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Abstract

This paper deals with a problem of matrix completion in which each column vector of
the matrix belongs to a low-dimensional differentiable manifold (LDDM), with the
target matrix being high or full rank. To solve this problem, algorithms based on
polynomial mapping and matrix-rank minimization (MRM) have been proposed; such
methods assume that each column vector of the target matrix is generated as a vector
in a low-dimensional linear subspace (LDLS) and mapped to a pth order polynomial
and that the rank of a matrix whose column vectors are dth monomial features of
target column vectors is deficient. However, a large number of columns and observed
values are needed to strictly solve the MRM problem using this method when p is large;
therefore, this paper proposes a new method for obtaining the solution by minimizing
the rank of the submatrix without transforming the target matrix, so as to obtain high
estimation accuracy even when the number of columns is small. This method is based
on the assumption that an LDDM can be approximated locally as an LDLS to achieve
high completion accuracy without transforming the target matrix. Numerical examples
show that the proposedmethod has a higher accuracy than other low-rank approaches.

Keywords: Matrix rank minimization, Nonlinear matrix completion, Differentiable
manifold, Dimensionarity reduction

1 Introduction
This paper deals with the following completion problem for a matrix X ∈ R

M×N on a
low-dimensional differentiable manifold (LDDM)Mr :

Find X =[ x1 x2 · · · xN ]
subject to (X)m,n = (X(0))

m,n for (m, n) ∈ �

xi ∈ Mr for all i ∈ I ,
(1)

where the (m, n)th element of a matrix is denoted by (·)m,n, I is an index set defined
as I = {1, 2, · · · ,N}, and Mr ⊂ R

M, �, and X(0) denote an unknown r-dimensional
differential manifold, a given index set, and a given observed matrix, respectively. In
this paper, the LDDM Mr satisfies the following condition: on an open set Uλ satis-
fying

⋃
λ Uλ = Mr , there exists a differentiable homeomorphism φλ : Uλ �→ U ′

λ,
where U ′

λ denotes an open set of Rr . If Mr is an unknown low-dimensional linear sub-
space (LDLS), then this is a low-rank matrix completion problem. Many algorithms have
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been proposed [1–6] to obtain solutions to this problem with high estimation accuracy.
The low-rank matrix completion problem has various applications in the field of sig-
nal processing, including collaborative filtering [7], low-order model fitting and system
identification [8], image inpainting [9], and human-motion recovery [10], all of which
are formulated as signal recovery or estimation problems. However, in most practi-
cal applications, the column vectors of a matrix do not belong to an LDLS, i.e., Mr
is not an LDLS. Therefore, these algorithms do not achieve high performance. As an
example, a matrix is of high rank when its column vectors lie on a union of linear sub-
spaces (UoLS), which the column space of the matrix is high dimension even when the
dimension of the linear subspace is low. In this case, several methods have been pro-
posed to solve this high-rank matrix completion problem [11–16], all of which are based
on subspace clustering [17]. In particular, [15] proposed an algebraic variety approach
known as variety-based matrix completion (VMC), which is based on the fact that the
monomial features of each column vector belong to an LDLS when the column vec-
tors belong to a UoLS. This approach solves the rank minimization problem about the
Gram matrix of the monomial features by relaxing the problem into one of rank mini-
mization of a polynomial kernel matrix. Unfortunately, these algorithms recover a matrix
only when Mr can be approximately divided into some LDLSs and do not work well
otherwise.
To solve the matrix completion problem on a general LDDM, some nonlinear methods

have been proposed [18–22]. In particular, Fan et al. [19–21] have proposed a method
based on a kind of kernel principal component analysis [23] that assumes that the dimen-
sion of the subspace spanned by the column vectors mapped nonlinearly is low. They
formulate the matrix completion problem as a low-rank approximation problem of the
kernel matrix, in common with [15]; however, they require a large number of observed
entries in the matrix to solve the problem, and the matrix completion accuracy declines
when the number of observed entries is small.
In the present paper, a newmethod is proposed that uses neither the monomial features

nor the kernel method to achieve high completion accuracy. Based on an idea similar
to that of locally linear embedding [24, 25], this paper assumes that an LDDM can be
approximated locally as a LDLS, because there are tangent hyperplanes whose dimension
is equal to that of the manifold. The matrix completion problem is then formulated as
one of minimizing the rank of the local submatrix of X whose columns are local nearest
neighborhoods of each other.
This paper is organized as follows. In Section 2, related works are introduced. Section 3

proposes a local low-rank approach (LLRA) to solve a matrix completion problem on an
LDDM, and the convergence properties of the proposed algorithm are shown in Section 4.
Finally, numerical examples are presented in Section 5 to illustrate that the proposed
algorithm has a higher accuracy than other low-rank approaches.

2 Related works
Here, we focus on some matrix completion algorithms based on matrix rank mini-
mization (MRM) on an unknown manifold, Mr . First, this paper introduces the algo-
rithms for the case where Mr is an r-dimensional linear subspace in Section 2.1;
then, Section 2.2 shows the algorithms using the polynomial kernel for a UoLS and an
LDDM.



Sasaki et al. EURASIP Journal on Advances in Signal Processing         (2021) 2021:11 Page 3 of 21

2.1 Matrix rank minimization for linear subspace

Most algorithms for matrix completion deal with the case where the manifold Mr is an
LDLS [1–3, 5]. In this case, since the dimension of r is unknown, they formulate a matrix
completion problem as the following MRM problem to simultaneously estimate r and to
restore X.

Minimize
X

rank(X)

subject to (X)m,n = (X(0))
m,n for (m, n) ∈ �.

(2)

Since this problem is generally NP-hard, several surrogate functions such as the nuclear
norm [1] and truncated nuclear norm [5], Schatten norm [3] have been proposed. These
algorithms recover X well if X can be approximated as a low-rank matrix.

2.2 High-rank matrix completion with the kernel method

To recover a high-rank matrix with columns belonging to an UoLS or an LDDM, some
algorithms have been proposed that minimize the rank of its kernel matrix [15, 18–21].
In [15], the authors focused on a matrix completion problem on an union of d linear

subspaces
⋃d

k=1 Sk , where Sk denotes an LDLS of dimension r or lower. Since the matrix
rank is high or full in this problem, the MRM approach does not achieve high perfor-
mance. To solve this matrix completion problem, an algebraic variety model approach
was proposed based on the fact that the monomial features of each column vector
(xi ∈⋃d

k=1 Sk) belong to a LDLS.
Here, the monomial features of x are defined as:

ψd(x) = (xα)|α|≤d ∈ R
(M+d

d ), (3)

α =[α1 · · · αM] denotes a multi-index of non-negative integers, xα is defined as xα =
xα1
1 · · · xαM

M , |α| = α1 + · · · + αM.
Since x ∈ ⋃d

k=1 Sk if and only if
∏d

k=1(xTak) = 0 (where ak denotes a vector in the
orthogonal complement of Sk), there exists a vector c ∈ R(M+d

d ) that satisfies cTψd(x) =
0. Hence, the matrix ψd(X) =[ψd(x1) ψd(x2) · · · ψd(xN )] is rank deficient, and the
high-rank matrix completion problem is formulated as follows:

Minimize
X

rank
(
ψd(X)

)

subject to (X)m,n = (X(0))
m,n for (m, n) ∈ �.

(4)

This problem can be solved efficiently by replacing ψd(X) with a polynomial kernel-
gram matrix and by using the Schatten norm-minimization algorithm [3]. The details are
presented in [15].
Another approach to the high-rank matrix completion problem was proposed in

[19–21]. The matrix ψd(X) is rank deficient when each column vector xi is given by a
polynomial mapping of latent features yi ∈ R

r(r � M < N) denoted by:

xi = Upψp(yi)

with polynomial coefficients Up ∈ R
M×(r+p

p ) and order p � M, because R =
rank

(
ψd(X)

)
satisfies:

R = min
{
N ,
(
M + d

d

)
,
(
r + pd
pd

)}
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and R <
(M+d

d
)
if r, p � M < N . Therefore, the matrix ψd(X) can be approximated

by a low-rank matrix. [19–21] proposed a high-rank matrix-completion algorithm using
matrix factorization in the same way as [15]; however, this algorithm requires a large
number of observed entries and does not recover the matrix when only a small number
are present. The algorithm restores [ψd(x1) · · ·ψd(xN )] uniquely if the sample number
N and the sampling rate q = |�|

MN satisfy the inequality:

q ≥
(
R
N

+ R
(M+d

d
) − R2

N
(M+d

d
)

) 1
d

.

For example, when p = 3, r = 5,m = 100, d = 2,
(r+pd

pd
) = 462 and

(M+d
d
) = 5151,

although the ratio
(r+pd

pd
)
/
(M+d

d
) � (r+p

p
)
/M = 0.56 , we need N ≥ 5982 for q = 0.4 and

N ≥ 1362465 for q = 0.3. Hence, we expect that the matrix-completion accuracy will
worsen when p and r are high and N is small.
Therefore, this paper proposes a new approach that makes use of neither monomial

features nor the kernel method, but which is rather based on the assumption that an
LDDM can be approximated locally as an LDLS to achieve high completion accuracy with
a small q and too few samples N .

3 Methods
3.1 Local low-dimensional model

First, in order to consider how the LDDM is structured when the matrix X is given, this
paper assumes that some columns xj are approximated by a vector within a set of tangent
vectors x + U(x) at x in the LDDMMr . Here, U(x) is defined as:

U(x) = {J(x)�y ∈ R
M | �y ∈ R

r , ‖�y‖22 ≤ ε
}
. (5)

ε > 0 denotes the radius of an r-dimensional hyperball, and J(x) denotes a Jacobian
matrix defined as:

J(x) =

⎡

⎢
⎢
⎢
⎢
⎢⎢
⎣

∂φ−1
λ,1

∂y1
∂φ−1

λ,1
∂y2 · · · ∂φ−1

λ,1
∂yr

∂φ−1
λ,2

∂y1
∂φ−1

λ,2
∂y2 · · · ∂φ−1

λ,2
∂yr

...
...

. . .
...

∂φ−1
λ,M

∂y1
∂φ−1

λ,M
∂y2 · · · ∂φ−1

λ,M
∂yr

⎤

⎥
⎥
⎥
⎥
⎥⎥
⎦

∣
∣
∣
∣
∣
∣
∣
∣∣
∣
∣
∣
y=φλ(x)

.

φλ : Uλ �→ U ′
λ and φ−1

λ =
[
φ−1

λ,1 · · · φ−1
λ,M

]T
: U ′

λ �→ Uλ denote a chart and its inverse
for an index λ, with an open set Uλ that includes x satisfying

⋃
λ Uλ = Mr and U ′

λ ⊂ R
r .

Then, we consider that each xj in a set {x1, x2, · · · , xN } can be approximated by a vector
belonging to

⋃
i�=j(xi + U(xi)) for all j ∈ I . In other words, we assume that we have the

following non-empty-index set Ii for i ∈ I defined as:

Ii=
{
j∈I | ‖xj−xi−zi,j‖22 ≤ η, zi,j∈U(xi)

}
, (6)

where η > 0 denotes the upper bound of the Euclidean distance between xj − xi and a
vector zi,j ∈ U(xi). In this case, the rank of a matrix Zi =

[
zi,j1 zi,j2 · · · zi,j|Ii |

]
(where

{
j1, j2, · · · , j|Ii|

} = Ii) is less than or equal to r because of rank (J(xi)) = r.
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Fig. 1 An example of LDDM x =[ x1 x2]T =[ y y2]T

Figure 1 illustrates the construction of each zi,j. From the figure, it is apparent that
the zi,j ∈ U(xi) can be obtained for suitable parameters ε and η. Therefore, the matrix-
completion problem for an arbitrary LDDM (1) can be substituted with the problem of
finding sets Ii, Zi that satisfy (6) and the missing entries of the matrix X with the set of
tangent vectors xi + U(xi) and given parameters ε and η.
Next, we consider how to find zi,j and Ii. To simplify the below explanation, we redefine

a variable zi,j as follows:

zi,j = (xj − xi)di,j + ei,j, (7)

where ei,j denotes an error vector satisfying ‖ei,j‖22 ≤ η and di,j ∈ {0, 1} denotes a variable
for which finding di,j is equivalent to finding Ii. In order to find a suitable solution for di,j,
this paper formulates the following maximization problem:

Maximize
X,{Zi}i∈I ,{di,j}(i,j)∈I2

∑N
i=1
∑N

j=1 di,j

subject to zi,j ∈ U(xi)
‖(xj − xi)di,j − zi,j‖22 ≤ η

di,j ∈ {0, 1} for (i, j) ∈ I2

(X)m,n = (X(0))
m,n for (m, n) ∈ �,

(8)

where Zi ∈ R
M×N is a matrix whose jth column vector is zi,j. Since the problem (8)

cannot be solved because of U(xi) when the LDDMMr is unknown (as is often the case
in actual problems), this paper reformulates the constraint condition zi,j ∈ U(xi) as two
constraint conditions : (1) rank(Zi) ≤ r, because the span of U(xi) is an r-dimensional
linear subspace, and (2) ‖xj − xi‖22 ≤ εi if di,j = 1. Because it is difficult to estimate
the radius of an ellipsoid since each J(xi) is arbitrary and unknown, this paper uses the
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Euclidean distance of xj − xi and gives the radius of the hyperball εi for each xi. Thus, this
paper reformulates the problem (8) with the given parameters r and {εi}i∈I as:

Maximize
X,{Zi}i∈I ,{di,j}(i,j)∈I2

∑N
i=1
∑N

j=1 di,j

subject to rank(Zi) ≤ r for i ∈ I ,
(‖xj − xi‖22 − εi)di,j ≤ 0
‖(xj − xi)di,j − zi,j‖22 ≤ η

di,j ∈ {0, 1} for (i, j) ∈ I2

(X)m,n = (X(0))
m,n for (m, n) ∈ �,

(9)

where the 2nd constraint condition is the same as ‖xj − xi‖22 ≤ εi if di,j = 1. Thus, we
obtain the formulation for finding zi,j on eachU(xi) and the set Ii without understanding
J(x). However, it is difficult to solve the problem (9) for X, {Zi}i∈I , {di,j}(i,j)∈I2 at the same
time due to the condition rank(Zi) ≤ r. Actual applications may not be able to find a
suitable dimension r. In order to solve this issue, the present paper explains how to obtain
the solution using a MRM technique in Section 3.2.

3.2 Local low-rank approximation algorithm

First, we consider how to estimate the dimension of the LDDM, r, with an arbitrary
matrix X. We can estimate r simply using a principal-component analysis if we obtain di,j;
however, the lower the rank of the matrix Zi, the lower that the number of solutions to
di,j = 1 becomes for the solution of (9). It can be seen that there is a trade-off between the
dimension r and the number of solutions to di,j = 1. Therefore, this paper formulates the
following problem:

Minimize
X,{Zi}i∈I ,{di,j}(i,j)∈I2

∑N
i=1

{
αrank(Zi) − (1 − α)

∑N
j=1 di,j

}

subject to ‖(xj − xi)di,j − zi,j‖22 ≤ η,
(‖xj − xi‖22 − εi)di,j ≤ 0
di,j ∈ {0, 1} for (i, j) ∈ I2

(X)m,n = (X(0))m,n for (m, n) ∈ �,

(10)

where 0 ≤ α ≤ 1 denotes a given trade-off parameter, which is the ratio of the decreasing
rank of Zi to the sum of di,j. Because solving the problem (10) is NP-hard due to rank(Zi),
this paper reformulates the problem as one of relaxation:

Minimize
X,{Zi}i∈I ,{di,j}(i,j)∈I2

fβ ,γ
(
X, {Zi}i∈I ,

{
di,j
}
(i,j)∈I2

)

subject to
(‖xj − xi‖22 − εi

)
di,j ≤ 0

di,j ∈[ 0, 1] for (i, j) ∈ I2

(X)m,n = (X(0))
m,n for (m, n) ∈ �,

(11)

where f is defined as:

fβ ,γ
(
X, {Zi}i∈I ,

{
di,j
}
(i,j)∈I2

)

=
N∑

i=1

{
γ ‖Zi‖∗ + 1

2
∥
∥(X − xi1TN

)
Di − Zi

∥
∥2
F

−βtrace(Di)

}

. (12)
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Here, β , γ ≥ 0 denote the given parameters, function ‖ · ‖∗ denotes the nuclear norm,
1N ∈ R

N denotes the vector whose elements are all 1,Di denotes a diagonal matrix whose
diagonal elements (Di)j,j each equal di,j, and trace(Y ) denotes the sum of all diagonal
elements of Y .
Next, this paper presents a technique to solve the problem (11) using alternating opti-

mization. Firstly, we consider how to solve the problem (11) for Zi and di,j with a fixed X.
We repeat the following schemes until a termination condition is satisfied with respect to
Zi and di,j:

1. di,j ← hβ ,εi(xj, xi, zi,j) for (i, j) ∈ I2,
2. Zi ← T γ

{(
X − xi1TN

)
Di
}
for i ∈ I ,

(13)

where hβ ,εi(xj, xi, zi,j) is defined as:

hβ ,εi(xj, xi, zi,j)

=

⎧
⎪⎪⎨

⎪⎪⎩

0 : ‖xj−xi‖22 > εi
1 : ‖xj−xi‖22 = 0

sat
(

〈xj−xi,zi,j〉+β

‖xj−xi‖22

)
: otherwise

(14)

〈a, b〉 denotes the inner product of a and b, sat(c) = max(0,min(1, c)), and T τ denotes
the matrix-shrinkage operator for the nuclear norm-minimization problem [1]. Each step
of (13) minimizes the objective function (12) for Zi and di,j. Then, we consider minimiz-
ing the objective function (12) for X with fixed Zi and di,j. Since the objective function
(12) is quadratic for vec(X) = x, we obtain the following solution to the quadratically
constrained quadratic program for a given Zi and di,j:

argmin
x

xT (L ⊗ IM,M)x − 2xTc

subject to (X)m,n = (X(0))
m,n for (m, n) ∈ �

‖xj − xi‖22 ≤ εi if di,j > 0,

(15)

where IM,M ∈ R
M×M is the identity matrix, ⊗ is the Kronecker product of two matrices,

and L ∈ R
N×N is a graph Laplacian defined as:

L = diag
(
D̂1N

)
− D̂,

(D̂)i,j = d2i,j + d2j,i for (i, j) ∈ I2.

c = [cT1 cT2 · · · cTM
]T ∈ R

MN is defined as:

cl =
(
D̃ � Z̃l − (D̃ � Z̃l)

T
)
1N ,

(Z̃l)i,j = (Zi)l,j for (i, j) ∈ I2,

(D̃)i,j = di,j for (i, j) ∈ I2,

for l = 1, · · · ,M. � denotes the Hadamard product. Thus, we can alternately optimize
for each of Zi, di,j and X in the problem (11).

3.3 Truncated nuclear norm-minimization approach

The solution to the problem (11) is obtained by minimizing the function (12). However,
the norm of the solution X might be below the true value, since nuclear norm minimiza-
tion decreases not only the (r + 1)th biggest singlular values, but also the 1st to the rth
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biggest singular values. Therefore, this paper reformulates the problem and the evaluation
function as follows:

Minimize
X,{Zi}i∈I ,{di,j}(i,j)∈I2

gβ ,γ ,r
(
X, {Zi}i∈I , {di,j}(i,j)∈I2

)

subject to (‖xj − xi‖22 − εi)di,j ≤ 0
di,j ∈[ 0, 1] for (i, j) ∈ I2

(X)m,n=(X(0))m,n for (m, n)∈�,

(16)

gβ ,γ ,r
(
X, {Zi}i∈I , {di,j}(i,j)∈I2

)

=
N∑

i=1

{
γ ‖Zi‖∗,r + 1

2
∥
∥(X − xi1TN )Di − Zi

∥
∥2
F

−βtrace(Di)

}

, (17)

where r ∈ {0, 1, · · · ,M} is a given parameter and the function ‖Z‖∗,r represents the
truncated nuclear norm, which is defined with the kth biggest singular value σk of Z.
The details of the truncated nuclear norm and the optimization technique are given in
Appendix. Note that the truncated nuclear norm with r = 0 is equal to the nuclear norm.
In this case, the problem (11) is same as the problem (16).When the variablesX andDi are
constant, the optimal solution for each Zi is obtained by Zi = T r,γ

{
(X − xi1TN )Di

}
. In

the same way, to solve the problem (11), this paper describes Algorithm 1 using iterative
partial matrix shrinkage (IPMS) [5] for the problem (16), which contains the algorithm
for (11). Here, 0M,N ∈ R

M×N denotes a zero matrix, η1, η2 denote lower limits for the
termination conditions ‖Dold

i − Di‖F/‖Di‖F ≤ η1, and ‖Xold − X‖F/‖X‖F ≤ η2 and
β(k), γ (k), r(k) denote given parameters that satisfy 0 < β(0) ≤ β(1) ≤ · · · ≤ βmax, γ0 ≥
γ1 ≥ · · · ≥ γmin ≥ 0, 0 ≤ r0 ≤ r1 ≤ · · · ≤ rmax ≤ M.

Algorithm 1 LLRA algorithm for matrix completion with given r (LLRAr)
Require: X(0),�, {β(k), γ (k), r(k)}k∈N, {εi}i∈I , η1, η2
1: X ← X(0)

2: Zi ← 0M,N for i ∈ I
3: Di ← 0N ,N for i ∈ I
4: repeat
5: Xold ← X
6: β ← β(k), γ ← γ (k), r ← r(k)

7: repeat
8: Dold

i ← Di for i ∈ I
9: di,j ← hβ ,εi(xj, xi, zi,j) for (i, j) ∈ I2

10: Di ← diag
(
[ di,1 · · · di,N ]T

)
for i ∈ I

11: Zi ← T r,γ
{
(X − xi1TN )Di

}
for i ∈ I

12: until ‖Dold
i − Di‖F/‖Di‖F ≤ η1

13: x ← (15)
14: X ← vec−1(x)
15: until ‖Xold − X‖F/‖X‖F ≤ η2
Ensure: X.
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4 Convergence analysis
This section presents the convergence property of Algorithm 1.
First, let us define the following schemes with regard to the tth iteration of the second

iteration statements in Algorithm 1:

{
d(t)
i,j =hβ ,εi(xj, xi, z

(t)
i,j ) for (i, j) ∈ I2,

Z(t+1)
i =T r,γ

{
(X − xi1TN )D(t)

i

}
for i ∈ I ,

(18)

u(t1, t2) behaves as:

u(t1, t2) = gβ ,γ ,r
(
X,
{
Z(t1)
i

}

i∈I ,
{
d(t2)
i,j

}

(i,j)∈I2

)
,

for t, t1, t2 ≥ 0 and a given X ∈ R
M×N .

Lemma 1 For t ≥ 0 and a given X ∈ R
M×N , the d(t)

i,j generated by the update schemes
(18) satisfies:

u(t, t) − u(t + 1, t + 1) ≥
1
2
∑

(i,j)∈I2

‖xj − xi‖22
(
d(t)
i,j − d(t+1)

i,j

)2
.

Proof u(t1, t2) satisfies u(t, t) ≥ u(t + 1, t) ≥ u(t + 1, t + 1) ≥ · · · ≥ −βN2 for t ≥ 0,
since d(t)

i,j = hβ ,εi

(
xj, xi, z(t)

i,j

)
is the closed-form optimal solution of the convex quadratic-

minimization problem with linear constraints for fixed Z(t)
i , and Z(t+1)

i represents the
optimal solution for fixed d(t)

i,j (from Theorem 1 of [5]). Each d(t+1)
i,j satisfies the following

KKT condition of problem (16) with
(‖xj − xi‖22 − εi

)
d(t+1)
i,j ≤ 0, d(t)

i,j −1 ≤ 0,−d(t+1)
i,j ≤ 0

for (i, j) ∈ I2:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

‖xj − xi‖22d(t+1)
i,j − 〈xj − xi, z(t+1)

i,j 〉 − β

= μ
(t+1)
1,i,j

(‖xj − xi‖22 − εi
)+ μ

(t+1)
2,i,j − μ

(t+1)
3,i,j ,

μ
(t+1)
1,i,j

(‖xj − xi‖22 − εi
)
d(t+1)
i,j = 0,

μ
(t+1)
2,i,j (d(t+1)

i,j − 1) = 0,

μ
(t+1)
3,i,j (−d(t+1)

i,j ) = 0,

μ
(t+1)
1,i,j ,μ(t+1)

2,i,j ,μ(t+1)
3,i,j ,≥ 0

where μ
(t+1)
1,i,j ,μ(t+1)

2,i,j and μ
(t+1)
3,i,j denote KKT multipliers for d(t+1)

i,j . Therefore, u(t1, t2)
satisfies:
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u(t + 1, t) − u(t + 1, t + 1)

=
∑

(i,j)∈I2

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1
2‖xj − xi‖22

(
d(t)
i,j

2 − d(t+1)
i,j

2)

−〈xj − xi, z(t+1)
i,j 〉

(
d(t)
i,j − d(t+1)

i,j

)

−β
(
d(t)
i,j − d(t+1)

i,j

)

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=
∑

(i,j)∈I2

1
2
‖xj − xi‖22

(
d(t)
i,j − d(t+1)

i,j

)2

+
∑

(i,j)∈I2

(
d(t)
i,j − d(t+1)

i,j

)
⎛

⎜
⎝

‖xj − xi‖22d(t+1)
i,j

−〈xj − xi, z(t+1)
i,j 〉

−β

⎞

⎟
⎠

=
∑

(i,j)∈I2

1
2
‖xj − xi‖22

(
d(t)
i,j − d(t+1)

i,j

)2

−
∑

(i,j)∈I2

(
d(t)
i,j − d(t+1)

i,j

)
{

μ
(t+1)
1,i,j

(‖xj − xi‖22 − εi
)

+μ
(t+1)
2,i,j − μ

(t+1)
3,i,j

}

=
∑

(i,j)∈I2

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1
2‖xj − xi‖22

(
d(t)
i,j − d(t+1)

i,j

)2

+μ
(t+1)
1,i,j

(‖xj − xi‖22 − εi
) (

d(t+1)
i,j − d(t)

i,j

)

+μ
(t+1)
2,i,j

(
d(t+1)
i,j − 1 − d(t)

i,j + 1
)

+μ
(t+1)
3,i,j

(
−d(t+1)

i,j + d(t)
i,j

)

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

,

Since
(‖xj − xi‖22 − εi

)
d(t+1)
i,j = 0 ifμ(t+1)

1,i,j > 0, d(t+1)
i,j −1 = 0 ifμ(t+1)

2,i,j > 0 and−d(t+1)
i,j =

0 if μ(t+1)
3,i,j > 0, and each d(t)

i,j satisfies the constraint condition:

u(t, t) − u(t + 1, t + 1) ≥
u(t + 1, t) − u(t + 1, t + 1) ≥

1
2
∑

(i,j)∈I2

‖xj − xi‖22
(
d(t)
i,j − d(t+1)

i,j

)2
.

Therefore, each sequence {d(t)
i,j } converges to a limit point d̄i,j if u(0, 0) < ∞, because

d(t)
i,j − d(t+1)

i,j → 0 when t → ∞ if ‖xj − xi‖22 > 0 and d(t)
i,j − d(t+1)

i,j = 1 − 1 = 0, even if
‖xj − xi‖22 = 0 for t ≥ 0, (i, j) ∈ I2. Then, each sequence {Z(t)

i } converges to a limit point
Z̄i because each Z(t+1)

i can be obtained by the soft-thresholding operator using fixed d(t)
i,j

for t ≥ 0, i ∈ I .

Lemma 2 If β ≥ εi, the optimal solution of (17) under the constraint conditions for di,j
and Zi can be obtained by initializing Z(0)

i as Z(0)
i = 0M,N and updating d(0)

i,j and Z(1)
i

using the update schemes (18) for a given X ∈ R
M×N .

Proof From Theorem 1 of [5], any X ∈ R
M×N and each optimal solution Z̄i and D̄i sat-

isfies Z̄i = T r,γ
{(
X − xi1TN

)
D̄i
}
. For a given di,j ≥ 0, a matrix Zi = Tr,γ

{(
X − xi1TN

)
Di
}

satisfies 0 ≤ 〈xj − xi, zi,j〉 because, when di,j > 0,
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〈xj − xi, zi,j〉di,j = 〈yi,j, zi,j〉

=
r∑

l=1
σ 2
l (V )2j,l

+
M∑

l=r+1
σl(σl − γ )+(V )2j,l

≥ 0.

Here, yi,j denotes the jth column of Y i = (
X − xi1TN

)
Di = Udiag(σ )VT and σ ,U ,V

denotes the singular values and vectors of
(
X − xi1TN

)
Di; when di,j = 0, 〈yi,j, zi,j〉 = 0

because of yi,j = 0M, where 0M ∈ R
M denotes the zero vector. Then, d̄i,j satisfies:

d̄i,j = hβ ,εi(xj, xi, z̄i,j) =
{
0 : ‖xj − xi‖22 > εi
1 : ‖xj − xi‖22 ≤ εi

,

because β ≥ εi ≥ ‖xj − xi‖22, which does not depend on Z̄i. Therefore, d(0)
i,j =

hβ ,εi(xj, xi, 0M) ∈ {0, 1} and Z(1)
i = T r,γ

{
X − xi1TN )D(0)

i

}
is the optimal solution for

(16).

Next, let us define the following schemes with regard to the kth iteration of the first-
iteration statements in Algorithm 1 with β(k), γ (k), r(k) for k ≥ 0,
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

d(k)
i,j = d̄i,j for (i, j) ∈ I2,

Z(k)
i = Z̄i for i ∈ I ,

x(k+1) = argmin
x

xT (L(k) ⊗ IM,M)x − 2xTc(k)

s.t. (X)m,n = (X(0))m,n for (m, n) ∈ �

‖xj − xi‖22 ≤ εi if d(k)
i,j > 0,

(19)

where d̄i,j and Z̄i are the tth elements of the sequences obtained by the schemes (18) with
β(k), γ (k), r(k), X(k), and vector c(k) as:

c(k) =
[
c(k)1

T
c(k)2

T · · · c(k)M
T
]T

∈ R
MN

c(k)l =
(
D̃(k) � Z̃(k)

l −
(
D̃(k) � Z̃(k)

l

)T)
1N

∈ R
N for l = 1, 2, · · · ,M.

Here, D̃(k) ∈ R
N×N and Z̃(k)

l ∈ R
N×N denote matrices defined as (D̃)

(k)
i,j = d(k)

i,j and

(Z̃(k)
l )i,j = (Z(k)

i )l,j for (i, j) ∈ I2, and the graph Laplacian L(k) is:

L(k) = diag
(
D̂(k)1N

)
− D̂(k)

where D̂(k) ∈ R
N×N denotes a matrix whose every element is given by

(
D̂(k))

i,j
= d(k)

i,j
2 +

d(k)
j,i

2
.

Lemma 3 For k ≥ 0, L(k) satisfies kernel(L(k)) ⊇ kernel
(
L(k+1)

)
.
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Proof Since a vector a ∈ kernel
(
L(k)
)
satisfies:

aTL(k)a =
∑

(i,j)∈I2

(
d(k)
i,j

2 + d(k)
j,i

2)
(ai − aj)2 = 0,

kernel(L(k)) is written as:

kernel
(
L(k)
)

=
{
a ∈ R

N | ai = aj for (i, j) s.t. d(k)
i,j + d(k)

j,i > 0
}
.

Since d(k+1)
i,j and d(k)

i,j generated by the schemes (18) and (19) satisfy d(k+1)
i,j > 0 when

d(k)
i,j > 0, L(k) satisfies kernel(L(k)) ⊇ kernel(L(k+1)).

Now, let us describe the properties of the sequences generated by Algorithm 1{
X(k)

}
,
{
Z(k)
i

}
,
{
d(k)
i,j

}
. We define the evaluation function:

v(k1, k2, k3, k4) =
gβ(k1),γ (k1),r(k1)

(
X(k2),

{
Z(k3)
i

}

i∈I ,
{
d(k4)
i,j

}

(i,j)∈I2

)

and replace the linear-constraint condition
(
X(k)

)

m,n
= (

X(0))
m,n for (m, n) ∈ � with

Ax(k) = b, where b ∈ R
|�| denotes a vector whose elements are observed values{(

X(0))
m,n

}

(m,n)∈�
and A ∈ {0, 1}|�|×MN denotes a selector matrix.

Theorem 1 The sequences
{
X(k)

}
,
{
Z(k)
i

}
and

{
d(k)
i,j

}
converge to the limit points X̄, Z̄i,

and d̄i,j under repetition of the iteration schemes of (19) when kernel
(
L̃(0))∩v(A) = {0MN },

where L̃(k) = L(k) ⊗ IM,M.

Proof The scheme (15) can be written as:

argmin
x

xT
(
L ⊗ IM,M

)
x − 2xTc

subject to Ax = b
‖Qi,jx‖22 − εi ≤ 0 if di,j > 0,

where Qi,j ∈ R
M×MN denotes a matrix defined as Qi,j = qTi,j ⊗ IM,M and qi,j ∈ R

N is
defined such that the ith element is 1, the jth element is −1, and the others are 0 (Qi,j
satisfies ‖Qi,jx‖22 = ‖xj − xi‖22 for x ∈ R

MN ). Since x(k+1) satisfies the following KKT
condition for v(k, k + 1, k, k):

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L̃(k)x(k+1) − c(k) + λ(k+1)ATAx(k+1)

+∑d(k)
i,j >0 μ

(k+1)
i,j QT

i,jQi,jx(k+1) = 0MN ,

Ax(k+1) = b,

μ
(k+1)
i,j (‖Qi,jx(k+1)‖22 − εi) = 0 for d(k)

i,j > 0,

μ
(k+1)
i,j ≥ 0,
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where λ(k+1) and μ
(k+1)
i,j denote the KKT multipliers, v(k1, k2, k3, k4) satisfies:

2v(k, k, k, k) − 2v(k, k + 1, k, k)

= x(k)T L̃(k)x(k) − x(k+1)T L̃(k)x(k+1)

−2x(k)Tc(k) + 2x(k+1)Tc(k)

= (x(k) − x(k+1))T L̃(k) (x(k) − x(k+1))

−2x(k)T∑
d(k)
i,j >0 μ

(k+1)
i,j QT

i,jQi,jx(k+1)

+2x(k+1)T∑
d(k)
i,j >0 μ

(k+1)
i,j QT

i,jQi,jx(k+1),

where the second equality uses the fact that Ax(k) = b. Since ‖Qi,jx(k+1)‖22 = εi when
μ

(k+1)
i,j > 0,

v(k, k, k, k) − v(k, k + 1, k, k)

= 1
2
(
x(k) − x(k+1))T L̃(k) (x(k) − x(k+1))

+∑d(k)
i,j >0 μ

(k+1)
i,j

{
εi − x(k)TQT

i,jQi,jx(k+1)T
}

≥ 1
2
(
x(k) − x(k+1))T L̃(k) (x(k) − x(k+1)) .

The second inequality uses:
∣
∣∣〈Qi,jx(k),Qi,jx(k+1)〉

∣
∣∣≤‖Qi,jx(k)‖2‖Qi,jx(k+1)‖2≤εi.

Obviously, v(k, k + 1, k, k) ≥ v(k + 1, k + 1, k, k) because the parameters
{
β(k), γ (k), r(k)

}

decrease the objective function (17), and v(k + 1, k + 1, k, k) ≥ v(k + 1, k + 1, k + 1, k + 1)
from Lemma 1. Since the sequence {v(k, k, k, k)} generated by (19) converges to a limit
point because of:

v(k, k, k, k) ≥ v(k, k + 1, k, k)

≥ v(k + 1, k + 1, k, k)

≥ v(k + 1, k + 1, k + 1, k + 1)
...

≥ −βmaxN2,

x(k) − x(k+1) → 0MN when k → ∞ and v(0, 0, 0, 0) < ∞ because each L(k) satisfies
kernel

(
L̃(k)) ∩ kernel(A) = {0mn} for k ≥ 0 if kernel

(
L̃(0)) ∩ kernel(A) = {0MN } from

Lemma 3. X(k) reaches a limit point X̄; then, the sequence
{
Z(k)
i

}
and

{
d(k)
i,j

}
converges to

limit points Z̄i and d̄i,j with a fixed X̄ from Lemma 1.

Finally, some improvements to Algorithm (1) are offered in this section. First, the
dimension of the LDDM is unknown in actual applications, althoughAlgorithm 1 requires
a suitable r. In order to solve this issue, we adopt a method that estimates the dimension
r based on the ratio of the singular value σr/σ1, just as [5] did for each column i ∈ I .
Second, we consider ways to reduce the computational complexity. Two key possibilities
are considered: one is to ignore the quadratic-constraint condition

(‖xj − xi‖22 − εi
)
di,j ≤

0 when we update X and the other is to update X for only the columns in the ith
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neighborhoods, for example, by minimizing the only ith Frobenius norm term of (17)∥
∥(X − xi1TN )Di − Zi

∥
∥2
F with regard to the column xi, which is expected to work like a

stochastic gradient-descent algorithm. Furthermore, this paper utilizes the parameter
β = maxi ε(i) because the update schemes (18) yield limit points for Zi and di,j only
once for each i ∈ I from Lemma 2. Thus, this paper proposes a heuristic algorithm for
reducing the calculation time, as shown in Algorithm 2. There, the parameters satisfy
1 > α(0) ≥ α(1) ≥ · · · ≥ αmin > 0 for k = 0, 1, · · · , kmax and δ > 0, just as in [5].
We consider here the time and space complexities of Algorithm 2. The major computa-

Algorithm 2 LLRA using a stochastic-gradient-descent-like algorithm (LLRASGD)

Require: X(0),�, {α(k)}kmax
k=0 , {εi}i∈I , δ, η, kmax

1: X ← X(0)

2: Zi ← 0M,N for i ∈ I
3: β ← maxi ε(i)

4: k ← 0
5: repeat
6: for i ∈ I do
7: di,j ← hβ ,εi(xj, xi, zi,j) for j ∈ I
8: Di ← diag

(
[ di,1 · · · di,N ]T

)

9: σ ← svd((X − xi1TN )Di)

10: r ← argmax
r

σr ≥ α(k)σ1

11: γ ← δσr
12: Zi ← T r,γ

{
(X − xi1TN )Di

}

13: X ← X(IN ,N − Di) + (Zi + xi1TN )Di
14: (X)m,n ← (X(0))m,n for (m, n) ∈ �

15: end for
16: until k < kmax or ‖Xold − X‖F/‖X‖F ≤ η

Ensure: X.

tional cost of Algorithm 2 is derived from computing the singular value decomposition of
(
X − xi1TN

)
Di for all i = 1, 2, · · · ,N at each iteration. For simplicity, this paper assumes

that the number of non-zero vectors of
(
X − xi1TN

)
Di is M for each iteration and each

i. Then, since the algorithm requires the singular value decomposition of the M × M
matrix, the time and space complexities of Algorithm 2 are O(M3N) and O(M2) for each
iteration. As written in [20], since the method VMC [15] requires the time complexity
O(N3 +MN2) and the space complexityO(N2), the time and space complexities of Algo-
rithm 2 are lower than those of VMCwhen the numbers of rowsM and columnsN satisfy
M3 < N2. Hence, Algorithm 2 is effective for datasets such as those used in Section 5.2.

5 Results and discussion
5.1 Synthetic data

This section presents several numerical examples for the matrix completion problem (1).
In this section, each ith column of X(0) is generated by Fp : Rr �→ R

M with mapping
function (3) as:
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x(0)
i = Fp

(
y(0)
i

)
= Upψp

(
y(0)
i

)
. (20)

Using Up ∈ R
M×(r+p

p ) and Y (0) =
[
y(0)
1 y(0)

2 · · · y(0)
N

]
∈ R

r×N generated by an i.i.d. con-
tinuous uniform distribution whose supports are [−0.5, 0.5] and [−1, 1], the elements
of Y (0) are normalized as max

∣
∣(Y (0))i,j

∣
∣ = 1. The index set � is generated using the

Bernoulli distribution with the given probability q, for which an index (i, j) belongs to �.
This paper uses relative recovery error as:

RE [%] = ‖X(0) − X‖F
‖X(0)‖F

× 100

to evaluate each algorithm. All numerical experiments were run in MATLAB 2017b on a
PC with an Intel Core i7 3.1 GHz CPU, 8 GB of RAM, and no swap memory.
This paper applies some low-rank matrix completion algorithms including singular

value thresholding (SVT) [1], the fixed-point continuation algorithm (FPCA) [2], the
short IRLS-0 (sIRLS-0) method [3], IPMS [5], the nonlinear matrix completion method
VMC [15], and the proposed LLRASGD method to several matrix completion problems
with M = 100, N = 4, 000, and d = 3, 5 for (20). A maximum iteration number of
kmax = 1000 is used for LLRA, IPMS, sIRLS-0, and SVT, and the termination condition is
‖X(k)−X(k+1)‖F/‖X(k+1)‖F ≤ 10−5 for all algorithms. The parameters for LLRASGD and
IPMS are given as α(k) = 10− 4k

kmax and δ = 10−2; those for SVT are τ (k) = 10−2σ (k)
1 ; those

for sIRLS-0 and VMC are γ (k) = 102−
6k

kmax ; those for VMC are p = 0.5 and d = 3; and
those for FPCA are τ = 1 andμ(k) = (0.25)k ≥ μ̄ = 10−8. The condition σ

(k)
l ≥ 10−2σ (k)

1
is used to choose r for FPCA in this paper. We set the initial value of {(X)m,n}(m,n)/∈� to
0 for SVT, FPCA, sIRLS-0, and IPMS. The values X and εi are estimated using IPMS for
VMC and LLRASGD such that the total number satisfying the condition ‖xj − xi‖22 ≤ εi
equals 50 with an estimated value of X using IPMS for LLRASGD.
The results are shown in Tables 1, 2, and 3 for q ∈ {0.2, 0.3, 0.4} and r ∈ {2, 3, 4, 5, 6}.

As can be seen, estimation accuracy of LLRASGD is better than the others for r = 5, 6,

Table 1 Results of the algorithms for problem (1) with p = 3 for (20)

Problem Algorithm

q r SVT FPCA sIRLS-0 IPMS VMC LLRASGD

0.2 2 17.21% 2.33% 1.32% 1.40% 0.08% 0.92%

0.2 3 32.61% 32.19% 16.04% 22.38% 7.61% 4.04%

0.2 4 49.25% 49.31% 47.79% 44.48% 36.07% 5.77%

0.2 5 59.42% 59.52% 64.72% 56.03% 76.64% 17.59%

0.2 6 66.76% 66.85% 71.41% 65.03% 85.83% 39.90%

0.3 2 9.50% 0.28% 0.09% 0.09% 0.03% 0.03%

0.3 3 17.54% 9.27% 1.97% 2.11% 0.10% 0.12%

0.3 4 34.45% 34.48% 22.45% 26.05% 7.11% 1.24%

0.3 5 55.30% 55.40% 59.46% 51.47% 70.70% 17.72%

0.3 6 66.76% 66.85% 71.41% 65.03% 85.83% 39.90%

0.4 2 5.98% 0.05% 0.07% 1.75% 0.04% 0.07%

0.4 3 10.47% 0.50% 0.15% 0.15% 0.07% 0.03%

0.4 4 22.52% 22.39% 5.94% 9.70% 0.21% 0.29%

0.4 5 36.18% 36.30% 31.42% 29.10% 7.29% 2.96%

0.4 6 45.81% 45.91% 49.21% 40.89% 34.89% 9.87%

Numbers in boldface show the best results
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Table 2 Results of the algorithms for problem (1) with p = 5 for (20)

Problem Algorithm

q r SVT FPCA sIRLS-0 IPMS VMC LLRASGD

0.2 2 21.62% 18.55% 7.22% 10.09% 0.73% 2.81%

0.2 3 44.03% 44.07% 36.67% 38.53% 24.87% 5.42%

0.2 4 60.19% 60.31% 63.43% 58.02% 73.79% 15.60%

0.2 5 69.95% 70.06% 73.60% 69.35% 86.51% 41.26%

0.2 6 76.71% 76.79% 80.82% 77.19% 88.10% 61.95%

0.3 2 12.60% 2.06% 0.92% 0.95% 0.08% 0.12%

0.3 3 29.30% 29.23% 21.08% 21.28% 3.84% 0.69%

0.3 4 46.92% 47.05% 47.22% 41.78% 31.61% 5.36%

0.3 5 58.52% 58.63% 61.18% 55.62% 72.23% 19.60%

0.3 6 66.40% 66.50% 69.97% 65.28% 80.52% 38.15%

0.4 2 8.47% 1.27% 0.11% 0.13% 0.08% 0.04%

0.4 3 19.70% 19.36% 12.07% 12.37% 0.10% 0.11%

0.4 4 36.67% 36.79% 34.88% 30.57% 9.14% 2.46%

0.4 5 48.97% 49.08% 51.09% 44.84% 43.18% 11.38%

0.4 6 57.47% 57.58% 60.38% 55.16% 69.21% 25.69%

Numbers in boldface show the best results

q = 0.2, 0.3, 0.4 and d = 3, 5, 7, and r = 3, 4, 5, 6 and q = 0.2 especially. Figures 2,
3, and 4 compare all algorithms with q = 0.3. In Figs. 2 and 3, the recovery errors of
LLRASGD tend not to decay more than other algorithms. From this result, the proposed
method is more effective for the case in which the missing rate or the latent dimension
is high.

5.2 CMUmotion capture data

This paper considers the matrix completion on motion capture data, which consists of
time-series trajectories of human motions such as running and jumping. Similar to [15],
this paper uses the trial #6 of subject #56 of the CMU motion capture dataset. The data
has measurements from M = 62 sensors at 6784 time instants, which the data matrix is

Table 3 Results of the algorithms for problem (1) with p = 7 for (20)

Problem Algorithm

q r SVT FPCA sIRLS-0 IPMS VMC LLRASGD

0.2 2 25.55% 24.37% 11.61% 15.93% 5.10% 3.51%

0.2 3 51.01% 51.11% 48.52% 47.36% 44.97% 6.88%

0.2 4 66.77% 66.89% 69.89% 66.87% 83.93% 28.63%

0.2 5 76.12% 76.23% 80.19% 76.82% 87.89% 55.80%

0.2 6 81.96% 82.02% 85.72% 82.98% 88.71% 74.73%

0.3 2 14.42% 6.83% 3.16% 4.15% 0.05% 0.24%

0.3 3 36.47% 36.53% 30.56% 29.60% 11.59% 1.48%

0.3 4 54.34% 54.47% 56.77% 51.32% 57.27% 11.91%

0.3 5 65.44% 65.55% 69.06% 64.35% 79.28% 32.70%

0.3 6 72.42% 72.51% 76.19% 72.65% 81.99% 53.60%

0.4 2 9.51% 2.55% 0.76% 1.05% 0.05% 0.06%

0.4 3 26.18% 26.19% 19.59% 19.02% 1.64% 0.34%

0.4 4 44.22% 44.34% 46.79% 39.62% 26.51% 6.23%

0.4 5 56.14% 56.25% 59.02% 53.75% 63.94% 21.16%

0.4 6 63.81% 63.91% 67.08% 63.09% 73.61% 39.25%

Numbers in boldface show the best results
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Fig. 2 Average RE for 10 trials with p = 3 for (20) and q = 0.3

known as high-rank matrix. In this experiment, the sequence is downsampled by factor
2, which the data matrix has M = 62 rows and N = 3392 columns. Then, the elements
of the data matrix were randomly observed with the ratio q ∈ {0.1, 0.2, 0.3, 0.4}, and this
paper applied the matrix completion algorithms with the same parameters which is used
in the Section 5.1.
The average recovery errors for 10 trials are shown in Fig. 5. Similar to the results on

synthetic data, the estimation accuracy of LLRASGD is better than the others. Especially,
the recovery errors of LLRASGD aremuch lower than the others when themissing ratio is

Fig. 3 Average RE for 10 trials with p = 7 for (20) and q = 0.3
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Fig. 4 Average RE for 10 trials with p = 3, 5, 7 for (20), r = 3 and q = 0.3

very high (such as q = 0.1, 0.2). From these results, the proposedmethod is more effective
for not only synthetic data but also real-world dataset.
The average computational time costs for all observed ratio q ∈ {0.1, 0.2, 0.3, 0.4} are

shown in Table 4. This result indicates that the computation time of LLRASGD is about
200 to 500 times longer than that of the conventional MRM methods, and the computa-
tion time of VMC is about 2.4 times longer than that of LLRASGD for the same number
of iterations. However, VMC and LLRASGD have sufficiently high estimation accuracy
even with a small number of iterations. Figure 6 shows the results of VMC and LLRASGD

Fig. 5 Average RE for CMU motion capture data recovery
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Table 4 The average computational time cost (second) of the algorithms for CMU motion capture
data recovery

Algorithm

SVT FPCA sIRLS-0 IPMS VMC LLRASGD

2.43s 2.19s 5.66s 4.51s 2871.54s 1273.35s

for the maximum iteration number of kmax ∈ {10, 20, 40, 100, 1000} in the observed ratio
q = 0.2. As can be seen in Fig. 6, the recovery error of LLRASGD converges sufficiently
in kmax = 40. In this maximum iteration number, although the computational time of
LLRASGD is about 16 times longer than that of IPMS, the recovery error of LLRASGD
is less than half that of IPMS. We can also see that the recovery error of LLRASGD is less
than that of VMC for all kmax ∈ {10, 20, 40, 100, 1000}.

6 Conclusion
This paper proposed a local low-rank approach (LLRA) for a matrix-completion problem
in which the columns of the matrix belong to an LDDM. The convergence properties of
this approach were also presented. The proposed method is based on the idea of tangent
hyperplanes of dimension equal to that of the LDDM with respect to each column of
the matrix. It is assumed that each hyperplane is of low dimension and that the sum of
the rank of each local submatrix with respect to each column belonging to the set of
nearest neighborhoods of each column is minimized. Numerical examples show that the
proposed algorithm offers higher accuracy for matrix completion than other algorithms
in the case where each column vector is given by a pth order polynomial mapping of a
latent feature. In particular, the proposed method is suitable when the order p and the
dimension of the latent space are high.

Fig. 6 Computational time [s] vs. recovery error [%] of VMC and LLRASGD for CMU motion capture data
recovery (q = 0.2)
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Appendix
In this section, this paper introduces the truncated nuclear norm and the minimization
technique by IPMS [5].
The truncated nuclear norm ‖Z‖∗,r is defined with the kth biggest singular value σk of

Z as:

‖Z‖∗,r =
M∑

k=r+1
σk .

The truncated nuclear norm is used as the substitution function of matrix rank, and the
solution of 1

2‖Y −Z‖2F + γ ‖Z‖∗,r with a given matrix Y and a given parameter γ > 0 can
be solved as follows:

Z = argmin
Z

1
2
‖Y − Z‖2F + γ ‖Z‖∗,r

= T r,γ (Y ),

where T r,γ denotes the matrix-shrinkage operator defined as:

T r,γ (Y ) = Udiag(σ r,γ )VT

σ r,γ =[ σ1 · · · σr (σr+1 − γ )+ · · · (σM − γ )+]T

and (c)+ = max(0, c) with regard to the singular value decomposition Y = Udiag(σ )VT .
In the matrix completion problem (2), the IPMS algorithm solves the relaxation

problem by iterating the following update schemes:
{
Z ← T r,γ (X),
(X)m,n ← (

X(0))
m,n for (m, n) ∈ �.

Since the truncated nuclear norm requires the value of r regarding with a matrix rank, the
IPMS estimates a matrix rank r during iterations by using the scheme:

r ← argmin
r

σr s.t. σr ≤ ασ1,

where 0 ≤ α < 1 is a given constant. The details of the IPMS algorithm are written in [5].
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