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Abstract

Synchronization of neural activity from distant parts of the brain is crucial for the coordination of cognitive activities.
Because neural synchronization varies both in time and frequency, time–frequency (T-F) coherence is commonly
employed to assess interdependences in electrophysiological recordings. T-F coherence entails smoothing the cross
and power spectra to ensure statistical consistency of the estimate, which reduces its T-F resolution. This trade-off has
been described in detail when the cross and power spectra are smoothed using identical smoothing operators, which
may yield spurious coherent frequencies. In this article, we examine the use of non-identical smoothing operators for
the estimation of T-F interdependence, i.e., phase synchronization is characterized by phase locking between signals
captured by the cross spectrum and we may hence improve the trade-off by selectively smoothing the auto spectra.
We first show that the frequency marginal density of the present estimate is bound within [0,1] when using
non-identical smoothing operators. An analytic calculation of the bias and variance of present estimators is performed
and compared with the bias and variance of standard T-F coherence using Monte Carlo simulations. We then test the
use of non-identical smoothing operators on simulated data, whose T-F properties are known through construction.
Finally, we analyze empirical data from eyes-closed surface electroencephalography recorded in human subjects to
investigate alpha-band synchronization. These analyses show that selectively smoothing the auto spectra reduces the
bias of the estimator and may improve the detection of T-F interdependence in electrophysiological data at high
temporal resolution.
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1 Introduction
Coherence analysis has widely been used for investigat-
ing functional connectivity between electrophysiological
signals to study the role of neural synchronization in
perception, action, and cognition [1-3]. Neural synchro-
nization has been reported in different frequency bands
and to vary over time and is hence commonly assessed
using time–frequency (T-F) coherence. T-F coherence
has been used in many fields of science, including neu-
roscience [4-10]. Short-time Fourier transform (STFT)
and wavelet transformation are typically used to estimate
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the T-F distribution of the signals of interest, which can
be interpreted as the spectral density estimation. Other
approaches include the quadratic T-F distribution from
Cohen’s class [11], such as theWinger-Ville [11,12] and the
Choi-Williams distribution [13].
Smoothing the cross and auto spectra is required for

the estimation of T-F coherence [7,14]. Given an arbi-
trary T-F decomposition method, smoothing the cross
and auto spectra can be performed via one of the fol-
lowing approaches; (a) Smoothing of periodigrams via
ensemble averaging, which is based on the Welch’s over-
lapped segment averaging (WOSA) method [15]. This
approach yieldsmagnitude-squared coherence (MSC), see
also [16]. (b) Smoothing in one or both of the time and fre-
quency domains. In wavelet coherence, an explicit scale-
dependent 2D smoothing operator has previously been
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used, e.g., a Gaussian envelope of theMorlet wavelet func-
tion as the time-smoothing operator and a box-car filter
with a specific width as the scale (or frequency) smoothing
operator [7,17,18]. (c) Smoothing of both cross and auto
spectra via averaging a set of spectra estimated bymultiple
orthogonal taper functions [10,19]. Multiwavelet coher-
ence was proposed based on the concept of Thomson’s
multitaper technique [20] and involves a set of orthogo-
nal wavelet taper functions, the so-called Morse wavelet.
Smoothing in the T-F plane is implicit when the cross and
auto spectra are averaged across the set of taper functions
[20-22]. It has been shown that multiwavelet coherence
has a lower variance compared to explicit 2D smoothing
operators [21].
All these approaches estimate coherence by using iden-

tical smoothing operators for the cross and auto spec-
tra. The use of identical smoothing operators indicates
that T-F coherence satisfies the Cauchy-Schwarz inequal-
ity and is hence bounded within [0,1] (see also [20,21]).
Smoothing entails an inherent trade-off between statisti-
cal consistency and T-F resolution, i.e., wider smoothing
windows result in improved accuracy and precision at the
cost of reduced resolution in T-F plane [23]. When using
identical smoothing operators the estimator fails when
smoothing goes to 1, as the numerator and denominator
become identical. Because phase synchronization is char-
acterized by phase locking between signals, captured by
the cross spectrum, we may improve the temporal reso-
lution by selectively smoothing the auto spectra. When
using non-identical smoothing operators, the bias of the
estimator may not go to 1 when the cross spectrum is
not smoothed, resulting in an estimator with improved
temporal resolution. In particular, we consider the case in
which only the auto spectra are smoothed. The resulting
estimate is not boundwithin [0,1], but it can be shown that
its frequency marginal density is equivalent to standard
coherence as a function of frequency.
We first test the effect of non-identical smoothing oper-

ators in simulated data and quantify its performance
based on the sensitivity, specificity, and z-score. We then
apply this method to empirical data of surface electroen-
cephalography (EEG) and assess cortico-cortical connec-
tivity between occipital channels estimated using identical
and non-identical smoothing operators. The marginal-
covariance densities are used to compare the observed
correlations in the time and frequency domains. These
analyses show that the use of non-identical smoothing
operators may help to detect weak correlations in elec-
trophysiological data and open up new possibilities for
quantifying T-F interdependences.

2 Methods
We first provide a short overview of T-F decomposition
methods before introducing a generalized T-F coherency

function. We then derive two specific estimators based
on non-identical smoothing operators. Two simulated
datasets are generated for testing the estimators. The first
example involves signals whose correlations vary in time
and in the second example correlations vary in time and
frequency. The empirical dataset consists of EEG data
from two occipital channels in three subjects to investigate
synchronization in the alpha frequency band (8–12Hz),
which is commonly observed over occipital cortex.

2.1 Spectral decomposition
Both the STFT [24] and the wavelet transform [5,25-27]
have extensively been used for spectral decomposition.
There is a trade-off between spectral and temporal reso-
lution depending on window length: short windows give
poor spectral but good temporal resolution, and vice
versa for long windows. Temporal and spectral resolutions
remain constant over frequencies for STFT, as a fixed win-
dow length is used. In contrast, the wavelet transform has
varying T-F resolution, because signal are decomposed by
rescaling and shifting amother wavelet function. Irrespec-
tive of the differences between spectral decomposition
methods, it has been shown that the Fourier, Hilbert,
and wavelet-based techniques are in fact mathematically
equivalent when using the most frequently employed class
of wavelets [28]. Recently, statistical properties includ-
ing the bias and variance of the phase estimators such as
Fourier, Hilbert, and wavelet-based techniques have been
discussed in [29].
UsingWOSA, the signal is first partitioned into L equiv-

alent segments. Each segment is then weighted with a
suitable window w[m] (positive, square integrable, inte-
grates to one), e.g., a unit power Hamming window. The
Fourier transform of each weighted segment is computed
and the estimation of power spectral density (PSD) is
obtained by averaging over L overlapping segments [24],
estimating the cross spectral density (CSD), PSD, and the
discrete Fourier transform of signal xl[ n] as

p̂xy[ k] = 1
L

L∑
l=1

Xl[ k]Y ∗
l [ k] ,

p̂xx[ k] = 1
L

L∑
l=1

∣∣∣Xl[ k]
∣∣∣2 = 1

L
p̂x[ k] ,

Xl[ k] = 1
M

M∑
m=1

xl[m]w[m] e−j 2πM km,

(1)

where k denotes the discrete frequency, asterisk (∗) the
complex conjugate, xl[ n]= x[ l(M − q) + n] and yl[ n]=
y[ l(M − q) + n] where l = 1, 2, . . . , L and n = 1, 2, . . . ,N ,
j = √−1. L and N are, respectively, the total number of
overlapping windows and data samples in x[ n], M and q
denote the width of a weighting window function w[m]
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and the overlapping samples, respectively. Alternatively,
the wavelet transform and wavelet-PSD of discrete signal
x[ n] at scale or frequency a, (0 < a < ∞) and translation
or time b, (b ∈ R) can be expressed as

W (a, b; x,ψ) =
√

�t
|a|

N∑
n=1

x[ n]ψ∗( (n − b)�t
a

)
,

p̂xxW (a, b) = |W (a, b; x,ψ)|2,
(2)

where �t denotes the sampling interval, and ψ(.) a
permissible wavelet function such as a complex Morlet
wavelet function [20,21].

2.2 T-F coherence
Coherence quantifies linear correlations between two
stochastic processes, or two observations x[ n] and y[ n],
from a linear time-invariant system as a function of
frequency, or time and frequency. Here, we define a
generalized coherency function as

�̂xy[ l, k] = S1
{
p̂xy[ l, k]

}
√
S2

{
p̂xx[ l, k]

}
S2

{
p̂yy[ l, k]

}
l = 1, 2, . . . , L, (3)

where p̂xy[ l, k] denotes the CSD estimate between xl[ n]
and yl[ n], p̂xx[ l, k] the PSD estimate, and S1{.} and S2{.}
the smoothing operators for the numerator (CSD) and
denominator (PSDs), respectively. If we assume identi-
cal smoothing operators (i.e., S1{.} ≡ S2{.}), we obtain
standard T-F coherency, which is normative (i.e., 0 ≤
|�̂xy[ l, k] | ≤ 1), see also [7,15,17,30].
The smoothing operators S1{.} and S2{.} can be 1D func-

tion of time [16], or an explicit 2D smoothing operator in
both time and frequency [7,17,22], or an average over a set
of orthogonal-based spectral estimates such as multitaper
approaches [10,19,22]. Using a time-domain smoothing
operator, Stime(•|k), we obtain standard MSC as

γ̂ 2
xy[ k]=

∣∣∣p̂xy[ k] ∣∣∣2
p̂xx[ k] p̂yy[ k]

, (4)

and T-F coherence as

�̂2
xy[ l, k] =

∣∣∣p̂xy[ l, k]�v[m]
∣∣∣2{∣∣∣p̂xx[ l, k] ∣∣∣2� v[m]

}{∣∣∣p̂yy[ l, k] ∣∣∣2� v[m]
}k

= 1, 2, . . . ,K , (5)

where the numerator and denominator of Equation (4)
are estimated as in Equation (1). The smoothing win-
dow v[m], a suitable smoothing window (positive, square
integrable, integrates to one)—e.g., a unit power Ham-
ming window function of length M1—is used as time-
domain smoothing operator Stime(•|k), where � denotes
the convolution operator. Note that smoothing process is

implemented by convolving the T-F CSD and PSDs with
smoothing window v[m] at any given frequency k. In the
present context and for comparison purposes, we use a
weighting window in the STFT, i.e., normalized Hamming
window of 0.5 s in duration, and smoothing window, v[m],
of 0.75 s duration. In this study, a normalized Hamming
window was also used for smoothing the cross and auto
spectra defined in Equations (5) and (11), and refer to T-
F interdependence using identical smoothing operators as
Method 1.
Smoothing in both time and frequency has been pro-

posed to improve the consistency of the T-F coher-
ence [22], which can be expressed as S

{
pxy[ l, k]

} =
Sfreq(Stime(pxy|k)|l). In the wavelet coherence approach,
the Gaussian envelope of the Morlet wavelet with unit
power is used as the time-domain smoothing operator,
and a frequency-domain filter, a box-car function of the
width δ, as the frequency-domain smoothing operator,

S
{
pxy[ l, k]

} = Sfreq
(
Stime(pxy|k)

∣∣∣l)
= Sfreq

(
pxy[ l, k] c1e−l2/(2σlk)2

∣∣∣l) ,
(6)

where Sfreq(pxy|l) = pxy[ l, k] c2
∏

(σkδa). Here
∏

(.)
denotes the box-car function, σl and σk the time and
frequency localization parameters, respectively. The coef-
ficients c1 and c2 normalize the filters to unit energy.
Subsequently, identical smoothing operators are applied
to the temporal PSDs pxx[ l, k] and pyy[ l, k] [22]. Alter-
natively, multiple orthogonal tapers are used to estimate
the spectral densities [10,19] and smoothing is performed
implicitly by averaging over these tapers. The use of a
set of orthogonal wavelet functions allows a low vari-
ance estimation of the spectral density [21,22,31], and T-F
coherence can hence be estimated as

	̂2
xy[ l, k]=

∣∣∣Q̂xy[ l, k]
∣∣∣2

Q̂xx[ l, k] Q̂yy[ l, k]
, (7)

Q̂xy[ l, k]= 1
P

P∑
p=1

p̂xy[ l, k; p] , (8)

where p̂xy[ l, k; p] is the pth spectral density estimate
obtained from pth orthogonal taper or wavelet function.

2.3 Non-identical smoothing operators
Wenow relax the constraint of identical smoothing opera-
tors and investigate Equation (3) when S1{.} �= S2{.}. Note
that by relaxing this constraint the estimator does not
satisfy the Cauchy-Schwarz inequality and hence is not
boundwithin [0,1].Wewill first consider the case in which
we only smooth the PSDs, i.e., Stime(•|k), is applied to the
denominator of Equation (3) only. In particular, we rescale
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the temporal complex-valued CSD between signals xl[ n]
and yl[ n] by the ensemble averaged PSDs as

θ̂xy[ l, k] = p̂xy[ l, k]√
p̂xx[ k] p̂yy[ k]

= L
p̂xy[ l, k]√
p̂x[ k] p̂y[ k]

, l = 1, 2, . . . , L,
(9)

where p̂xx[ k]= 1
L p̂x[ k], which is given in Equation (1).

Although this estimator (Method 2) is not bound within
[0,1], we can easily show that the frequency-marginal den-
sity of |θ̂xy[ l, k] |2 approaches the MSC given in Equation
(4) and hence is bound within [0,1] as shown by

γ̂ 2
xy[ k] =

∣∣∣E
l
{θ̂xy[ l, k] }

∣∣∣2 ,
=

∣∣∣E
l
{θ̂R[ l, k] } + jE

l
{θ̂I [ l, k] }

∣∣∣2 ,
=

∣∣∣∣1/L
∑L

l=1 θ̂R[ l, k]√
p̂xx[ k] p̂yy[ k]

+ j
1/L

∑L
l=1 θ̂I [ l, k]√

p̂xx[ k] p̂yy[ k]

∣∣∣∣
2
,

=
∣∣∣	{γ̂xy[ k] } + j
{γ̂xy[ k] }

∣∣∣2,
(10)

where E is the mathematical expectation, θ̂R[ l, k] and
θ̂I [ l, k] denote the real and imaginary parts of θ̂xy[ l, k].
That is, Equation (9) represents the rescaled T-F interde-
pendence estimate in which the MSC can be obtained by
temporally smoothing θ̂xy[ l, k].
Since the numerator in Equation (9) is not smoothed the

variance of this estimate will be higher than the variance
of Equation (5), but its temporal resolution is also higher
than estimates obtained from Equation (5). To facilitate
comparison between both approaches, we hence smooth
θ̂xy[ l, k] by substituting the numerator of Equation (5) in
the numerator of Equation (9), which yields

�̂xy[ l, k]= p̂xy[ l, k]�υ[m]√
p̂xx[ k] p̂yy[ k]

= L
p̂xy[ l, k]�υ[m]√

p̂x[ k] p̂y[ k]
.

(11)

That is, the smoothed CSD is rescaled by the inner prod-
uct of the ensemble-averaged PSDs (Method 3). (The
MATLAB-function of Methods 1,2, and 3 can be found in
the following link: http://www.sng.org.au/Downloads )

2.3.1 The bias and variance of T-F interdependence
estimators, θ̂xy[ l, k] and �̂xy[ l, k]

It is well known that the standard T-F coherence func-
tion, (see Equation (5)), between two random Gaussian
processes is distributed as a chi-squared random variable
with ν degrees of freedom, shown as χ2

ν , [7,17]. Statis-
tical properties of MSC, (see Equation (4)), was shown
to have a specific probability density function (PDF) and
cumulative distribution function [16,32]. Recently, Cohen

andWalden [18,31] have shown that temporally smoothed
wavelet coherence, (see Equation (7)), of two stationary
processes with Normal distribution and zero mean is dis-
tributed as the Goodman’s distribution with an appropri-
ate degrees of freedom. Therefore, the bias and variance
of the standard T-F coherence and MSC have explicitly
been stated and addressed in the literature. In this section,
the aim is to analytically calculate the bias and variance of
T-F interdependence estimators, |θ̂xy[ l, k] |, see Equation
(9), and |�̂xy[ l, k] |, see Equation (11). We define the bias
and variance of the estimators |θ̂xy[ l, k] | and |�̂xy[ l, k] | as
follows (derivations of analytic calculation of the bias and
variance are given in Appendix)

E

{A
B

}
≈ E[A]

E[B]
− cov(A,B)

E[B]2
+ E[A]

E[B]3
Var[B] , (12a)

Var
{A
B

}
≈ Var[A]

E[B]2
− 2E[A]

E[B]3
cov(A,B) + E[A]2

E[B]4
Var[B] ,

(12b)

where A � |p̂xyl [ k] | and B �
√
p̂xx[ k] p̂yy[ k] =√

L2xy[ k]+Q2
xy[ k] = p̂xy[ k], where Lxy[ k] and Qxy[ k]

denote the real and imaginary parts of the ensemble
cross spectra, respectively. Using Equation (12a) approx-
imates the bias of estimators |θ̂xy[ l, k] | and |�̂xy[ l, k] | as
E

{
A
B

}
≈ 2.1√

πDwd
and E

{
Ā
B

}
≈ 2.1

M1
√

πDwd
, where Ā and

M1 denote the cross spectra and the width of a smooth-
ing window, v[m], respectively (see Appendix). Dwd =
Rw[ 0]+ 8

π2Rw[ 1]+(1− 8
π2 )Rw[ 3] is the scaled correlation

function of the Fourier transform of a weighting-window
function, such that Rw[ d]= ∑M−d

m=1 W [m]W [m + d],
where W [ k]= F{w(m)} denotes the Fourier transform
of a weighting window function w(m) of length M [16].
In this article, Dwd ≈ 1.8 (see Appendix). Accordingly,
using Equation (12b) approximates the variance of esti-
mators |θ̂xy[ l, k] | and |�̂xy[ l, k] | as Var

{
A
B

}
≈ 0.54

Dwd
and

Var
{
Ā
B

}
≈ 0.54

2M1Dwd
, respectively (see Appendix).

In order to verify the calculation of the bias and vari-
ance, Monte Carlo simulations have been performed for
1,000 realizations. Resulting bias and variance of the T-
F coherence estimators, |�̂xy[ l, k] | and |�̂xy[ l, k] |, are
given in Figure 1. It is shown that the bias of estimator
|�̂xy[ l, k] | (Method 3) (≈ 0.8) is lower than that of esti-
mator |�̂xy[ l, k] | (Method 1) where a smoothing-window
is not used. Naturally, the variance of estimator |�̂xy[ l, k] |
(Method 1) goes to zero, because it attributes the value
of 1 to all T-F coherence estimates when no smoothing
is applied. On the other hand, the variance of estima-
tor |�̂xy[ l, k] | (Method 3) is not zero (≈ 0.4) when no
smoothing is applied to the cross spectrum. This indi-
cates that method 3 can differentiate between coherent

http://www.sng.org.au/Downloads
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Figure 1 The result of Monte Carlo simulations for the bias and
variance T-F interdependence estimators. Top panel shows the
bias of methods 1 and 3 (i.e., Equations (5) and (11)). Bottom panel
represents the variance of methods 1 and 3.

and non-coherent T-F points at maximal temporal reso-
lution, as smoothing is not required. The bias and vari-
ance obtained from an analytic calculation (i.e., Equations
(28a), (28b)) closely agree with simulation results shown in
Figure 1, verifying the analyses performed to approximate
the bias and variance of the present T-F interdependence
estimators.

2.4 Simulated data
To compare three methods and test the use of non-
identical smoothing operators, we derived from two
simulated datasets with different properties:

(1) Signal pairs with time-varying coherence, i.e.,
Gaussian noise modulated at 0.6 and 1.2Hz.

(2) Signal pairs with frequency-varying coherence, i.e., a
jump in synchronous frequencies from 10 to 20Hz.

After comparing the methods in these basic examples, we
then explore their ability to characterize dynamic correla-
tions in human EEG data, where the ground truth is not
known in advance.

2.4.1 Simulated dataset 1
We first consider an example proposed by Lachaux et
al. [8] to evaluate T-F coherence. Two independent dis-
crete noise sequences {α1n}Nn=1 and {α2n}Nn=1 with mean
0 and variance 1 were drawn from normal distribution
and modulated by a sinusoid signal β[ n], where N is the
total number of samples. This modulation produces two
discrete signals S1[ n]= α1[ n]+β[ n]α2[ n], and S2[ n]=
α2[ n]+β[ n]α1[ n], which are synchronized and desyn-
chronized over time. We defined a pure sinusoid signal
β[ n] as β[ n]= a(1 + sin[ 2π fn] ). Following Lachaux

et al. [8], we choose f = 0.6Hz. In addition, to assess
the temporal resolution of the different methods, we also
consider f = 0.9Hz and f = 1.2Hz, i.e., in this example
coherence is modulated at a higher frequency. The ampli-
tude a determines the boundaries of the coherence, see
Equation (13). Since α1[ n] and α2[ n] are Gaussian noise
with variance σ 2 = 1, the power spectra of α1[ n] and
α2[ n] are both equal to σ 2 = 1 for all frequencies, and
their cross spectra are equal to 0. The coherence between
signals S1[ n] and S2[ n] can analytically be defined as a
function of β[ n] as follows:

ϒ[ a, n]= 4a2F2[ n]
(1 + a2F2[ n] )2

, (13)

where F[ n]= 1
aβ[ n], and a ∈[ 0.01, 0.5]. By substitut-

ing amax = 0.5 and amin = 0.01 into Equation (13), one
respectively obtain two bounds for time-varying coher-
ence, one is 0 ≤ ϒ[ 0.5, n]≤ 1 and the other is 0 ≤
ϒ[ 0.01, n]≤ 1.6 × 10−3.
The methods were assessed for different levels of coher-

ence by considering a ∈[ 0.01, 0.5]. To test for statistical
significance of the estimated T-F interdependence, sets of
surrogate data of linear independent signals were created.
For each amplitude a, 100 surrogates were generated by
randomizing the corresponding Fourier phases [33], i.e.,
by destroying the temporal structure in the data while
leaving amplitudes intact. T-F interdependence was com-
puted between the surrogate sets and 95% confidence
intervals were determined for each method indepen-
dently. The analytic coherence is continuously distributed
and we assess the performance of the different methods by
regressing estimated T-F interdependences on the analytic
coherence.

2.4.2 Simulated dataset 2
In the second example, coherence varies both in time
and frequency and we assess the methods by vary-
ing the signal-to-noise ratio (SNR). We simulated two
independent discrete signals S3[ n] =

[
x1[ n] + η1[ n],

x2[ n] + η2[ n]
]

and S4[ n] =
[
x1[ n] + η3[ n] , x2[ n] +

η4[ n]
]
of 20-s duration. Note that n denotes the dis-

crete time index. η[ n] is Gaussian noise: η[ n]∼ N (μη =
0, σ 2

η = 1). Two sinusoid signals x1[ n]= A sin[ 2π10n]
and x2[ n]= A sin[ 2π20n] were contaminated by four
independent Gaussian noise sequences ηi[ n] , i = 1, 2, 3, 4
as stated above. To produce signals with different ampli-
tudes, we defined a range of amplitudes A by using a wide
range of SNR,

A = Anoise
(
10

SNR
20

)
. (14)

The three methods were compared for different levels of
SNR ∈[−30, 10] dB, where dB is a logarithmic unit that
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indicates the ratio of a physical quantity (noise strength,
signal strength, etc). Here, we set Anoise = 0.2. Perfor-
mance of the methods was assessed by quantifying the
sensitivity, specificity, and z-score. Sensitivity and speci-
ficity are statistical measures of the performance of a
binary classification test defined as

Sensitivity = TP
TP + FN

%,

Specificity = TN
TN + FP

%,
(15)

where TP, TN, FP, and FN denote number of true pos-
itives, true negatives, false positives, and false negatives,
respectively. By construction, signals S3[ n] and S4[ n] are
either fully correlated or uncorrelated for each point in the
T-F plane, i.e., they are binary. To binarize the estimated
T-F interdependence we again determined the 95% confi-
dence interval by phase-randomizing the data (see Section
2.4.1), assigning all T-F points exceeding the threshold
to 1 and the rest to 0. In addition, the z-scores were
determined at each specific SNR as

Z = X̄ − μ

σx
, (16)

where X̄ denotes mean of the estimate at T-F points where
true coherence is present and μ and σx the mean and
standard deviation of the estimate at T-F points were true
coherence is absent (null distribution). Note that the true
coherence is represented in Figure 2.

2.4.3 Experimental data (human EEG)
We then sought an exploratory assessment of the different
estimators of T-F interdependence in characterizing syn-
chronization in an exemplar physiological dataset, namely
human EEG. We studied the correlations between two
scalp channels over occipital cortex, i.e., O1 and O2. EEG
was acquired from three healthy human subjects while
they were sitting still with their eyes closed for 10min.
EEG data were sampled at Fs = 500Hz and digitized
by an analog-to-digital convertor with a resolution of

16 bits/sample. The protocol was approved by the Human
Research Ethics Committee of The University of New
South Wales and all subjects gave their voluntary and
informed consent. EEG data recorded over occipital areas
were chosen because it is known to contain complex pat-
terns of intermittent synchronization within the alpha
frequency range (8–13Hz), see [34].
Because the true coherence between empirically

recorded signals is not known, we assess the meth-
ods based on the marginal densities of the covariance
matrix. We first determine the time-domain and
frequency-domain zero-lag covariance matrices. The
time-domain covariance matrix of |�̂xy[ l, k] | is estimated
as R̂(L×L)

xy = E{|�̂xy[ l, k] ||�̂H
xy[ l, k] |} where H denotes

Hermitain transposition (i.e., conjugate transposition).
Analogously, the frequency-domain covariance matrix is
estimated as R̂(K×K)

xy = E{|�̂H
xy[ l, k] ||�̂xy[ l, k] |}. There-

fore, the time-domain zero-lag covariance matrix of
|�̂xy[ l, k] | can be estimated as

R̂(L×L)
xy = 1

K

K∑
k=1

(
|�̂xy[ l1, k] | − μl1|k

)

×
(
|�̂H

xy[ l2, k] | − μl2|k
)
, l1 �= l2 = 1, 2, . . . , L,

(17)

where μl1|k denotes the mean value of |�̂xy[ l1, k] | at time-
window l1 and given frequencies k = 1, 2, . . . ,K . Sim-
ilarly, the frequency-domain zero-lag covariance matrix
|R̂(K×K)

xy | is expressed as

R̂(K×K)
xy = 1

L

L∑
l=1

(
|�̂H

xy[ l, k1] | − μk1|l
)

×
(
|�̂xy[ l, k2] | − μk2|l

)
, k1 �= k2= 1, 2, . . . ,K .

(18)

The diagonal of matrices R̂(L×L)
xy and R̂(K×K)

xy reflect the
variance and reveal the dominant temporal interaction

Figure 2 The analytic coherence for two simulated data sets. Panel A represents the analytic time-varying coherence in Example 1 obtained
from Equation (13) at amplitude a = 0.5, and panel B shows the desired T-F coherence for simulated data of Example 2.
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and spectral correlation between signals x[ n] and y[ n],
which is used to compare the different methods.

3 Results
3.1 Simulations
Two basic datasets were generated to compare three
methods on signals with known properties. Figure 2 shows
the analytic (or the true-valued) time-varying coherence
obtained from Equation (13) at amplitude a = 0.5
for dataset 1, and the desired T-F coherence for the
frequency-varying coherence described in dataset 2. T-
F interdependence was assessed with different estimators
as defined in Equations (5), (9), and (11), which use
either identical and non-identical smoothing operators. In

the first simulated dataset, the time course of all three
methods follows the analytic time-varying coherence,
although some differences can be observed (Figure 3).
Using identical smoothing operators, estimated correla-
tion levels are generally quite high (Figure 3A). Indeed,
if we determine the number of statistically significant T-
F points using phase-randomized surrogate data, we see
that the null hypothesis is rejected in at least > 50% of
the simulations even for T-F points where true coherence
is absent (Figure 3B). These are false positive observations
as the apparent statistical significance is high but the true
rate is zero. Because analytic coherence is identical across
frequencies, we investigate time-marginal density of all
three methods, which again confirms the raised lower

Figure 3 The resulting T-F coherence estimates using Equations (5), (9), and (11) for the first simulated dataset. All results were estimated
using a 0.5-s Hamming weighting window and a 0.75-s Hamming smoothing window. The first simulated dataset (a = 0.5) compares three different
estimators of T-F interdependence: method 1 using identical smoothing operators (top row) and methods 2 and 3 using non-identical smoothing
operators (bottom two rows). Panels A, D, and G show the magnitude of the T-F estimate obtained from single simulation; panels B, E, and H show
the percentage of simulations in which the null hypothesis was rejected (estimated across 100 simulations), and panels C, F, I the time-marginal
density reflecting the time-course of the coherence estimate. In panels F and I, T-F coherence interdependence is projected within [0,1] by using
tanh−1(.) function for comparison purposes.
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bound of the coherency estimate when using identical
smoothing operators (Figure 3C).
As expected, not smoothing the CSDs, as described in

Equation (5), strongly increases the variance of the esti-
mate (Figure 3D). However, the estimator still reflects
the analytic coherence as shown by the statistical anal-
ysis (Figure 3E) and its time-course (Figure 3F). The
variance of the estimate is reduced after smoothing
the CSDs, as described in Equation (11) (Figure 3G).
Although the variance of the estimate is still higher
compared to the first method based on identical
smoothing operators, the range of the estimate has
increased. The percentage of simulations in which the
null hypothesis is rejected varies between 30 and 100%
(Figure 3H) and the time course reveals a lower value
around 0.15 (Figure 3I).
We then assessed the performance of the three estima-

tors by linear regression of the estimated interdependence
(Figure 4) against the analytic coherence (Figure 2). The
top row of Figure 4 shows an example of the regression
lines for the three methods. Using identical smoothing
operators, estimated coherency is bounded in [0,1], the
estimate is largely restricted to values> 0.5 as reflected by
the large offset (0.55) and small slope (0.37) of the regres-
sion line (Figure 4A). The estimator predicts analytic
coherence well, as shown by the correlations coefficient
(r) of 0.67. Using non-identical smoothing operators, esti-
mated coherence is no longer bounded in [0,1] and reveals
increased variance (Figure 4B,C). However, the regression
line is closer to that of an ideal estimator (X = Y ), as
revealed by a lower offset (0.41) and a larger slope (0.69)

(Figure 4C). Due to larger variation in the estimate, the
correlation coefficient for non-identical smoothing oper-
ators is lower (r = 0.47) than for identical smoothing
operators. This is true for the whole range of amplitudes
(a ∈[ 0.01, 0.5]) when coherence is modulated at 0.6Hz
(Figure 4D). Methods 1 and 3 use a temporal smoothing
window with a length of 0.75 s. If coherence is modulated
at 1.2Hz (or 0.833 s period length), the changes in coher-
ence within each cycle get smoothed out as the length of
the smoothing window is close to the period length of the
modulation. Method 2 does not involve smoothing of the
cross spectrum and hence is still able to capture the cyclic
changes in coherence. When coherence is modulated at
lower rates (e.g., 0.6Hz) methods 1 and 3 perform better
as the smoothing window is shorter than the period length
of the modulation of coherence and smoothing improves
the SNR. This result confirms the superior temporal reso-
lution of method 2 in this setting. As Figure 4D–F shows,
there is a decreasing trend in the r values of methods 1
and 3 due to the smoothing window. This indicates that
method 1 reduces the variance of estimates when using
a smoothing operator, but this comes at the expense of
reducing the temporal resolution. This is revealed by a
decreasing value of r. As shown in Figure 4D–F, method
2 does not deviate far from r ∼ 0.2 while the modulation
frequency increases.
In the second dataset, coherence is varied in time and

frequency reflecting a jump in time from 10 to 20Hz
(Figure 2B). Again, all three methods are able to detect
this coherence pattern (Figure 5, top row), i.e., show-
ing correlations at frequencies f1 = 10Hz (from 0 to

Figure 4 The linear regression analysis between analytic coherence (X) and the magnitude of the estimate (Y ) for the first simulated
dataset. Top row shows the regression line for a = 0.5 and f = 0.6 Hz for methods 1 to 3 (panels A to C, respectively). Bottom row show the
correlation coefficient r for different amplitudes (a ∈[ 0.01, 0.5]) when coherence is modulated at 0.6 Hz (D) 0.9 Hz or 1.2 Hz (E).
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Figure 5 The resulting T-F interdependence of the second simulated dataset. All results were estimated using a 0.5-s Hamming weighting
window and a 0.75-s Hamming smoothing window. The second simulated dataset comparing three different T-F coherency estimators described
by Equations (5), (9), and (11). Panels A, B, and C represent the magnitude of estimate T-F coherency in a single simulated signal pair using
Equations (5), (9), and (11) respectively. Second and third rows (panels D–I) show the time and frequency-domain covariance matrices using
Equations (17) and (18) at SNR = 0 dB. The bottom row represents the sensitivity, specificity, and z-scores in the interval of SNR ∈[−30, 10] dB at
95% confidence interval for the three different methods estimated across 100 simulations.

8 s) and f2 = 20Hz (from 12 to 20 s). Similar to the
results from dataset 1, method 1 (based on identical
smoothing operators) shows the highest level of back-
ground coherence (Figure 5A). In contrast, coherence
levels for method 2 are relatively reduced for both the
synchronous T-F points as the non-coherent background
(Figure 5B). The smoothed version of method 2 shows

higher levels at the coherent T-F points combined with
low background levels (Figure 5C). The time and fre-
quency marginal densities of method 3 also correctly
reflect the coherent time points (Figure 5F) and frequen-
cies (Figure 5I), whereas method 1 shows more spurious
off-diagonal correlations (Figure 5G). In this example, the
input variable in binary, i.e., coherence is either 0 or 1, and
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we use signal detection theory to quantify performance.
Estimated T-F interdependence was binarized by defining
a 95% confidence interval using a resampling technique
and all T-F points were set at 0 or 1 depending on this
threshold. We then quantified the sensitivity and speci-
ficity of the three methods. The specificity was constant
at 0.95 because we used a 95% confidence interval to
binarize the data. The sensitivity increased for all three
methods with increasing SNRs showing a jump from 0.5
to approximately 1 around SNR of −10 dB. Method 3 had
slightly higher sensitivity at these intermediate SNR levels,
although the difference was marginal. The z-score, reflect-
ing the ratio between estimated interdependence at corre-
lated and uncorrelated T-F points (Equation (16)), showed
a similar increase at higher SNR levels. Method 3 has
the highest z-score across all levels of SNR reflecting the
increased contrast between correlated and uncorrelated
T-F points.
These two basic simulations show that using non-

identical smoothing operators and selectively smoothing
the numerator and denominator of the T-F coherence
function increases the range of the estimate and allows
detecting a broader range of correlations. The increased
range helps to decrease the number of false positives
and reduces spurious correlation patterns. However, the
increased range comes at the cost of increased variance of
the estimate.

3.2 EEG data
We finally apply three methods to empirical data to char-
acterize dynamic patterns of interdependences between
left and right of human occipital cortexes, as reflected
in surface EEG recordings at channels O1 and O2. Data
segments for three subjects are shown in the top row of
Figure 6 revealing intermittent episodes of alpha activ-
ity. The T-F interdependences estimated with method 1

show high levels of correlations uniformly across time
and frequency (Figure 7, row A). In contrast, methods 2
and 3 reveal a more heterogeneous T-F estimate reflect-
ing a larger range of estimated values (Figure 7, rows
B and C, respectively). Because the underlying proper-
ties of the signals are unknown, we use the frequency-
marginal densities of the estimates (see Equation (18)) to
obtain the correlated frequencies. Method 1 revealed uni-
formly correlated frequencies, i.e., interdependences are
not restricted to any particular frequency and numer-
ous off-diagonal correlations are present. In contrast,
the frequency-domain covariance matrix of methods 2
and 3 shows specific correlated frequencies between the
two EEG signals, O1 and O2 isolated to the alpha fre-
quency range (8–12Hz) in all three subjects (Figure 7
at rows E and F). Although some off-diagonal correla-
tions are present, they are strongly reduced compared
to method 1.

4 Discussion
In this article, we assess the use of non-identical smooth-
ing operators for estimating T-F interdependence. Tradi-
tionally, the cross and auto spectra are smoothed using
identical smoothing operators to assure that the esti-
mate is bound within [0,1]. By relaxing this constraint,
we examine the possibility of selectively smoothing the
auto spectra to improve the trade-off between T-F reso-
lution and statistical consistency. Analytic and simulation
analysis of the bias and variance showed that the use
of non-identical smoothing operators reduces the bias of
the estimate when smoothing vanishes, which allows to
design an estimator with maximal temporal resolution.
However, the reduced bias comes at the cost of increased
variance of the estimate and the estimate is no longer
bound within [0,1]. Two stimulated datasets showed that
the reduced bias results in an increased range and reduced

Figure 6 The occipital EEG signalsO1 andO2 recorded from three human subjects showing intermitted episodes of alpha activity.
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Figure 7 T-F interdependences between occipital EEG signalsO1 andO2 illustrated here for three human subjects. All results were
estimated using a 0.5-s Hamming weighting window and a 0.75-s Hamming smoothing window. Each column represents the results for each
subject. Upper panels—taken place in rows A, B, and C—represent the magnitude T-F interdependence estimates using Equations (3), (9), and (11),
respectively, for three subjects. Lower panels—taken place in rows D, E, and F—represent the frequency-domain zero-lag covariance matrix (using
Equation (18)) of the magnitude T-F interdependence estimates shown in rows of A, B, C, respectively.

false positive of the estimate, but lower correlation with
the true distribution due to increased variance. When
applying these methods to two occipital EEG channels,
the reduced range of the estimate obtained with identical
smoothing operators resulted in spurious correlation pat-
terns. In contrast, the estimator based on non-identical
smoothing operators revealed a larger range and selec-
tively detected correlations in the alpha frequency band.
Together these results show that non-identical smoothing
operators may be useful when high temporal resolution or
low false positive rates are required.
All three estimators are based on time-domain smooth-

ing operators. In the first method, the cross and auto
spectra are smoothed with a short temporal window. In
the second method, the temporal CSD is normalized by
the ensemble averaged PSDs. Finally, in the third method,

the smoothed CSD is normalized by the ensemble aver-
aged PSDs. Two datasets were constructed to compare the
three estimators. In the first dataset coherence changed
continuously over time. Using non-identical smoothing
operators (method 3) resulted in an increased range and
reduced bias compared to identical smoothing operators
(method 1), as reflected by a reduction in false positives
(Figure 3H) and a regression line with a smaller off-set
and increased slope (Figure 4C). However, the regression
coefficient, r, was lower for method 3 than for method
1 due to increased variance of the estimate. Using iden-
tical smoothing operators (method 1), the combination
of higher bias and lower temporal resolution may lead
to spurious correlations (false positives), as high corre-
lations spread in the T-F plane. In particular, we found
that wider smoothing window yields spurious coherent
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frequencies where a narrower weighting-window is used
(see Figures 7 and 8). In this framework, the role of non-
identical smoothing operator is to avoid production of
spurious coherent frequencies and improve the temporal
resolution of the estimate.
In the second dataset, coherence changes discretely

reflecting a jump from one frequency to another over
time. Method 3 showed a slightly higher sensitivity
and increased z-score reflecting the increase in contrast
between correlated T-F points and background levels
(Figure 5). When applying these estimators to resting-
state EEG to detect T-F interdependences between two
occipital channels, using non-identical smoothing opera-
tors suggested a broader range of estimated correlations
across frequencies and an apparent reduction of uniform
correlations across all frequencies (Figure 7, row D), iso-
lating the alpha rhythm as the dominant synchronous
oscillation in these scalp EEG data. The increased range
and reduced bias of method 3 may hence be useful to
detect T-F interdependences in electrophysiological data,
such as EEG, in which correlations are sparse. Under
these circumstances it may be more important to reduce
the number of false positives by reducing background
coherences levels.
The two estimators using non-identical smoothing

operators were derived by normalizing the temporal CSD
by the ensemble-averaged PSDs, instead normalizing each
T-F area in the CSD by the PSDs in the same area. This

results in an increase range of the estimate when the
PSDs are not constant over time. That is, because the
CSDs are normalized by the average spectral power, esti-
mated T-F interdependences will fluctuate with temporal
fluctuations in power. Although this may not be desir-
able for all types of signals, several studies have shown
that modulations in synchronization and spectral power
often coincide in neural data [35,36], which may improve
the detection of T-F interdependence using non-identical
smoothing operators. Another consequence of normal-
izing the CSD by the ensemble-averaged PSD is that
only the frequency marginal density of the (squared) esti-
mate is bound within [0,1] but the time-resolved estimate
itself not. Although the scaling of the time-resolved mea-
sure is essentially identical to coherence as shown by
its frequency marginal density, it can be projected on
the interval of [0,1] using Fisher transform to facilitate
interpretation (see Figure 3F, I and [37]). For the sake
of simplicity we used a normalized Hamming window
as a temporal smoothing window to compare the use of
non-identical smoothing operators. There is however no
limitations for using more sophisticated smoothing func-
tions, such as 2D smoothing operators [18] or a multitaper
technique [21].

5 Conclusion
By relaxing the constraint of using identical smoothing
operators for the cross and auto spectra, we open up

Figure 8 The effect of the width of the smoothing window,wt, on the T-F interdependence derived from Equation (5) as a function of the
length of the weighting-window,wf . (A) T-F interdependence estimates using Hamming-weighting window of the width wf = 0.1 s and
varying-width smoothing window, wt = 0.1, 0.37143, . . . , 2 s, rows (B–G) illustrate the T-F interdependence estimates using different lengths of the
weighting and smoothing windows, respectively.
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broader possibilities for the estimation of interdepen-
dence in the T-F space. We specifically considered an
example of non-identical smoothing operator by normal-
izing the temporal CSD by the ensemble-averaged PSDs.
This method revealed a reduced bias and increased range
at the cost of increased variance of the estimate and may
be useful for detecting T-F interdependences in resting-
state EEG where correlations between signals are sparse
and changes over time.

Appendix
In this section, we provide the analytic calculation of
the bias and variance of the present T-F interdependence
estimators. Let us consider two discrete, independent
real-valued random processes, drawn from a Gaussian
distribution with mean of zero and variance of σ 2

x . We
denote these two random processes {xn} ∼ N (0, σ 2

x ) and
{yn} ∼ N (0, σ 2

y ). We now derive the bias and variance of
the present T-F interdependence estimators of these two
processes.

Bias and variance of the T-F interdependence estimator
|θ̂xy[ l, k] |
We define the bias of |θ̂xy[ l, k] | as

Bias � E

{
|θ̂xy[ l, k] |

}
− |θxy[ l, k] | = E

{A
B

}
, (19a)

A � |p̂xyl [ k] | =
√
L2xyl [ k]+Q2

xyl
[ k] =|Xl[ k]Y ∗

l [ k] | ,
(19b)

B �
√
p̂xx[ k] p̂yy[ k] =

√
L2xy[ k]+Q2

xy[ k] =
√
p̂xy[ k] ,

(19c)

where E denotes the mathematical expectation, θxy[ l, k]
the true T-F interdependence between two independent
random variables x and y, i.e., θxy[ l, k]= 0, A and B the
two random variables denoting magnitude of cross spec-
tra at lth segment and magnitude of the product of power
spectra, respectively, and Lxy[ k] and Qxy[ k] the real and
imaginary parts of the ensemble cross spectra, respec-
tively. Therefore, the key point is to approximate the term
E{AB }. Analogously, we define the variance of |θ̂xy[ l, k] | as

V = Var
{
|θ̂xy[ l, k] |

}
= E[ |θ̂xy[ l, k] |2]

− E[ |θ̂xy[ l, k] |]2 = Var
{A
B

}
. (20)

Since |θ̂xy[ l, k] | is a function of two random variables, and
hence we may write |θ̂xy[ l, k] | as a form of |θ̂xy[ l, k] | =
f (A,B). We can generalize the expectation and variance
of a function of two or more random variables using Tay-
lor series expansion. In statistical signal processing, the
expansion is evaluated at the expected value and variance
of a random variable, X. For example, for an univariate

random variable, evaluation of the expansion of f (X) at
E[X] is calculated as

f (X) = f (E[X] ) + f
′
(E[X] )(X − E[X] )

+ f ′′
(E[X] )(X − E[X] )2

2!

+ f ′′′
(E[X] )(X − E[X] )3

3!
+ H.O.T. ,

(21)

where H.O.T. stands for the higher-order terms, and f ′
(.)

and f ′′
(.) denote the first and second derivatives of a func-

tion of random variable X, respectively. It is easy to show
the expected value and variance of f (X) by using the
Taylor expansion

E{f (X)} = E[ f (μX + (X − μX))] ,

≈ E

[
f (μX) + f

′
(μX)(X − μX)

+ 1
2
f

′′
(μX)(X − μX)2

]
,

≈ f (μX) + f ′′(μX)

2
σ 2
X ,

(22)

noting thatE[X−μX]= 0, whereμX and σ 2
X are the mean

and variance of X. The variance of f (X) is derived from
variance definition and the Taylor expansion:

Var{f (X)} = E[ f 2(X)]−E
2[ f (X)]

≈ Var(X)f ′(E[X] )2 ≈ σ 2
Xf

′(E[X] )2 .
(23)

It is now possible to generalize this concept to func-
tion of more than one random variable using multivariate
Taylor expansion, which is referred to as deltamethod [38-
40]. Using the delta method, the variance of a function of
two random variables X1 and X2 are defined as

Var[ f (X1,X2)]≈
( ∂f

∂X1

)( ∂f
∂X2

)
Cov(X1,X2). (24)

Applying multivariate Taylor expansions of Equation (22),
and (24) to a ratio of two random variablesA, see Equation
(19b), and B, see Equation (19c), we define the bias and
variance of θ̂xy[ l, k] as [39-41]

E

{A
B

}
≈ E[A]

E[B]
− cov(A,B)

E[B]2
+ E[A]

E[B]3
Var[B] , (25a)

Var
{A
B

}
≈ Var[A]

E[B]2
− 2E[A]

E[B]3
cov(A,B) + E[A]2

E[B]4
Var[B].

(25b)

The terms shown in Equations (25a) and (25b) give
an approximation of the bias and variance of the T-F
interdependence estimator |θ̂xy[ l, k] |. It was shown that

the standardized A–i.e.,
√

L2xyl [k]
σ 2
1l

+ Q2
xyl

[k]
σ 2
2l

, where σ 2
1l

=
Var[ Lxyl [ k] ]= σ 2

2l
= Var[Qxyl [ k] ]= 1

2σ
4
x σ 4

y (see
[42])—has a Rayleigh-distribution with the PDF fZ(z) =
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ze−z2/2, z ≥ 0 whose mean and variance are
√

π/2 and
(4 − π)/2, respectively [43]. So, the mean and variance of
A are calculated as

E[A] =
√

π

2
σ1l =

√
π

2

( 1√
2
σ 2
x σ 2

y

)
=

√
π

2
σ 2
x σ 2

y ,

(26a)

Var[A] = 4 − π

2

(
1
2
σ 4
x σ 4

y

)
= 0.21σ 4

x σ 4
y . (26b)

Analogously, since random variable B is the square-root
of the product of the ensemble power spectra p̂xx[ k] and
p̂yy[ k] derived from theWOSA approach, it can be shown

that the standardizedB—i.e.,
√

L2xy[k]
σ 2
1

+ Q2
xy[k]
σ 2
2

, where σ 2
1 =

Var[ Lxy[ k] ]= σ 2
2 = Var[Qxy[ k] ]= 1

2
√
Dwdσ

4
x σ 4

y —has a
Rayleigh-distribution with PDF fZ(z) = ze−z2/2, z ≥ 0
whosemean and variance are

√
π/2 and (4−π)/2, respec-

tively. Therefore, the mean and variance of B are given by

E[B] =
√

π

2
σ1 =

√
πDwd

2

(
1√
2
σ 2
x σ 2

y

)
(27a)

=
√

πDwd

2
σ 2
x σ 2

y , (27b)

Var[B] = 4 − π

2
(
1
2
Dwdσ

4
x σ 4

y ) = 0.21Dwdσ
4
x σ 4

y , (27c)

where Dwd = Rw[ 0]+ 8
π2Rw[ 1]+(1 − 8

π2 )Rw[ 3] is
the scaled correlation function of the Fourier trans-
form of a weighting window function, such that Rw[ d]=∑M−d

m=1 W [m]W [m+d], whereW [ k]= F{w(m)} denotes
the Fourier transform of a weighting-window function
w(m) of lengthM [16]. We approximated the value of Dwd
when M = 100 as Dwd ≈ 1.8 by using a simulation.
Note that cov(A,B) = 0 because Rayleigh random vari-
ables A and B are uncorrelated since processes {xn} and
{yn} are drawn fromGaussian distribution [42]. Therefore,
Equations (25a) and (25b) can be rewritten as

E

{A
B

}
≈ E[A]

E[B]
+ E[A]

E[B]3
Var[B]≈ 2.1√

πDwd

≈ 0.88,

(28a)

Var
{A
B

}
≈ Var[A]

E[B]2
+ E[A]2

E[B]4
Var[B]≈ 0.54

Dwd
≈ 0.3.

(28b)

Bias and variance of T-F interdependence estimator
|�̂xy[ l, k] |
T-F interdependence, |�̂xy[ l, k] |, has a smoothed cross
spectra (see Equation (11)), whereas |θ̂xy[ l, k] | does not.
The mean and variance of denominators of Equations (9)
and (11) are however identical. Torrence and Compo [7]
and Torrence andWebster [17] showed smoothing in both
time and frequency domains, whereas we only use a time
domain smoothing operator, which is implemented by a

Figure 9 The effect of the width of the smoothing window,wt, on the T-F interdependence derived from Equation (11) as a function of
the length of the weighting-window,wf . (A) T-F interdependence estimates using Hamming-weighting window of the width wf = 0.1 s and
varying-width smoothing window, wt = 0.1, 0.37143, . . . , 2 s, rows (B–G) illustrate the T-F interdependence estimates using different lengths of the
weighting and smoothing windows, respectively.
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running average (or convolution). It was originally shown
that the variance of the smoothed cross spectra can be
reduced by the factor of [≈ 1

2M1
], where M1 is the length

of smoothing window in seconds (or samples) [42]. We
show the effect of smoothed cross spectra in the bias and
variance of T-F interdependence estimator |�̂xy[ l, k] |. A
normalized Hamming window was used as the smooth-
ing window in this study. Therefore, the bias and variance
of the T-F interdependence estimator |�̂xy[ l, k] | can be
approximated by using Equations (25a) and (25b)

E

{ Ā
B

}
≈ 2.1

M1
√

πDwd

, (29a)

Var
{ Ā
B

}
≈ 0.54

2M1Dwd
. (29b)

Noting that E[ Ā]= 1
M1

E[A], where Ā denotes the
smoothed cross spectra using a moving average (or con-
volution, see the numerator of Equation (11)). Equation
(29b) indicates that the bias and variance are reduced by
a factor of 1

M1
and 1

2M1
compared to Equations (28a) and

(28b), respectively. The main disadvantage of large M1
is the reduction of the time resolution by changing the
distribution of time points of the T-F plane at a given
frequency k. That is, larger M1 induces uniform distribu-
tion to the temporal evolution of T-F points at any given
frequency k (Figure 8 bottom rows of the right columns).
Empirically, the length of the smoothing window M1

should be close to but longer than weighting window used
in the Fourier transform. Figure 8 shows the results using
identical smoothing windows (method 1), while Figure 9
shows the results for non-identical smoothing windows
(method 3). The columns represent changes in length of
the weighting window in the T-F decomposition, whereas
the rows represent changes in the length of the smoothing
window. It can be seen that applying a wider smooth-
ing window to the T-F plane reduces the variance of the
estimated at the cost of the reduction of the temporal
resolution.
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