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Abstract

In this paper, the application of vector analysis tool in the illuminated area and the Doppler frequency distribution
research for the airborne pulse radar is studied. An important feature of vector analysis is that it can closely combine
the geometric ideas with algebraic calculations. Through coordinate transform, the relationship between the frame
of radar antenna and the ground, under aircraft motion attitude, is derived. Under the time-space analysis, the overlap
area between the footprint of radar beam and the pulse-illuminated zone is obtained. Furthermore, the Doppler
frequency expression is successfully deduced. In addition, the Doppler frequency distribution is plotted finally.
Using the time-space analysis results, some important parameters of a specified airborne radar system are obtained.
Simultaneously, the results are applied to correct the phase error brought by attitude change in airborne synthetic
aperture radar (SAR) imaging.
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1 Introduction
In a radar system, it is necessary to describe the time-space
relation as clearly as possible. The radar geometry study is
very important for the deduction of radar echo signal. For
example, in airborne radar, if it is required to present the
radar echo equation and to obtain the illuminated area with
Doppler characteristics, the geometry relations among the
airplane, the antenna, and the ground must be analyzed
intensively.
Researchers have done some studies on the illumination

characteristics of radar. In [1], Korkmaz and Genderen
measured the footprint of stepped frequency continuous
wave (CW) radar using a probe antenna, but little geometry
and time-space analysis are applied. In [2], for airborne
radar, Green et al. analyzed the attitude changes and their
influences on the echo's Doppler spectrum but the time-
space analysis was rarely applied and the illuminated area
was not obtained. In [3], Liu and Arcone calculated the
radar pulse's wave field on the ground with pseudospectral
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time domain method. This article is written on the hypoth-
esis that the antenna's shape is known and its position
is fixed, but there is no further discussion on the radar
platform's motion and attitude changes.
The concept and calculation of a vector were detailed

in textbooks since early times [4-6], and vector analysis
has been used in space geometry, computer graphics, and
field analysis [7-10]. But it has not been used sufficiently
in the study of airborne radar geometry. Many researchers
just refer to the vector method for show in the beginning
and at the end of discussions, but during the process,
they often rely on figure observation rather than vector
calculation to derive equations [11-13]. In fact, making
the full advantage of vector analysis in geometry attitude-
related problems can make geometry concepts clearer
and improve research efficiency noticeably. In addition,
vectorial expressions can be transferred to MATLAB
statements directly, which are convenient for the vector
calculation and figure plotting.
In this paper, the vector analysis is adopted to study

the geometry configuration of airborne pulse radar. Based
on the vector derivation, some important results about
the time-space relations of the airborne radar signal are
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obtained. These results will be applied to solve some
problems in airborne radar application.
The paper is organized as follows. In Section 2, under

the hypothesis of the airplane's attitude, the relationship
between antenna coordinate frame and ground coordinate
frame is deduced. Next, in Section 3, through the analysis
of transmitted and received signal paths of the radar,
according to the vector differential equation, a complete
expression of the radar echo is obtained. Furthermore,
the echo area of the airborne pulse radar and the echo's
Doppler distribution on the ground are calculated in
Section 4. In addition, the geometry characteristics of
airborne radar signal transmission are applied to obtain
parameters of airborne radar, and those features are
adopted for the phase error correction in airborne
synthetic aperture radar (SAR) imaging in Section 5.
Lastly, the conclusion is presented in Section 6.

2 The relationship of the coordinate frames
In this paper, it is assumed that ground frame is formed

by unit vectors X̂ , Ŷ, and Ẑ . In the coordinate, X̂ and Ŷ

are parallel to the ground level and Ẑ is perpendicular to
it. These three unit vectors form a right-handed system
as follows:

Ẑ ¼ X̂ � Ŷ : ð1Þ
It is designed that the aircraft frame is formed by unit

vectors F̂ (along the fuselage direction), Ŵ (along the

wing direction), and T̂ (along the top direction), which
form another right-handed helix system. So, they can be
expressed as

T̂ ¼ F̂ � Ŵ : ð2Þ
It is assumed the initial attitude of the aircraft is

F̂ ′
Ŵ ′
T̂ ′

2
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5; ð3Þ

and the angle of the aircraft which rotates along the top

axis T̂ is supposed to be ψ, which is known as the azi-
muth angle. Through the vector calculation, the new at-
titude can be obtained as follows:
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ð4Þ
On the above basis, it is supposed that the aircraft

rotates along the new wing axis Ŵ′′ by an angle α,
which is called the elevation angle, and the attitude of
the aircraft transfers to
F̂‴
Ŵ‴
T̂‴

4 5 ¼
cosα 0 sinα
0 1 0

− sinα 0 cosα

4 5 F̂″
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Ẑ

4 5:
ð5Þ

On the basis of the above two rotations, suppose that
the aircraft rotates once more along the fuselage axis
by an angle β, which is called the rolling angle, and
the attitude is obtained as

F̂
Ŵ
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Ŵ‴
T̂‴

2
4

3
5 ¼ B βð ÞA αð ÞP ψð Þ

X̂
Ŷ
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ð6Þ

For the angles above, the range of elevation angle α is
within [0π) and the ranges of azimuth angle ψ and rolling
angle β are both within [02π). These three angles deter-
mine all possible attitudes of the aircraft.
The antenna frame can be derived from the aircraft

frame as
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ŷ
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where γ is the depression angle of the antenna's main
lobe, ẑ represents the direction of the main lobe's center

line, x̂ ¼ F̂ is along the fuselage direction, and ŷ ¼ ẑ � x̂ .
So, the antenna frame is obtained by rotating the aircraft
frame at the angle of γ þ π

2 along the fuselage direction.
From the above discussion, the relationship between

antenna frame and ground frame can be expressed as

x̂
ŷ
ẑ

2
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3
5 ¼ Q γð ÞB βð ÞA αð ÞP ψð Þ
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It is deduced as follows:

Q 0ð Þ ¼ B 0ð Þ ¼ A 0ð Þ ¼ P 0ð Þ ¼ I
↔

¼
1 0 0
0 1 0
0 0 1

2
4

3
5: ð9Þ

Through the algebra calculation, it can be obtained as
follows:



Figure 1 Process of transmission and reception of a ray.

Figure 2 Representation in antenna coordinate frame of a ray
vector to the target.
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Q γð ÞB βð Þ ¼
1 0 0
0 sin β−γð Þ − cos β−γð Þ
0 cos β−γð Þ sin β−γð Þ

2
4

3
5

¼ C β−γð Þ: ð10Þ
In order to keep the generality, the azimuth angle

can be assumed as ψ = 0. Then, the final result can be
obtained as

Π α; β; γ; 0ð Þ ¼ Q γð ÞB βð ÞA αð Þ ¼ C β−γð ÞA αð Þ

¼
cosα 0 sinα

cos β−γð Þ sinα sin β−γð Þ − cos β−γð Þ cosα
− sin β−γð Þ sinα cos β−γð Þ sin β−γð Þ cosα

2
4

3
5:

ð11Þ

3 Expression of the airborne pulse radar echo
signals
Before considering the expression of the airborne pulse
radar echo signal, the formula for the differential of a
vector's magnitude is necessary to deduce.
For any vector a,

aj j2 ¼ a⋅a: ð12Þ
Conducting the differential operation on both sides of

the above equation, it is transferred to

2 aj jd aj j ¼ 2a⋅da: ð13Þ
So,

d aj j ¼ a
aj j ⋅da ¼ â⋅da: ð14Þ

This result is very important and will be used later.
The transmission and reception of a ray during the

flight of the aircraft are shown in Figure 1. Assume that
the position vector of the aircraft is as follows:

R tð Þ ¼ R0 þ t v; ð15Þ
where v is the velocity vector.
Assume that a ray in the radar beam is transmitted at

the zero time and reaches the ground point and the
length of the ray is

l1 ¼ r0j j ¼ rs−R 0ð Þj j: ð16Þ
If the reflected signal arrived to the radar at time t,

then the distance that the reflected signal traverses is

l2 ¼ r tð Þj j ¼ rs−R tð Þj j: ð17Þ
Suppose the transmitted pulse signal of the airborne

radar is

S tð Þ ¼ Am tð Þejω t; ð18Þ
where
Am tð Þ ¼ 1 0≤t≤τ;
0 elsewhere:

�
ð19Þ

The time delay between the received signal and the
transmitted signal is

td tð Þ ¼ l1 þ l2
c

¼ 1
c

rs−R 0ð Þj j þ rs−R tð Þj j½ �: ð20Þ

For the radar's motion, l1, l2, and td are related to t.
According to Equation 11, the differential coefficient of
td is

d td
d t

¼ −
1
c

rs−R 0ð Þ½ �
rs−R 0ð Þj j þ

rs−R tð Þ½ �
rs−R tð Þj j

� �
⋅v: ð21Þ

It is obvious that the time delay at the zero time is
obtained by



Figure 3 Illuminated area and Doppler frequency distribution when α = 0, β = 0, γ = 45°, σx = 5°, σy = 15°, and H = 5 km.
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td 0ð Þ ¼ 2 r
c
;

d td
d t

�����
t ¼ 0

¼ −
2
c
r̂⋅v ¼ −

2vr
c

: ð22Þ

So, the one-order expansion of td can be obtained as

td tð Þ≈ 2 r
c
−
2vr
c

t: ð23Þ

The second item in the above equation is much
smaller than the first item, so in the amplitude expres-
sion, it can be neglected as
Figure 4 Illuminated area and Doppler frequency distribution when α
Am t−tdð Þ ¼ Am t−
2 r
c

� 	
: ð24Þ

But in the phase expression, the second item in Equation
23 cannot be neglected, because after being multiplied
by ω, it can also reach the magnitude order π. So, the
following expression of the airborne pulse radar echo
signal can be obtained as

s tð Þ ¼ ∬
Σ

Am t− 2r
c


 �
G2 ϕ; θð ÞΛ rsð Þ exp jω 1þ 2vr

c


 �
t− 2r

c


 �� 
r2

dΣ:

ð25Þ
= 0, β = 5°, γ = 45°, σx = 5°, σy = 15°, and H = 5 km.



Figure 5 Illuminated area and Doppler frequency distribution when α = 5°, β = 0, γ = 45°, σx = 5°, σy = 15°, and H = 5 km.
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4 The airborne pulse radar-illuminated area and
the Doppler characteristic distribution
Expressing with the radar's antenna frame, the vector r̂
is

r̂ ¼ sinθ cosϕ x̂ þ sinθ sinϕ ŷ þ cosθ ẑ; ð26Þ

which is shown in Figure 2 as

Because of rs = R(0) + r and rs⋅Ẑ ¼ 0 , so it can be

deduced as R 0ð Þ þ r½ �⋅Ẑ ¼ 0. Suppose R 0ð Þ ¼ H Ẑ , then
Figure 6 Illuminated area and Doppler frequency distribution when α
r⋅Ẑ ¼ rr̂⋅Ẑ ¼ −R 0ð Þ⋅Ẑ ¼ −H . Based on Equation 26, r
can be obtained as

r ¼ −
H

r̂⋅Ẑ

¼ −
H

sinθ cosϕ sinα − sinθ sinϕ cosα cos β−γð Þ þ cosθ cosα sin β−γð Þ :

ð27Þ

Simultaneously, it is easy to determine the coordinate
position of the ground reflection point as
= 5°, β = 5°, γ = 45°, σx = 5°, σy = 15°, and H = 5 km.



X ¼ rs⋅X̂ ¼ r⋅X̂ ¼ r r̂⋅X̂

¼ −H sinθ cosϕ cosαþ sinθ sinϕ sinα cos β−γð Þ− cosθ sinα sin β−γð Þ½ �
sinθ cosϕ sinα− sinθ sinϕ cosα cos β−γð Þ þ cosθ cosα sin β−γð Þ ;

Y ¼ rs⋅Ŷ ¼ r⋅Ŷ ¼ r r̂⋅Ŷ

¼ −H sinθ sinϕ sin β−γð Þ þ cosθ cos β−γð Þ½ �
sinθ cosϕ sinα− sinθ sinϕ cosα cos β−γð Þ þ cosθ cosα sin β−γð Þ :

ð28Þ
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Figure 7 Illuminated area and Doppler distribution of an airborne pulse radar with known parameters.
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For the antenna's beam, the Gaussian model can be
used as

G ϕ; θð Þ ¼ G0 exp −
θ2

2
cos2ϕ
σ2
x

þ sin2ϕ
σ2y

 !" #
: ð29Þ

Define the half-power area as

G ϕ; θð Þ ¼ G0ffiffiffi
2

p : ð30Þ

From Equation 29, it can be obtained as

exp −
θ2

2
cos2ϕ
σ2x

þ sin2ϕ
σ2
y

 !" #
¼ 1ffiffiffi

2
p ð31Þ

So,

θ2

2
cos2ϕ
σ2x

þ sin2ϕ
σ2y

 !
¼ log2

2
: ð32Þ

Express θ by ϕ as
Table 1 Calculated parameters of the airborne pulse radar sp

Calculated parameters Nearest range Farthest range Ea

Values 6.1402 km 10.4232 km 67
θ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2xσ
2
y log2

σ2y cos
2ϕ þ σ2x sin

2ϕ

s
: ð33Þ

The above equation indicates the relationship between
θ and ϕ, and the beam edge can be obtained from the
equation.
Assume that ϕ varies within [0, 2π) and substitute

Equation 33 into Equation 28, and the beam outline on
the ground can be obtained. The area inside the outline
can be expressed as

G ϕ; θð Þ ≥ G0ffiffiffi
2

p : ð34Þ

According to Equation 19, Am t− 2 r
c


 �
is not zero only

under the following condition:

0 ≤ t−
2 r
c

≤ τ: ð35Þ

So,
ecified by Table 2

rliest reception time Latest reception time Doppler range

.10 μs 88.60 μs 2v
λ 0:0986



Table 2 System parameters of an airborne pulse radar

System
parameters

Flight
height

Radar depression
angle

Beam width in azimuth
direction

Beam width in range
direction

Pulse
duration

Values 5 km 45° 3° 9° 1 μs
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c t−τð Þ
2

≤ r ≤
ct
2
: ð36Þ

Let ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y 2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2−H2

p
, so the above equation

can be rewritten as:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c t−τð Þ

2

� �2
−H2

s
≤ ρ ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ct
2

� �2
−H2

r
: ð37Þ

Equation 34 describes an area like a long ellipse, and
Equation (37) describes a ring area. These two areas
overlap to an area, which are shown in Figures 3, 4, 5, 6
and denoted by black color.
There is a Doppler frequency in the echo signal in

Equation 25, which is expressed as

f d ¼ 2ωvr
2π c

¼ 4π f vr
2π c

¼ 2vr
λ

¼ 2v
λ

r̂⋅x̂ð Þ: ð38Þ

In Figures 3, 4, 5 and 6, r̂⋅x̂ , named as Doppler distri-
bution, is plotted.

5 Application of the above method and results
In airborne pulse radar, when the system parameters,
such as the platform height, radar beam width, and pulse
duration, are determined, some other parameters can
be calculated according to the above analysis method.
Assume that the parameters are as follows:
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Figure 8 Imaging results of point targets without attitude change.
By the above vector analysis method, the illuminated
area and Doppler distribution are plotted, as shown in
Figure 7.
Combining the vector calculation tool and figures, some

important deductions, such as the reception parameters,
can be obtained. According to Equations 28 and 33, the
outline of the beam footprint can be obtained, so its
nearest and farthest points can be acquired. On this basis,
the reception time interval can be obtained accurately.
Furthermore, according to Equation 38, the Doppler
frequency of each point on the outline can be calcu-
lated, so the Doppler range of the beam footprint area
can be obtained. In Table 1, some calculated parameters
are listed for the radar platform, which is specified by
the data in Table 2.
The above discussion indicates that by vector analysis,

the geometry relationship of the airborne pulse radar is
clear and some important parameters can be calculated.
In airborne SAR imaging, an invariable velocity and

an unchanging attitude for the aircraft are expected for
ensuring the image quality. But in the real experiment
environments, inevitably, there are some attitude dis-
turbances for various factors, such as air turbulence
and instable steering. These attitude disturbances will
change the illuminated area and its Doppler frequency
distribution. And correspondingly, the echo signal will
lose phase coherency with the reference signal and the
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Figure 9 Imaging results of point targets with attitude change.
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focusing performance of the SAR will be degraded. To
solve this problem, several motion compensation
methods and algorithms were proposed [14-17]. Most
of these methods focus on the echo signal itself and
rely on the estimation accuracy of Doppler centroid.
In fact, the above research on illuminated area and
Doppler frequency distribution can be applied to carry
on phase error correction between the echo signals
and the reference signals caused by radar platform
motion.
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Figure 10 Imaging results of point targets after motion correction.
In order to illustrate the influence of attitude change
to SAR imaging, the imaging simulations are carried out
for three point targets. Firstly, the case of no attitude
change is conducted, and the imaging results are shown in
Figure 8. Then, assume that the aircraft has an attitude
change relative to the intended flight path and the
pitching angle and the rolling angle are both set at 0.1°.
Besides, a zero-mean white Gaussian noise with a variance
of 0.005 is added to the angles. The simulated imaging
results are shown in Figure 9.
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From Figure 9, it is shown that there is a defocusing
record in the imaging process when the radar platform's
attitude keeps changing.
The real-time attitude is assumed to be recorded, but

there is a zero-mean white Gaussian noise with a variance
of 0.005 compared to the real value of the parameters,
such as the pitching and rolling angle. In order to correct
the imaging deviation, firstly, with the recorded attitude
parameters, Doppler distribution is calculated by the
vector analysis method proposed in Section 4. And then,
according to the Doppler frequency and the distance to
the radar antenna of each ground point, the phase of the
reference signal is corrected. The imaging results with the
corrected reference signal are shown in Figure 10.
Comparing Figure 10 to Figure 9, it is noticeable that

the focusing performance is improved significantly after
phase correction based on vector analysis.

6 Conclusions
In airborne pulse radar, some problems, especially the
tasks involving geometry relationships, are difficult to
solve by the scalar tool. However, as discussed in the
proposed approach, the parameter results can be derived
expediently and naturally by the vector method. From
the discussion in the above sections, it can be seen that
with the vector method, the time-space relationships,
such as the expression of the echo signals, the illuminated
area, and the Doppler characteristic distribution are
obtained intuitively. Furthermore, the analysis results with
the vector method can be applied in radar parameter
calculation and SAR imaging. So, vector analysis is
effective for airborne pulse radar parameter setting and
solving and airborne pulse radar signal processing tasks.
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