rier, and [ω]k ∈ {0, 1} indicates whether the kth element
of ωk(the kth tone) is selected. If ωk is selected, then
[ω]k = 1. Each element of Km

p is modeled as an inde-
pendent Bernoulli random variable with probability mass
function q(ωk = 1) = qk , and q(ωk = 0) = 1 − qk , for
k = 1, . . . , |K|.
The CE method aims to find an optimal probability dis-

tribution q� that generates an optimal solution ω� with
minimum channel estimate MSE. However, ω� occurs
with a very small probability. In this case, (17), is asso-
ciated with the problem of estimating the probability
Pr[ Csel(ω) ≤ γ ] for a given threshold γ . The associated
stochastic estimation problem is


 = Pr[ Csel(ω) ≤ γ ]=
U∑

u=1
I{Csel(ω(u))≤γ }f (ω; q), (21)

where U is a number of the generated samples (i.e., can-
didate solutions) and {Csel(ω(t,u)) ≤ γ (t)} is a variable
defined by

I{Csel(ω(u))≤γ } =
{
1, if Csel(ω(u)) ≤ γ

0, otherwise. (22)

A simple way to estimate 
 is via importance sampling
(IS). Let us take a set of random samples C1sel, C2sel, . . . , CU

sel
drawn from the distribution f (ω; ν). Then, the likelihood
ratio estimator of 
 is [18]


̂ = 1
U

U∑
u=1

I{Csel(ω(u))}
f (ω; q)

f (ω, ν)
. (23)

Note that, f (ω, ν) is chosen such that he cross entropy
between f (ω, ν) and f (ω, q) is minimal. Thus, an optimum
parameter q can be found by minimizing the CE between
the two distributions f (ω; q) and f (ω, ν). To minimize this
Kullback-Leibler divergence is equivalent to solving the
optimization problem in [18,23]

min
q

D̂(q) = min
q

1
U

U∑
u=1

I{Csel(ω(u))} log f (ω; q)

= min
q

1
U

U∑
u=1

I{Csel(ω(u))} log

⎛
⎝ |K|∏

k=1
q[ω]kk (1 − q1−[ω]k

k )

⎞
⎠

(24)

where D̂ is the likelihood ratio estimator ofD, which is the
Kullback-Leibler divergence. The optimal value of D̂(q) is
obtained by setting ∂D̂/∂q = 0, hence the update rule is
given by

qk =
∑U

u=1 I{Csel(ω(u))≤γ }Ik(ω(u))∑U
u=1 I{Csel(ω(u))≤γ }

, (25)

To estimate the rare event, CE iteratively updates the
probability vector q so that most samples generated by
f (ω; q) satisfy Csel ≤ γ . By iteratively improving γ , f (ω; q)

eventually converges to an optimum probability density
function f (ω; q�) and optimal ω� can be obtained from q�

by f (ω; q�).
A standard CE procedure for solving combinatorial

problems contains two stages [17-19,23].

1. Adaptive updating of γ t : For a given qt−1 generate U
random samples {ω(t,u)}Uu=1 from f (.; qt−1), where t
denotes the iteration index of CE. Then, calculate the
channel estimate MSE according to (17) to obtain a
set of performance values {Csel(ω(t,u))}Uu=1 and rank
them in ascending order so that C1sel ≤ · · · ≤ CU

sel .
Finally, assign

γ t = C
ρU�
sel (26)

where ρ denotes the fraction of the best samples and

·� is the ceiling operation. For description on how to
select a suitable value of U see [17].

2. Adaptive updating of qt : For a given γ (t) and q(t−1),
use the same samples {Csel(ω(t,u))}Uu=1 to update the
parameter q(t) =

[
q(t)
0 , q(t)

1 , . . . , q(t)
|K|

]
via (25)

Note that in order to prevent fast convergence to a local
optimum, parameter qt−1 is not updated to qt directly; a
smoothing factor, α, 0 ≤ α ≤ 1 was suggested by [17,19]
to update (22) into

qt = α × qt + (1 − α) × qt−1. (27)

When α = 1 the original updating formulation is
achieved.
Algorithm 1 summarizes our proposed design. J is the

predefined total number of iteration and Z is number of
iterations without improvement.

Algorithm 1 Pilot symbol selection
1. Initialize probability vector q(0) = q(0)

1 , . . . , q(0)
|K| with

q(0)
k = 0.5.

2. Set the iteration counter t = 0 and t′ = 0
3. while (t′ < Z and t < J )

{
4. Generate U random samples {ω(t,u)}Uu=1 from

the density function f (ω; q(t−1)), under the con-
straints in (20).

5. Optimize power of the generated samples (pilot
subcarriers set), using (15).

6. Compute the performance functions Csel(ω(t,u))

for u = 1, 2, . . . ,U , and rank them in ascending
order so that C1sel ≤ C2sel ≤ . . . ≤ CU

sel and use (26)
to find γ t .

7. Calculate the parameter q(t) using (25).
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8. Update q(t) = α × qt + (1 − α) × q(t−1).
9. if C∗

sel) ≤ C1sel then
10. t′ ← t′ + 1
11. else
12. C∗

sel = C1sel and t′ = 0
13. end if
14. Increment t ← t + 1
15. }

Note that, when convergence to degenerate value
occurs, the algorithm can be stopped since it will only
produce identical degenerate afterwards. CE-based algo-
rithms can return the best answer possible even if they
are not allowed to run to completion and may improve
on the answer if they are allowed to run longer. Thus,
for real time applications, introducing the parameter Z to
control is number of iterations without improvement can
significantly lower the computational time.
In general, the computational complexity of the CE-

based method is relatively higher than that of the con-
ventional reference design in [7,8]. However, with best
selection of the CE parameters, the computational time
can be reduced. Furthermore, the rapid growth of digital
signal processing (DSP) and microprocessors could make
the online implementation of the CE design practically
feasible. Recently, a large number of digital signal proces-
sors (DSPs) and special microprocessors that can perform
mathematical computations instantaneously with a high
level of precision for real-time processing are available in
the market. With these DSP circuits and microprocessors
the CE-based schemes can be effectively and efficiently
implemented in the real time environment.
The CE-based design can also be extended to design

pilot symbols when multiple transmit antennas are
deployed. In multiple input multiple output (MIMO) sce-
nario where disjoint pilot symbols are utilized for each
transmit antenna, the CE-based algorithm can efficiently
design pilot placement for each antenna by adopting the
algorithm in [24].

4.1 Computational complexity analysis
In this section, we evaluate the computational complexity
of our proposed scheme over the exhaustive search (ES)
and the conventional reference design in [7,8]. The com-
plexity of the CE and ES algorithms is dominated by the
computation of the analytical power distribution and the
objective function. In general, the complexity of the CE
scheme depends on the number of generated samples and
the number of iterations. In our proposed design, for each
iteration it is necessary to optimize power distribution of
the generated samples as well as computing the perfor-
mance or the objective function of all samples. Here, we
are interested in bounding the number of iterations (steps)
required to obtain the best performing samples.

For a given set of pilot subcarriers, Equation (15)
requires O(NdNpL) operations to compute the power of
the pilot symbol. Thus, optimizing power distribution to
the U generated samples require O(UNdNpL) operations,
and the computational of the objective function in (19) for
all generated samples require O(UNpL) operations. Note
that,� is a diagonal matrix already computed in (15), thus
the complexity of (19) is relatively low because it utilizes
the predetermined parameters. Except for the initializa-
tion, adaptive update of the probability function in (25)
requires O(UNp) operations. Thus one iteration of a CE
algorithm requiresO([NdNpL+NpL+Np]U) operations.
As it can be seen, the computational complexity of the
algorithm is mainly due to the calculation of power and
the objective function.
In practical application, specialized DSP microproces-

sors can be implemented to perform the power distribu-
tion and MSE computations easily. Furthermore, in our
proposed scheme, the computational complexity can be
reduced by careful selection of U and the total number of
iterations J .
ES scheme involves optimization of power and compu-

tation of the performance function to all possible sam-
ples. The complexity of the ES algorithm is O([NdNpL +
NpL]

(|K|
Np

)
), which is relatively higher compared to that of

the CE scheme. The scheme inn [7,8] does not optimize
power of the pilot symbols, and most of the parameters
used for evaluating the pilot placement are predeter-
mined, thereby reducing the computational complexity of
the design.

5 Simulation results
In this section, we demonstrate the effectiveness of our
proposed pilot design through computer simulations. The
parameters of the transmittedOFDM signal studied in our
design examples are as in the IEEE 802.16e and the IEEE
802.16m standards. For IEEE 802.16e, an OFDM trans-
mission frame with N = 256 is considered. Out of 256
subcarriers, Na = 200 are used for data and pilots (data
carrying subcarriers). Of the remaining 56 subcarriers, 28
are null in the lower frequency guard band while 27 are
nulled in the upper frequency guard band and one is the
central DC null subcarrier ([25],p. 429).
For IEEE 802.16m, we consider an OFDM frame with

N = 1024, where Na = 864 are data carrying subcar-
riers and the remaining subcarriers are lower and upper
frequency guard band subcarriers except for the DC sub-
carrier ([26], p. 537).
Of the subcarriers used for signal transmission (i.e., data

carrying subcarriers), a set of K subcarriers used by the
cognitive secondary user (SU) is generated randomly as in
[6].We define the ratio between the number of subcarriers
used by the cognitive SUs |K| over the total number of
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Figure 1 Performance of the channel estimate MSE for different SNRs, L = Np= 8.

data carrying subcarriersNa as β = |K|
Na

. The performance
of the system is measured in terms of the MSE and the
bit error rate (BER) for the zero forcing (ZF) equalizer for
different proportions of |K| and Na.
Figure 1 shows theMSE of the channel estimator against

signal to noise ratio (SNR) for the proposed scheme
and the pilot symbols in [7,8] which we refer to it as a

conventional method for L = Np = 8 and N = 256. From
the result it is clear that, the proposed design outperforms
the conventional method by a constant gap for different
SNRs. This may be due to the fact that the conventional
design consider equal powered pilots and optimizes only
the position. To ensure better MSE performance, both
pilot position and power distribution need to be careful
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Figure 2 Comparison of the performance of the channel estimate MSE for different β forN = 256 and L = Np= 8.
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Figure 3 Comparison of the performance of the channel estimate MSE for different β forN = 1024 and L = Np= 16.

considered. This result demonstrates the effectiveness of
our proposed scheme that optimizes both the position and
power of the pilot symbols.
To further demonstrate the effectiveness of the pro-

posed designs, we compare the MSE performance for
different values of β (i.e., different proportions of |K| and
Na). Figures 2 and 3 depict the MSE performance of the

proposed method and the conventional equal powered
pilot scheme for various β when SNR = 25 dB.
From the result it is clear that the proposed design out-

performs the conventional designs for all tested values
of β . This substantiate the efficacious of the proposed
scheme in designing pilot symbols for various sizes of
the spectrum assigned to the cognitive SUs. Note that,
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Figure 4 Comparison of the BER performances for QAM signals forN = 1024, L = Np= 16 and β = 0.5.
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Figure 5 Comparison of the BER performances for QAM signals forN = 256, L = Np= 8 and β = 0.5.

the portions of the spectrum activated (or activated
subcarriers) for the SUs are randomly generated for each
value of β .
Next, we make comparison of the BER performance of

the proposed pilot symbols, the conventional design in
[7,8] and the ideal case, i.e., known channel state informa-
tion (CSI). The frequency-selective channel with L = Np

taps is considered. Each channel tap is i.i.d. complex
Gaussian with zero mean and the exponential power delay
profile is given by the vector ν =[ ν0 · · · νL−1], where νl =
ζ e−l/2, and ζ is a constant selected such that

∑L−1
l=0 νl = 1.

Figures 4 and 5 show BER performance of three
schemes. The results show improved BER performance of
the proposed design over the conventional design. This
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Figure 6 Comparison of the coded BER performances for QAM signals forN = 256, L = Np= 16 and β = 0.5.



Manasseh et al. EURASIP Journal on Advances in Signal Processing 2013, 2013:51 Page 10 of 11
http://asp.eurasipjournals.com/content/2013/1/51

Table 1 Comparison of computational complexity between the CE, conventional and the exhaustive search scheme

Computational complexity analysis

(Nd ,Np) U J β Conventional method CEmethod Exhaustive search method

|K|/Na O(N2
a + NaNp) O([ 2 ∗ NdNp + NpL]UJ ) O([ 2 ∗ NdNp + NpL]U

(|K|
Np

)
)

(32,8) 200 5 0.2 1.92 × 103 5.76 × 105 4.43 × 1010

(24,16) 200 5 0.2 2.24 × 103 1.0 × 106 6.44 × 1013

(92,8) 200 5 0.5 1.08 × 104 1.54 × 106 2.86 × 1014

(84,16) 200 5 0.5 1.16 × 104 2.90 × 106 3.96 × 1021

164,8 400 5 0.2 3.1 × 104 5.78 × 106 4.33 × 1016

156,16 400 5 0.2 3.23 × 104 1.05 × 107 7.17 × 1025

424,8 400 5 0.5 1.90 × 105 6.85 × 106 1.93 × 1020

416,16 400 5 0.5 1.94 × 105 1.36 × 107 7.2 × 1032

further substantiates the importance of optimizing both
the pilot power and pilot positions in the NC-OFDM
based systems.
Next we evaluate the BER performance when channel

coding techniques are employed. Channel coding protects
the data from errors by selectively introducing redundan-
cies in the transmitted data. Convolutional encoding with
Viterbi decoding, which is one of the forward error cor-
rection (FEC) techniques is considered. Interleaving and
deinterleaving techniques are employed to reduce burst
errors in transmitted data. Figure 6 depicts the perfor-
mance of the coded BER of the three schemes over fre-
quency selective channel. The FEC code used in the sim-
ulation is a simple symbol rate 1/2, convolutional encoder
(171,133) with hard decision decoding. The results sug-
gest that, the performance is mainly dictated by the accu-
racy of the estimated channel. Our proposed method
outperforms the conventional method by a considerable
margin. This suggests that, by employing FEC codes sub-
stantial coding gain may be attained and thereby provide
better BER performance compared to the uncoded (raw)
BER performance. However, the accuracy of the estimated
channel still determine the best performing design.
We also compare the computational complexity in

terms of the number of function evaluations for the
proposed CE, conventional and the exhaustive search
(ES) scheme. Table 1 shows the complexity of the three
schemes. Note that in all case we set L = Np. It is
clear that the conventional methods has lower complex-
ity among the three algorithms, since it does not take
power distribution into account. The complexity of the CE
design is higher than that of the conventional reference
scheme but relatively lower than that of the exhaustive
search scheme. Also the complexity of the CE algorithm
does increase rapidly with the increased number of data
and pilot subcarriers. This suggests that CE algorithm is
a prominent candidate when the solution space is large.
Although the conventional scheme has lower complexity,

its performance is inferior to that of the proposed scheme.
There is a trade-off between performance and complex-
ity, for applications that demands high performance, CE
scheme can be a better compromise solution than the
conventional method.

6 Conclusions
In this article, we have presented a new pilot sym-
bol design for channel estimation in NC-OFDM cog-
nitive radio systems. We have demonstrated that, for
NC-OFDM based systems, to obtain better performance
call for optimization of both pilot placement as well
as pilot power distribution. We have also verified that,
the improved performance obtained by optimizing the
placement and power distribution of the pilot symbols is
achieved at the expense of increased computational com-
plexity. Simulation results show that, both MSE and BER
performance of the proposed scheme outperforms the
conventional equal powered pilot design. The complexity
of our proposed design is slightly higher than that of the
conventional scheme but combatively lower than that of
the exhausted search scheme.
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