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Abstract

In this paper, we discuss distributed optimization over directed graphs, where doubly stochastic weights cannot be
constructed. Most of the existing algorithms overcome this issue by applying push-sum consensus, which utilizes
column-stochastic weights. The formulation of column-stochastic weights requires each agent to know (at least) its

out-degree, which may be impractical in, for example, broadcast-based communication protocols. In contrast, we
describe FROST (Fast Row-stochastic-Optimization with uncoordinated STep-sizes), an optimization algorithm
applicable to directed graphs that does not require the knowledge of out-degrees, the implementation of which is
straightforward as each agent locally assigns weights to the incoming information and locally chooses a suitable
step-size. We show that FROST converges linearly to the optimal solution for smooth and strongly convex functions
given that the largest step-size is positive and sufficiently small.
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1 Introduction
In this paper, we study distributed optimization, where #
agents are tasked to solve the following problem:

Zf x),

where each objective, f; : R? — R, is private and known
only to agent i. The goal of the agents is to find the
global minimizer of the aggregate cost, F(x), via local
communication with their neighbors and without reveal-
ing their private objective functions. This formulation has
recently received great attention due to its extensive appli-
cations in, for example, machine learning [1-6], control
[7], cognitive networks, [8, 9], and source localization
(10, 11].

Early work on this topic includes Distributed Gradient
Descent (DGD) [12, 13], which is computationally simple
but is slow due to a diminishing step-size. The conver-

gence rates are O (li)/g;) for general convex functions

mlnF (x) &

and O (logk) for strongly convex functions, where k is the
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number of iterations. With a constant step-size, DGD con-
verges faster albeit to an inexact solution [14, 15]. Related
work also includes methods based on the Lagrangian dual
[16-19] to achieve faster convergence, at the expense of
more computation. To achieve both fast convergence and
computational simplicity, some fast distributed first-order
methods have been proposed. A Nesterov-type approach

[20] achieves O

bounded gradient assumption. EXact firsT-ordeR Algo-
rithm (EXTRA) [21] exploits the difference of two con-
secutive DGD iterates to achieve a linear convergence to
the optimal solution. Exact diffusion [22, 23] applies an
adapt-then-combine structure [24] to EXTRA and gener-
alizes the symmetric doubly stochastic weights required
in EXTRA to locally balanced row-stochastic weights over
undirected graphs. Of significant relevance to this paper is
a distributed gradient tracking technique built on dynamic
consensus [25], which enables each agent to asymptot-
ically learn the gradient of the global objective func-
tion. This technique was first proposed simultaneously in
[26, 27]. Xu et al. and Qu and Li [26, 28] combine it
with the DGD structure to achieve improved convergence
for smooth and convex problems. Lorenzo and Scutari
[27, 29], on the other hand, propose the NEXT framework
for a more general class of non-convex problems.

( gk) for smooth convex functions with
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All of the aforementioned methods assume that the
multi-agent network is undirected. In practice, it may not
be possible to achieve undirected communication. It is
of interest, thus, to develop optimization algorithms that
are fast and are applicable to arbitrary directed graphs.
The challenge here lies in the fact that doubly stochas-
tic weights, standard in many distributed optimization
algorithms, cannot be constructed over arbitrary directed
graphs. In particular, the weight matrices in directed
graphs can only be either row-stochastic or column-
stochastic, but not both.

We now discuss related work on directed graphs. Early
work based on DGD includes subgradient-push [30, 31]
and Directed-Distributed Gradient Descent (D-DGD)

[32, 33], with a sublinear convergence rate of O (%)
Some recent work extends these methods to asyn-
chronous networks [34—36]. To accelerate the con-
vergence, DEXTRA [37] combines push-sum [38] and
EXTRA [21] to achieve linear convergence given that the
step-size lies in some non-trivial interval. This restriction
on the step-size is later relaxed in ADD-OPT/Push-
DIGing [39, 40], which linearly converge for a suffi-
ciently small step-size. Of relevance is also [41], where
distributed non-convex problems are considered with
column-stochastic weights. More recent work [42, 43]
proposes the AB and ABm algorithms, which employ
both row- and column-stochastic weights to achieve
(accelerated) linear convergence over arbitrary strongly
connected graphs. Note that although the construction of
doubly stochastic weights is avoided, all of the aforemen-
tioned methods require each agent to know its out-degree
to formulate doubly or column-stochastic weights. This
requirement may be impractical in situations where the
agents use a broadcast-based communication protocol.
In contrast, Refs. [44, 45] provide algorithms that only
use row-stochastic weights. Row-stochastic weight design
is simple and is further applicable to broadcast-based
methods.

In this paper, we focus on optimization with row-
stochastic weights following the recent work in [44, 45].
We propose a fast optimization algorithm, termed as
FROST (Fast Row-stochastic Optimization with uncoor-
dinated STep-sizes), which is applicable to both directed
and undirected graphs with uncoordinated step-sizes
among the agents. Distributed optimization (based on
gradient tracking) with uncoordinated step-sizes has been
previously studied in [26, 46, 47], over undirected graphs
with doubly stochastic weights, and in [48], over directed
graphs with column-stochastic weights. These works
introduce a notion of heterogeneity among the step-sizes,
defined respectively as the relative deviation of the step-
sizes from their average in [26, 46] and as the ratio of
the largest to the smallest step-size in [47, 48]. It is then
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shown that when the heterogeneity is small enough, i.e.,
the step-sizes are very close to each other, and when the
largest step-size follows a bound as a function of the het-
erogeneity, the proposed algorithms linearly converge to
the optimal solution. A challenge in this formulation is
that choosing a sufficiently small, local step-size does not
ensure small heterogeneity, while no step-size can be cho-
sen to be zero. In contrast, a major contribution of this
paper is that we establish linear convergence with uncoor-
dinated step-sizes when the upper bound on the step-sizes
is independent of any notion of heterogeneity. The imple-
mentation of FROST therefore is completely local, since
each agent locally chooses a sufficiently small step-size,
independent of other step-sizes, and locally assigns row-
stochastic weights to the incoming information. In addi-
tion, our analysis shows that all step-sizes except one can
be zero for the algorithm to work, which is a novel result in
distributed optimization. We show that FROST converges
linearly to the optimal solution for smooth and strongly
convex functions.

Notation: We use lowercase bold letters to denote vec-
tors and uppercase italic letters to denote matrices. The
matrix, I, represents the n x u identity, whereas 1, (0,,)
is the n-dimensional uncoordinated vector of all 1’s (0’s).
We further use e; to denote an n-dimensional vector of
all O’'s except 1 at the ith location. For an arbitrary vec-
tor, X, we denote its ith element by [x]; and diag{x}
is a diagonal matrix with x on its main diagonal. We
denote by X ® Y the Kronecker product of two matri-
ces, X and Y. For a primitive, row-stochastic matrix, A, we
denote its left and right Perron eigenvectors by =, and 1,,
respectively, such that =, 1, = 1; similarly, for a primi-
tive, column-stochastic matrix, B, we denote its left and
right Perron eigenvectors by 1,, and m ., respectively, such
that l;ll—n'c = 1 [49]. For a matrix, X, we denote p(X) as
its spectral radius and diag(X) as a diagonal matrix con-
sisting of the corresponding diagonal elements of X. The
notation || - || denotes the Euclidean norm of vectors and
matrices, while |- ||  denotes the Frobenius norm of matri-
ces. Depending on the argument, we denote || - | either as
a particular matrix norm, the choice of which will be clear
in Lemma 1, or a vector norm that is compatible with this
matrix norm, i.e., | Xx|| < || X|||x]| for all matrices, X, and
all vectors, x [49].

We now describe the rest of the paper. Section 2
states the problem and assumptions. Section 3 reviews
related algorithms that use doubly stochastic or
column-stochastic weights and shows the intuition
behind the analysis of these types of algorithms. In
Section 4, we provide the main algorithm, FROST,
proposed in this paper. In Section 5, we develop the
convergence properties of FROST. Simulation results
are provided in Section 6, and Section 7 concludes
the paper.
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2 Problem formulation

Consider n agents communicating over a strongly con-
nected network, G = (V, &), where V = {1,---,n} is the
set of agents and & is the set of edges, (i,)),i,j € V, such
that agent j can send information to agent i, i.e, j — i.
Define V" as the collection of in-neighbors, i.e., the set
of agents that can send information to agent i. Simi-
larly, N°" is the set of out-neighbors of agent i. Note that
both N/™ and N°* include agent i. The agents are tasked
to solve the following problem:

Pl: minF(x) 2 %Zﬁ(x),
i=1

where f; : R — R is a private cost function only known
to agent i. We denote the optimal solution of P1 as x*.
We will discuss different distributed algorithms related
to this problem under the applicable set of assumptions,
described below:

Assumption 1 The graph, G, is undirected and con-
nected.

Assumption 2 The graph, G, is directed and strongly
connected.

Assumption 3 Each local objective, f;, is convex with
bounded subgradient.

Assumption 4 Each local objective, f;, is smooth and
strongly convex, i.e., Vi and Vx,y € RP,

i. There exists a positive constant [ such that

IVix) = VAW, < Uix =Yl

ii. there exists a positive constant i such that

ﬂWzﬂm+WMWW—m+%M—N%

Clearly, the Lipschitz continuity and strong convexity
constants for the global objective function, F = % Yo
are [ and ., respectively.

Assumption 5 Each agent in the network has and knows
its unique identifier, e.g, 1, -- , n.

If this were not true, the agents may implement a finite-
time distributed algorithm to assign such identifiers, e.g,
with the help of task allocation algorithms, [50, 51], where
the task at each agent is to pick a unique number from the
set{1,...,n}.

Assumption 6 Each agent knows its out-degree in the
network, i.e., the number of its out-neighbors.
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We note here that Assumptions 3 and 4 do not hold
together; when applicable, the algorithms we discuss use
either one of these assumptions but not both. We will dis-
cuss FROST, the algorithm proposed in this paper, under
Assumptions 2, 4, 5.

3 Related work

In this section, we discuss related distributed first-order
methods and provide an intuitive explanation for each one
of them.

3.1 Algorithms using doubly stochastic weights

A well-known solution to distributed optimization over
undirected graphs is Distributed Gradient Descent (DGD)
[12, 13], which combines distributed averaging with a
local gradient step. Each agent i maintains a local esti-
mate, xi, of the optimal solution, x*, and implements the
following iteration:

Xy = > Wiy — o Vfi (%), )

j=1

where W = {w,'j} is doubly stochastic and respects
the graph topology. The step-size oy is diminishing such
that Y 22 ax = oo and ) 32 af < oo. Under the
Assumptions 1, 3, and 6, DGD converges to x* at the rate

of O <l°gk). The convergence rate is slow because of the

N3

diminishing step-size. If a constant step-size is used in
DGD, i.e., oy = o, it converges faster to an error ball, pro-
portional to &, around x* [14, 15]. This is because x* is not
a fixed-point of the above iteration when the step-size is a
constant.

To accelerate the convergence, Refs. [26, 28] recently
propose a distributed first-order method based on gradi-
ent tracking, which uses a constant step-size and replaces
the local gradient, at each agent in DGD, with an asymp-
totic estimator of the global gradient!. The algorithm is
updated as follows [26, 28]:

n
X1 = Z WX — @y (2a)
=1
. n ; . .
Y;<+1 = Z Wijylk + V/i (x}<+1) - Vfi (xj() ) (2b)

j=1

initialized with yf) = Vf; (xf)) and an arbitrary xf) at each
agent. The first equation is essentially a descent method,
after mixing with neighboring information, where the
descent direction is y};, instead of Vf; (xj() aswas in Eq. (1).
The second equation is a global gradient estimator when
viewed as dynamic consensus [52], i.e., yf< asymptotically

tracks the average of local gradients: % YL Vfi (x}() Itis

X n
shown in Refs. [28, 40, 46] that x; converges linearly to x*

under Assumptions 1, 4, and 6, with a sulfficiently small
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step-size, «. Note that these methods, Egs. (1) and (2a)—
(2b), are not applicable to directed graphs as they require
doubly stochastic weights.

3.2 Algorithms using column-stochastic weights

We first consider the case when DGD in Eq. (1) is applied
to a directed graph and the weight matrix is column-
stochastic but not row-stochastic. It can be obtained
that [32]:

n
Ko =% — -+ Y Vi (%)), ®)
i=1

where X, = 137, xi. From Eq. (3), it is clear that the
average of the estimates, Xy, converges to x*, as Eq. (3)
can be viewed as a centralized gradient method if each
local estimate x;'( converges to X;. However, since the
weight matrix is not row-stochastic, the estimates of agents
will not reach an agreement [32]. This discussion moti-
vates combining DGD with an algorithm, called push-
sum, briefly discussed next, that enables agreement over
directed graphs with column-stochastic weights.

3.2.1 Push-sum consensus

Push-sum [38, 53] is a technique to achieve average con-
sensus over arbitrary digraphs. At time k, each agent
maintains two state vectors, xi, zi € R?, and an auxil-
iary scalar variable, v;(, initialized with vf) = 1. Push-sum
performs the following iterations:

n
Vi = Z bi/"/k’ (4a)
=1
, i :
Xy = Z bijx), (4b)
j=1
, Xt
Ziy = v%’ (4c)
k+1

where B = {bij} is column-stochastic. Equation (4a) can
be viewed as an independent algorithm to asymptotically
learn the right Perron eigenvector of B; recall that the right
Perron eigenvector of B is not 1, because B is not row-
stochastic and we denote it by 7. In fact, it can be verified
that limy_, o vi(k) = n[m.]; and that limg_, o x;(k) =
[7cli i1 xi(0). Therefore, the limit of z;(k), as the ratio
of x;(k) over v;(k), is the average of the initial values:

X _ [weli 3l xi(0) _ Y inixp

lim z}'( = lim = =
k— o0 k—>00 V}( nlm.]; n

In the next subsection, we present subgradient-push
that applies push-sum to DGD, see [32, 33] for an alternate
approach that does not require eigenvector estimation of
Eq. (4a).
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3.2.2 Subgradient-push

To solve Problem P1 over arbitrary directed graphs, Refs.
[30, 31] develop subgradient-push with the following
iterations:

n
j=1
n
Xy = Zb,jx’k — o Vfi (2}), (5b)
j=1
xi
21 = 4, (5¢)
Vir1

initialized with vi) = 1 and an arbitrary x) at each agent.
The step-size, oy, satisfies the same conditions as in DGD.
To understand these iterations, note that Eqgs. (5a)—(5c)
are nearly the same as Eqgs. (4a)—(4c), except that there
is an additional gradient term in Eq. (5b), which drives
the limit of z;; to x*. Under the Assumptions 2, 3, and 6,

subgradient-push converges to x* at the rate of O (1:)%()

For extensions of subgradient-push to asynchronous net-
works, see recent work [34-36]. We next describe an
algorithm that significantly improves this convergence
rate.

3.2.3 ADD-OPT/Push-DIGing

ADD-OPT [39], extended to time-varying graphs in
Push-DIGing [40], is a fast algorithm over directed
graphs, which converges at a linear rate to x* under the
Assumptions 2, 4, and 6, in contrast to the sublinear con-
vergence of subgradient-push. The three vectors, x;;, z}'(,
and y}, and a scalar v, maintained at each agent i, are
updated as follows:

n
V;'<+1 = Z bi;"/k, (6a)
j=1
n
o = Dby (o)
j=1
. x
Zjy = %’ (6¢)
k+1
n
Yerr = D bi¥i + Vi (ziy1) = Vi (2) (6d)
j=1

where each agent is initialized with Vf) =1, yf) = Vf; (xf)),
and an arbitrary x;,. We note here that ADD-OPT/Push-
DIGing essentially applies push-sum to the algorithm
in Egs. (2a)—(2b), where the doubly stochastic weights
therein are replaced by column-stochastic weights.
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3.2.4 The AB algorithm

As we can see, subgradient-push and ADD-OPT/Push-
DIGing, described before, have a nonlinear term that
comes from the division by the eigenvector estimation.
In contrast, the AB algorithm, introduced in [42] and
extended to ABm with the addition of a heavy-ball
momentum term in [43] and to time-varying graphs in
[54], removes this nonlinearity and remains applicable to
directed graphs by a simultaneous application of row- and
column-stochastic weights?. Each agent i maintains two
variables: x;'(, y;( € R?, where, as before, xf( is the estimate
of x* and yf( tracks the average gradient, % Y Vi (x}()
The AB algorithm, initialized with y) = Vf; (xf)) and arbi-
trary x; at each agent, performs the following iterations:

n

Xt = Y e, - ol 72
j=1

Yirr = D bi¥ + Vfi (%) = VA (%5 (7b)
j=1

where A = {a;} is row-stochastic and B = ({b;} is

column-stochastic. It is shown that A converges lin-
early to x* for sufficiently small step-sizes under the
Assumptions 2, 4, and 6 [42]. Therefore, AB can be viewed
as a generalization of the algorithm in Egs. (2a)—(2b) as
the doubly stochastic weights therein are replaced by row-
and column-stochastic weights. Furthermore, it is shown
in [43] that ADD-OPT/Push-DIGing in Egs. (6a)—(6d) in
fact can be derived from an equivalent form of AB after a
state transformation on the x;-update; see [43] for details.
For applications of the A algorithm to distributed least
squares, see, for instance, [56].

4 Algorithms using row-stochastic weights

All of the aforementioned methods require at least
each agent to know its out-degree in the network in
order to construct doubly or column-stochastic weights.
This requirement may be infeasible, e.g., when agents
use broadcast-based communication protocols. Row-
stochastic weights, on the other hand, are easier to imple-
ment in a distributed manner as every agent locally assigns
an appropriate weight to each incoming variable from
its in-neighbors. In the next section, we describe the
main contribution of this paper, i.e., a fast optimization
algorithm that uses only row-stochastic weights and unco-
ordinated step-sizes.

To motivate the proposed algorithm, we first consider
DGD in Eq. (1) over directed graphs when the weight
matrix in DGD is chosen to be row-stochastic, but not
column-stochastic. From consensus arguments and the
fact that the step-size ax goes to 0, it can be verified that
the agents achieve agreement. However, this agreement

(2019) 2019:1

Page 5 of 14

is not on the optimal solution. This can be shown [32]
by defining an accumulation state, X; = Z?:l[ﬂr]ixf(,
where m, is the left Perron eigenvector of the row-
stochastic weight matrix, to obtain

R(k+1) =Rk — o Y _[7,]; Vf; (xi(K)) . ®)

i=1

It can be verified that the agents agree to the limit of
the above iteration, which is suboptimal since this itera-
tion minimizes a weighted sum of the objective functions
and not the sum. This argument leads to a modifica-
tion of Eq. (8) that cancels the imbalance in the gradient
term caused by the fact that =, is not a vector of all 1,
a consequence of losing the column-stochasticity in the
weight matrix. The modification, introduced in [44], is
implemented as follows:

n
Yir1 = Za,jyjk, (92)
j=1
, " ; Vf; (x
= D, - ) o0
j=1 [yk]i
where A = {a;} is row-stochastic and the algorithm
is initialized with y; = e; and an arbitrary x{, at each

agent. Equation (9a) asymptotically learns the left Per-
ron eigenvector of the row-stochastic weight matrix A,
ie., limk_)ooy;( = m,,Vi. The above algorithm achieves

log k

a sublinear convergence rate of O( under the

Assumptions 2, 3, and 5, see [44] for details.

4.1 FROST (Fast Row-stochastic Optimization with
uncoordinated STep-sizes)

Based on the insights that gradient tracking and constant
step-sizes provide exact and fast linear convergence, we
now describe FROST that adds gradient tracking to the
algorithm in Egs. (9a2)—(9b) while using constant but unco-
ordinated step-sizes at the agents. Each agent i at the kth
iteration maintains three variables, xf(, zj{ € R?, and yf( €
R”. At k + 1-th iteration, agent i performs the following
update:

1
Yi+1

Vi =3 el (102)
j=1

Mooy =Yty — o (10b)
j=1

zjc+1 = i“ﬂ]/'( + V]E (x;(—jl) - VJE g)](;(), (10c)

]:1 Yk .
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where o;’s are the uncoordinated step-sizes locally chosen
at each agent and the row-stochastic weights, A = {aij},
respect the graph topology such that:

0, otherwise,

: in
ﬂij:{>0’]€/\/;’

n
j{:¢Zg =1, Vi.
j=1

The algorithm is initialized with an arbitrary x}, y}) = e;,
and zf) = Vf; (x’o) We point out that the initial condition
for Eq. (10a) and the divisions in Eq. (10c) require each
agent to have a unique identifier. Clearly, Assumption 5 is
applicable here. Note that Eq. (10c) is a modified gradient
tracking update, first applied to optimization with row-
stochastic weights in [45], where the divisions are used to
eliminate the imbalance caused by the left Perron eigen-
vector of the (row-stochastic) weight matrix A. We note
that the algorithm in [45] requires identical step-sizes at
the agents and thus is a special case of Egs. (10a)—(10c).

For analysis purposes, we write Egs. (10a)—(10c) in a
compact vector-matrix form. To this aim, we introduce
some notation as follows: let xg, yx, and Vf(x;) collect
the local variables xi, y}'(, and Vf; (xf() in a vector in R,
respectively, and define

Ye=[vhowil
Yi =Y, ®1,

Y = diag (Yp),
A=ARI,

@ =[ag, a0,

D = diag{a} ® 1.

Since the weight matrix A is primitive with positive
diagonals, it is straightforward to verify that Y is invert-
ible for any k. Based on the notation above, Egs. (10a)—
(10c) can be written compactly as follows:

Vi =AY, (11a)
Xgr1 = Axg — Dz, (11b)
Zir1 = Az + 17];_11Vf (ka) - Y’l:lVf(xk), (11c¢)
where Y, = I, zo = Vfy, and xq is arbitrary. We

emphasize that the implementation of FROST needs
no knowledge of agent’s out-degree anywhere in the
network in contrast to the earlier related work in
[30-33, 37, 39, 40, 42, 43]. Note that Refs. [22, 23] also use
row-stochastic weights but require an additional locally
balanced assumption and are only applicable to undi-
rected graphs.

5 Convergence analysis

In this section, we present the convergence analysis of
FROST described in Egs. (11a)—(11c). We first define a
few additional variables as follows:
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lim Y},

k—00

Voo = diag (Yoo).
T T T
vEee) = [VAGH) T, V6]

= At
= I Yol
@ = max{e;},

L
y = sup [ Ykll2,

k

~ -1
= sup |77,
k

Since A is primitive and row-stochastic, from the

Perron-Frobenius theorem [49], we note that Y., =
(1,7,) ® I,, where | is the left Perron eigenvector of A.

5.1 Auxiliary relations

We now start the convergence analysis with a key
lemma regarding the contraction of the augmented weight
matrix A under an arbitrary norm.

Lemma 1 Let Assumption 2 hold and consider the aug-
mented weight matrix A = A ® I,. There exists a vector
norm, || - ||, such that Va € R"P,

llAa — Yeoall < o [la — Yeoall,

where 0 < o < 1 is some constant.

Proof It can be verified that AY s, = Yoo and Yoo Yoo = Yoo,
which leads to the following relation:

Aa—Yya=(A—Yy)(a— Yya).

Next, from the Perron-Frobenius theorem, we note
that [49]

PA-Yo)=p(A—1m]) <1;

thus, there exists a matrix norm, || - ||, with |[A — Y| < 1
and a compatible vector norm, | - ||, see Chapter 5 in [49],
such that

lAa — Yeoall < [|A — Yool la — Yool ,

and the lemma follows with o = ||JA — Yool[. O

As shown above, the existence of a norm in which the
consensus process with row-stochastic matrix A is a con-
traction does not follow the standard 2-norm argument
for doubly stochastic matrices [28, 40]. The ensuing argu-
ments built on this notion of contraction under arbitrary
norms were first introduced in [39] for column-stochastic
weights and in [45] for row-stochastic weights; these argu-
ments are harmonized later to hold simultaneously for
both row- and column-stochastic weights in [42, 43].
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The next lemma, a direct consequence of the contrac-
tion introduced in Lemma 1, is a standard result from
consensus and Markov chain theory [57].
Lemma 2 Consider Y, generated from the weight
matrix A. We have:
1Yk = Yolly < r0*, VK,

where r is some positive constant and o is the contraction
factor defined in Lemma 1.

= AX from Eq. (11a), and

Yoo) = (A—Yoo)k.

Proof Note that Y = Ak ® Iy
Yi—Yoo = A — Yo = (A—Yoo) (A1
From Lemma 1, we have
¥k = Yooll = |4 = Yo k|| = 0

The proof follows from the fact that all matrix norms are
equivalent. O

As a consequence of Lemma 2, we next estab-

lish the linear convergence of the sequences {?,: 1}

and{ijLll—Y_ }

Lemma 3 The following inequalities hold Yk
(oz)HY1 Y1” < JnrPak;
oot - 71|, 220t

Proof The proof of (a) is as follows:

¥ -2, = T @ - RS

[0¢]

= | %) 1% - Yl 1 ¥
<5 |diag (Yx — Yoo) |,
< Vniito*,

where the last inequality uses Lemma 2 and the fact

that | X||r < /#|X2ll, VX € R™", The result in (b) is
straightforward by applying (a), i.e.,
-1 _ y-1 -1 -1 _ -1
[ -7, H v, +HYoo -5,
which completes the proof. O

The next lemma presents the dynamics that govern
the evolution of the weighted sum of z;; recall that zg,
in Eq. (11c), asymptotically tracks the average of local

gradients, 2 37 | Vf; (x}).
Lemma 4 The following equation holds for all k:

Yook = Yoo Y, ' VE(Xp). (12)
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Proof Recall that Yoo A = Yoo. We obtain from Eq. (11c)
that

Yook = YooZio1 + Yoo ¥y 'VE(XY) — Yoo Y, VEX(_1).

Doing this iteratively, we have

Yook = YooZo + Yoo ¥ ' VE(X)) — Yoo ¥y ' VE(X0).

With the initial conditions that zy = Vf(x() and ?0 = Iy,
we complete the proof. O

The next lemma, a standard result in convex optimiza-
tion theory from [58], states that the distance to the
optimal solution contracts in each step in the centralized
gradient method.

Lemma 5 Let u and | be the strong convexity and
Lipschitz continuity constants for the global objective func-
tion, F(x), respectively. ThenVx € R and 0 < o < %, we
have

||x— aVF(x) — x* ”2 <

where op = max (|1 —aul, |1 — all).

With the help of the previous lemmas, we are ready to
derive a crucial contraction relationship in the proposed
algorithm.

5.2 Contraction relationship

Our strategy to show convergence is to bound |[|xxy; —
YooXir1lly YooXpr1 — 1n @ X*|l2, and [|Zx 41 — YooZiy1 |l
as a linear function of their values in the last iteration
and Vf(xy); this approach extends the work in [28] on
doubly stochastic weights to row-stochastic weights. We
will present this relationship in the next lemmas. Before
we proceed, we note that since all vector norms are equiv-
alent in R, there exist positive constants ¢, d such that:
-l <cll-1I,Il- I <d| -l First, we derive a bound
for ||xg+1 — YooXk+1[l, the consensus error of the agents.

Lemma 6 The following inequality holds, Vk:

X1 — YooXir1ll < olIXpc — YooXgll + @de ||z |2,
(13)

where d is the equivalence-norm constant such that | - || <
d|| - |2 and & is the largest step-size among the agents.

Proof Note that YocA =
Lemma 1, we have:

Y. Using Eq. (11b) and

IXg+1 — YooXgt1ll

= [lAxk — Dzg — Yoo (AXg — Dzi)|| < olIxx — YooXk || + @de]lzc]l2,

which completes the proof. O
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Next, we derive a bound for || YooXgi1 — 1, @ x*||2, i.e.,
the optimality gap between the accumulation state of the
network, YooXx41, and the optimal solution, 1, ® x*.

Lemma 7 If m]a < %,
holds, Vk:

the following inequality

”Yookarl -1,® X*”Z
< anle||xp — YooXi|l + AllYooXg — 1, ® X*||2
+a@ycllzi — Yoozill +@v/nryiPo X | VEx) Iy, (14)

) and c is the
lz <cll -1

where A = max (’
equivalence-norm constant such that || -

Proof Recalling that Yoo = (1,7
we have the following:

Y ®I,and Yood = Yo,

1Y coXp41 — 14 ® X*”Z
= ||Yoo (Ax¢ — Dzit + (D — D) Yoozz) — 1

< || YooXk — Yoo DYoozt — 1, @ X* ||, + @ycllzi — Yoozl
(15)

Since the last term in the inequality above matches the
second last term in Eq. (14), we only need to handle the
first term. We further note that:

,T) ®Ip> = (nja) Yoo

YsoDYoo = ((1nnf) ®Ip) (diag{e} ® 1) ((ln”

Now, we derive a upper bound for the first term in
Eq. (15)

1Y ooXk — Yoo DYoozt — 1, ® X2

< H 1, ® 1) ((nf@ 1,,) Xi—x* — n(w] @)VF ((nf@ Ip)xk» H2

+ Hn(nja)un ® I,)VF ((n,T ® Ip) xk) - (nja) Yoozk’ L

=81 + 82.
(16)
Ifrla < %, according to Lemma 5
51 < M YooXg — 1 ® X*|2, 17)

where A = max (’
Next we derive a bound for sy

)-

= (ra) ”n(l,, & VF (2] @ 1) x¢) = Yoozt ,

§&Hn(1n @ V(=] ® 1 )x) ~ (1, @ ) (1] ® 1) Viexo) H2 :

+ a‘ 1, ®1,) (11 ®1p) VE) — Yoozi H2
= 83 + 54,
(18)
where it is straightforward to bound s3 as
s3 < anlc||xxy — YooXi|| (19)
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Since Yoo Yo' = = (1,1,))®Ipand Yoozt = Yoo Y LVE(x;)
from Lemma 4, we have:
- 51 o, o1
sy = HYOOYOQ Vi) — Yoo Vs Vf(xk)”2 00
< E\/Zryyzak [| VEGe) 9
where we use Lemma 3. Combining Eqgs. (15)—(20), we
finish the proof. O

Next, we bound ||z —
estimation.

YoozZi+1l, the error in gradient

Lemma 8 The following inequality holds, Vk

1Zk+1 — YooZi+1ll
< éylred||xx — YooXi |l + o llzi — Yooz || + @eyld| zi |2

+ 2d/nre* o | VEx) |2

Proof According to Eq. (11c) and Lemma 1, we have:

l1Zi1 — YooZiya |l
<ol — Yoorll + H( Vol Ve — ¥ 1Vf(xk)> — (Yooziss — szk)H ‘
(21)
Note that Yoziy = Yoo’?k_ 1Vf(xk) from Lemma 4.
Therefore,

H( k+1Vf(xk) Y_1Vf(xk)) — (Yoozgq1 — YOOzk)H2
= ¢

<€H k+1

<l |xpr1 — ka2 + 2fr€y20k | VEGx) ||2

(Inp — Yoo) ( Yol Vi) — ¥ Vf(xk))

VE(xy) —

k_HVf(xk)H e |k e —

(22)
where in the last inequality, we use Lemma 3. We now
bound [[xg41 — Xk |l2-

[xk1 = x|, < (A = Lop)xic|), + @ llzkllo s
< (A = L) (¢ = Yooxp) ||, + @zl
(23)

=t Xk = YooXpll2 + o l|Zxll2 5

where in the second inequality, we use the fact that
(A — Ip) Y is a zero matrix. Combining Egs. (21)-(23),
we obtain the desired result. O

The last step is to bound ||z |2 in terms of ||xx — Yoo Xk ||,
[ Yooxi — 1, ® x*|l2, and ||zx — Yooz|l. Then, we can
replace ||z« || in Lemmas 6 and 8 by this bound in order to
develop a LTI system inequality.

Lemma 9 The following inequality holds, Vk:
1, ® x* ll2
+ cllzx — Yoozk |l + V/nryy?o X | VE) 2.

lzill2 <cnllixi — YooXp|l + nll|Yooxy —

(24)
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Proof Recall that Y ?0_01 = (1, ® L) (1; ® Ip) and the constants a;’s are
and Yoozy = Yoo?k_IVf(xk) from Lemma 4. We have the ay = cdenl, aq = cnl a7 = cdnl®éy
following: ay = denl, as = yc, ag = dnl*€y
lzkll2 < llzx — Yoozkll2 + | Yooz 2 az = d’, as = €jlred,  ag = d*ely.

<clzr — Yoozull Hl Yoo 17,:1 VE(xp) — Yoo )N/O’ol VEx) |2 Let [r,)— be the smallest element in .. When the largest
~ step-size, o, satisfies
+11 Yoo Yoo VE) — (1 ® 1) (II ®1p) VE(x*) |2, P 4

- 0<7 . 81 (1—-o0) (1—-0)83 —d1as 1
~ < < min ] y T (>
<cllzx — Yoozill + x/m}’y o | VEx) |2 ¢ a181 + axdy + azds a;81 + agdy + agds nl
+ nlxg — 1, @ X*|l2, 27)
< cnl||xg — YooXi |l + nl|| Yooxgx — 1, ® X*[|2 with positive constants 81,82, 83 such that
~) _k
— 1—0)8 ) )
+ cllzk — Yoozi |l + /nryy o | VEX) |2, 55 > 0, 5 < 1-o0) 3 5y > ™ 1+ as 3 8)
(25) as pnlm,] -

where in the second inequality, we use the fact that then the spectral radius of Jo is strictly less than 1.

(1;,'— ® Ip) Vf(x*) = 0, which is the optimality condition

for Problem P1. 0 Proof Combining Lemmas 6-9, one can verify that

Eq. (26) holds if n;ra % Recall that A =

<
Before the main result, we present an additional lemma ~ max (|1 — unm [ e|, |1 — Inna|). When /o < 1,2 =
1

from nonnegative matrix theory that will be helpful in 1 — unx,«, since u < [ [59]. In order to make 7, & < i

establishing the linear convergence of FROST. hold, it is suffice to require @ < % The next step is
to find an upper bound, &, on the largest step-size such
that p(Jy) < 1 when@ < &. In the light of Lemma 10, we
solve for the range of the largest step-size, @, and a positive

vector § = [81, 82, 83,]—r from the following:

’

Lemma 10 (Theorem 8.1.29 in [49]) Let X € R"™*" be
a nonnegative matrix and x € R” be a positive vector.
If Xx < wx, then p(X) < w.

5.3 Mainresults o +aa ara asoa 81 81
With the help of the auxiliary relationships developed in a@ 1—pn(ma) asa 8 | < | 8
the previous subsection, we now present the main results ag + aza ago o + agx 83 83
as follows in Theorems 1 and 2. Theorem 1 states that the (29)

relationships derived in the previous subsection indeed

provide a contraction when the largest step-size, @, is which is equivalent to the following set of inequalities:

sufficiently small. Theorem 2 then establishes the linear (@181 + a282 + azd3)a < 61(1 — o),
convergence of FROST. (asb1 + asé3)a — SZMnn;rot < 0,
(a781 + agdy + agds)a < (1 — 0)d3 — S14a6.
Theorem 1 If n/a < %, the following LTI system 7o1 et e A ?30)
inequality holds:
Since the right hand side of the third inequality in
tetr = Jutic + Hise Yk, (26) Eq. (30) has to be positive, we have that:
where ti, sy € R3 and Jo,Hy € R3>*3 are defined as (1—0)83
Sfollows: 0<é < Ta (31)
i — Yoo Xl . In order to find the range of §; such that the second
b= | YooXr — 1 @X72 |, inequality holds, it suffices to solve for the range of §; such
L N1z = Yoozl that the following inequality holds:

ot ame ;e axa (aad1 + asd3)@ — Syun[r,]_a@ < 0,

Jo = aso A asa )
| a6 + a;a aga o + as@ where [_r]_ is the smallest entry in m,. Therefore, as
ade /nryy* 00 long as
Hy = a/nryy? 00 |o¥, 5 > a4d1 + asd3 (32)
| d/nrey? (2 +aryy) 0 0 2 unlm, -
[ IVE) Il the second inequality in Eq. (30) holds. The next step is to
Sk = 0 ) solve the range of o from the first and third inequalities in

0 Eq. (30). We get



Xin et al. EURASIP Journal on Advances in Signal Processing (2019) 2019:1 Page 10 of 14
94
o7 \ N
4 [ 13
A4
@2
~ h @5
- C\
@38
L gl
»
@3

Fig. 1 A strongly connected and unbalanced directed graph

_ . { 81(1 —o0) (1 —0)d3 — b1a6 }
o < min 3

a181 + axdy + asds’ az81 + agdy + asds

where the range of §; and &, is given in Egs. (31) and (32),
respectively, and 83 is an arbitrary positive constant and
the theorem follows. O

Note that 81,82,83 are essentially adjustable parame-
ters that are chosen independently from the step-sizes.
Specifically, according to Eq. (28), we first choose an
arbitrary positive constant 83 and subsequently choose a
constant §; such that 0 < §; < % and finally we

Theorem 2 [fthe largest step-size & follows the bound in
Eq. (27), we have:

[xc — 1, ® x*|| < m (max{p (Ju), 0} + &),

where & is an arbitrarily small constant, o is the contrac-

tion factor defined in Lemma 1, and m is some positive
constant.

Noticing that p (Jy) < 1 when the largest step-size, «,
follows the bound in Eq. (27) and that Hy linearly decays
at the rate of 6%, one can intuitively verify Theorem 2. A

a481+as83 .
choose a constant 8, such that §, > =7, rigorous proof follows from [45].
5 Distributed Logistic Regression 0 Distributed Logistic Regression
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Fig. 2 (Left) Each curve represents the linear convergence of FROST when the corresponding agent uses a positive step-size, optimized manually,
while every other agent uses zero step-size. (Right) Convergence comparison across different algorithms
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Fig. 3 Directed graphs with n = 50 nodes and increasing sparsity: G, G», and G3

In Theorems 1 and 2, we establish the linear conver-
gence of FROST when the largest step-size, o, follows
the upper bound defined in Eq. (27). Distributed opti-
mization (based on gradient tracking) with uncoordinated
step-sizes have been previously studied in [26, 46, 47],
over undirected graphs with doubly stochastic weights,
and in [48], over directed graphs with column-stochastic
weights. These works rely on some notion of heterogene-
ity of the step-sizes, defined respectively as the relative

deviation of the step-sizes from their average, W,

where U = 1,,1; /n, in [26, 46], and as the ratio of the
largest to the smallest step-size, r;?;‘l‘{{zz}} , in [47, 48]. The
authors then show that when the heterogeneity is small
enough and when the largest step-size follows a bound
that is a function of the heterogeneity, the proposed algo-
rithms converge to the optimal solution. It is worth noting
that sufficiently small step-sizes cannot guarantee suffi-
ciently small heterogeneity in both of the aforementioned
definitions. In contrast, the upper bound on the largest
step-size in this paper, Egs. (27) and (28), is indepen-
dent of any notion of heterogeneity and only depends
on the objective functions and the network parameters>.
Each agent therefore locally picks a sufficiently small step-
size independent of other step-sizes. Besides, this bound
allows the agents to choose a zero step-size as long as at
least one of them is positive and sufficiently small.

6 Numerical results

In this section, we use numerical experiments to support
the theoretical results. We consider a distributed logistic
regression problem. Each agent i has access to m; train-
ing data, (c;,y;) € R? x {—1,+1}, where c; contains p
features of the jth training data at agent i and y;; is the cor-
responding binary label. The network of agents coopera-
tively solves the following distributed logistic regression
problem:

n m; A
werIRr%}’iEeR F(w,b) = ;Zl:ln [1 + exp <7 (WTCij + b) yi,'):| + n? ||W||%:

with each private loss function being

fitw,b) = f:ln [1 + exp (— (chij + b) yl',')] + %HWH%,
j=1
(33)

where %||w||% is a regularization term used to pre-
vent overfitting of the data. The feature vectors, c;s,
are randomly generated from some Gaussian distri-
bution with zero mean. The binary labels are ran-
domly generated from some Bernoulli distribution. The
network topology is shown in Fig. 1. We adopt a
simple uniform weighting strategy to construct the row-
and column-stochastic weights when needed: a; =
VNP, by = 1/INP™|, Vij. We plot the aver-
age of residuals at each agent, %Z?:l Ix; (k) — x*||2.
In Fig. 2 (left), each curve represents the linear conver-
gence of FROST when the corresponding agent uses a
positive step-size, optimized manually, while every other
agent uses zero step-size.

In Fig. 2 (right), we compare the performance of FROST,
with ADD-OPT/Push-DIGing [39, 40], see Section 3.2.3,
and with the AB algorithm in [42, 43], see Section 3.2.4.
The step-size used in each algorithm is optimized. For
FROST, we first manually find the optimal identical step-

Distributed Logistic Regression
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Fig. 4 Influence of network sparsity on the performance of FROST
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size for all agents, which is 0.07 in our experiment,
and then randomly generate uncoordinated step-sizes of
FROST from the uniform distribution over the inter-
val [0,0.07] (therefore, the convergence speed of FROST
shown in this experiment is conservative). The numeri-
cal experiments thus verify our theoretical finding that
as long as the largest step-size of FROST is positive and
sufficiently small, FROST linearly converges to the opti-
mal solution.

In the next experiment, we show the influence of the
network sparsity on the convergence of FROST. For this
purpose, we use three different graphs each with » = 50
nodes, where G; has roughly 10% of total edges, G, has
roughly 13% of total edges, and G3 has roughly 16% of
total edges. These graphs are shown in Fig. 3, and the
performance of FROST over each one of them is shown
in Fig. 4.

7 Conclusions

In this paper, we consider distributed optimization appli-
cable to both directed and undirected graphs with row-
stochastic weights and when the agents in the network
have uncoordinated step-sizes. Most of the existing algo-
rithms are based on column-stochastic weights, which
may be infeasible to implement in many practical sce-
narios. Row-stochastic weights, on the other hand, are
straightforward to implement as each agent locally deter-
mines the weights assigned to each incoming information.
We propose a fast algorithm that we call FROST (Fast
Row-stochastic Optimization with uncoordinated STep-
sizes) and show that when the largest step-size is positive
and sufficiently small, FROST linearly converges to the
optimal solution. Simulation results further verify the
theoretical analysis.

Endnotes

LEXTRA [21] is another related algorithm, which uses
the difference between two consecutive DGD iterates to
achieve linear convergence to the optimal solution.

2See [32, 33] for related work with sublinear rate based
on surplus consensus [55].

3The constants 81, 87, and 83 in Egs. (27) and (28)
are tunable parameters that only depend on the network
topology and objective functions.
Abbreviations
ADD-OPT: (Accelerated Distributed Directed OPTimization); DGD: (Distributed

Gradient Descent); EXTRA: (EXact firsT-ordeR Algorithm); FROST: (Fast
Row-stochastic-Optimization with uncoordinated STep-sizes)
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