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1 Introduction

The mean square error (MSE) is probably the most widely used cost function for adap-
tive linear filters [1-5]. The MSE relies heavily on Gaussianity assumptions and per-
forms well for Gaussian noise. Recently, information theoretic learning (ITL) has been
proposed to process non-Gaussian noise. ITL uses the higher-order moments of the
probability density function and may work well for non-Gaussian noise. Inspired by
ITL, some cost functions, such as the maximum correntropy criterion (MCC) [6-11],
improved least sum of exponentials (ILSE) [12], least mean kurtosis (LMK) [13], least
mean fourth (LMF) [14-19], generalized MCC (GMCC) [20], and minimum kernel
risk-sensitive loss (MKRSL) criterion [21, 22] have been presented.

The LMK and LMF are robust to sub-Gaussian noise. One typical sub-Gaussian dis-
tribution is the uniform distribution. The MCC and ILSE are robust to larger outliers
or impulsive noise, which often take relatively more often values that are very close to
zero or very large. This means that impulsive noise has a super-Gaussian distribution
(23, 24].
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Altogether, the distribution of the additive noise in linear filtering can be divided into
three types: Gaussian, super-Gaussian, and sub-Gaussian. Super-Gaussian noise and
sub-Gaussian noise are both non-Gaussian.

From the viewpoint of performance, for example, the steady error, the MSE, MCC,
and LMF work well for Gaussian, super-Gaussian, and sub-Gaussian noise, respectively.
The MSE demonstrates similar performance for the three types of noise under the
same signal-to-noise ratio (SNR). For Gaussian noise, all the algorithms have similar
steady errors. For super-Gaussian noise, the steady error comparison under the same
SNR is MCC < MSE < LMF. For sub-Gaussian noise, the comparison is LMF < MSE <
MCC.

Note that the cost functions of the above algorithms all include the square error,
which is the correlation of the error signal. When impulsive noise is involved, we can
expect that the square error will be very large. By contrast, the cross error (CE), which
is the correlation of the error signal itself and its delay, may be very small for impulsive
noise.

In our early work [25-27], we proposed the mean square cross prediction error to ex-
tract the desired signal in blind source separation (BSS), where the square cross predic-
tion error was much smaller than the square prediction error. In this paper, we
propose a new cost function called the mean square CE (MSCE) for adaptive filtering
to process non-Gaussian noise. We expect that the proposed MSCE algorithm will per-
form well for non-Gaussian noise.

Note that the ITL methods can capture higher-order statistics of data. Thus, it is hard
to directly obtain the corresponding closed-form solutions. We present a two-stage
method to estimate the closed-form solutions for the LMF, MCC, GMCC, MKRSL, and
MSCE.

The contributions of this paper are summarized as follows:

i) We present a new cost function, that is, the MSCE, for adaptive filters, and provide
the mean value and mean square performance analysis in detail.

ii) We propose a two-stage method to estimate the closed-form solution of the pro-
posed MSCE algorithm.

ili) We generalize the two-stage method to estimate the closed-form solution of the
LMF MCC, GMCC, and MKRSL algorithms.

The paper is organized as follows: In Section 2, the problem statement is explained in
detail. In Section 3, the MSCE algorithm is presented with the adaptive algorithm and
closed-form solution. In Section 4, the closed-form solution of the LMF, MCC, GMCC,
and MKRSL are estimated. In Section 5, the mean behavior and mean square behavior
of MSCE are analyzed. Simulations are provided in Section 6. Lastly, a conclusion is
provided in Section 7.

2 Problem formulation

The absolute value of the normalized kurtosis may be considered as one measure of
non-Gaussianity of the error signal. Several definitions for a random variable of zero
means are presented as follows:
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Definition 1 (normalized kurtosis)

The normalized kurtosis of random variable x is defined as

B}
DR

K4

where x has zero mean.
Definition 2 (sub-Gaussian or platykurtic)

A distribution with negative normalized kurtosis is called sub-Gaussian, platykurtic,
or short-tailed (e.g., uniform).

Definition 3 (super-Gaussian or leptokurtic)

A distribution with positive normalized kurtosis is called super-Gaussian, leptokurtic,
or heavy-tailed (e.g., Laplacian).

Definition 4 (mesokurtic)

A zero-kurtosis distribution is called mesokurtic (e.g., Gaussian).

When the linear filtering problem is considered, there is an input vector u e R, with
unknown parameter w, € R* and desired response d e R'. Data d(i) are observed at
each time point i by the linear regression model:

d(i) =wla(i) +v(i), i=1,2,L, (2)

where v is zero-mean background noise with variance o2 and L is the length of the se-

quence. The error signal for the linear filter is defined as
e(i) = d(i)-w"u(i), (3)

where w is the estimate of w,. The distribution of the additive noise in linear filtering
can be divided into three types: Gaussian, super-Gaussian, and sub-Gaussian. Super-
Gaussian noise and sub-Gaussian noise are both non-Gaussian.

In this research, we made the following assumptions:

A1) The additive noise is white, that is,

E{v(ipv(j) } = 0, iz). (4)

A?2) Inputs u(t) at different time moments (i, j) are uncorrelated:
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E{u”(iju(j)} = E{u” ()u(j)} = 0,/ (5)

A3) The inputs and additive noise at different time moments (i, j) are uncorrelated:

E{u(i)v(j)} = 0,i=/. (6)

The linear filtering algorithms of the MSE, MCC, and LMF are as follows: the cost
function based on the MSE is given by

Juse(w) = E{e’}, (7)
where E denotes the expectation operator. The gradient is defined as

oJ mse

L — —E{eu). 8)

At the stationary point, E{eu} = 0. The closed-form solution denoted by w5 is given
by the Wiener—Hopf equation:

wase = [R(w)] ™ [Rad],
R(u) = E{uu’’}, 9)
Ry, = E{du}.

The corresponding stochastic gradient descent, or LMS, algorithm is

Wins (i + 1) = wins(i) + pe(i)ui) (10)

where udenotes the step size and y > 0.
The cost function based on the LMF is given by

Jumr(w) = E{e*}. (11)
The corresponding stochastic gradient descent algorithm is
winr (i 4+ 1) = wiae (i) + ue’ (iu(i). (12)

The cost function based on the correntropy of the error, also called the MCC, is

given by

Jucew) ~£{ oo (- 25} (13

where odenotes the kernel bandwidth. The corresponding stochastic gradient descent
algorithm is

e2(i)

( )e(i)u(i). (14)

wace (i + 1) = waee (i) + p exp (— 292

The cost function based on the GMCC is given by
Jamcc(W) = Yo, p{1-E[ exp(-Ae(i)[*)]}- (15)

The corresponding stochastic gradient descent algorithm is

Page 4 of 20
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wemcc (i + 1) = wepec (i) +
whx exp(~Ale(i)|)|e(i)[ " sign(e(i))u(i). (16)

The cost function based on the MKRSL is given by

T (W) = 72> exp(M(1-ra(e(9))),

LV (17)
AY e’ (i)
ks (e(i)) = exp ~ogr )
The corresponding stochastic gradient descent algorithm is
warkgst (£ + 1) = Wakese (1) +
(18)

5 exp(M(1xy(e(i))) o (e(D)eliyu(i)

3 Methods

3.1 Adaptive algorithm of the MSCE

The CE can be expressed as e(i)e(i-q), where g denotes the error delay. Because the CE
may be negative, we provide a new cost function, that is, the MSCE, as

Tusce(w) = %E{ez(i)ez(i—q)} (19)

where

e(i) = d(i)-wTu(i),

. . . 20
eli-q) = d(i-g)w"u(i=q). 20
The gradient of the MSCE can be derived as
dJ . N N .
USCE_ _E{2(i-g) e(i)u(d)] + (1) e(i-q)uli-q)]}. (1)
Then, the corresponding stochastic gradient descent algorithm is
Warsce(i + 1) = wasce (i) + (22)

ue*(i-qe(iyu(i) + pe* (ie(i-q)u(i-q).

Equation (19) may not be robust against outliers. We provide the generalized MSCE
(GMSCE) as

Imsce(w) = E{Gle(i)|Gle(i-q)]} (23)

where G(x) is an x*-like function. The stochastic gradient descent algorithm for the
GMSCE is

wemsce(i + 1) = weumsce (i)
+uGle(i)lgle(i-q)|u(i-q) (24)
+uGle(i-q)lgle(i)]u(i)

where g(.) is the derivative of G(.).

Page 5 of 20
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3.2 A suitable criterion for cost function

Combining the references of ICA [23, 24, 28—30] with those of the MCC [6-11], ILSE
[12], and LMF [14-19], we determined that there are three cost functions in the fast
ICA [30] algorithm:

G1(u) :ail log cosh(au), (25)
Ga(u) = _criz exp (— %) ) (26)
Gs(u) = L—llu‘L. (27)

G,(u) is used to separate the super-Gaussian source in ICA, and works as the cost
function of the MCC. G3(u) is used to separate the sub-Gaussian source in ICA when
there are no outliers, and works as the cost function of the LMF. G;(x) has not been
used in adaptive filtering, but cosh(a;u) works as the cost function of the ILSE.

This motivated us to explore ICA or BSS algorithms to determine a suitable criterion
for adaptive filtering. Here, we use G;(u) in the proposed GMSCE algorithm:

G(x) zi log cosh(ax) (28)

where 1 <a <2, and a = lin the simulations. The derivative of G(x) is
g(x) = tanh(ax). (29)
Substituting (28)—(29) into (24) with a = 1, we obtain

wemsce(i + 1) = wamsce (i)
+u log cosh[e(i)] tanhle(i-g)]u(i-g) (30)
+u log coshle(i-g)] tanhle(i)]u(i).

3.3 Closed-form solution of the MSCE and GMSCE
We can estimate the closed-form solution of the MSCE from the stationary point
O msce/ow = 0:

‘”34;@ = -E{eX(i-q)le(i)u(i)] + €*(i) e(i~q)u(i~q)]} = 0. (31)

Substituting (20) into (31), we obtain

VUSCE __E{(i-q) [d(i)u(i)-u(i)u” (i w]}

(32)
~E{é(i) [d(i-q)u(i~q)-u(i-q)u” (i-q)w] } = 0.

It is difficult to solve w from (32) because €*(i) contains the second-order term of w.
We present a two-stage method to estimate w.
In the first stage, we estimate e(i) and e(i - g) from (9):

WMSE = [R(“)]_I[Rdu]a
e(i-q) = d(i-q)-wyspu(i-q), (33)
&(i) = d(i)-wigu(i),i = 1,2, -, L

where é(i)and é(i-g) are the estimates of e(i) and e(i — g), respectively.
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In the second stage, we estimate w from (32).
If we define

0
Fy(w) = 2aset

then we can rewrite (33) as

Fi(w) = ~E{&(i-q) [d(i)u(i)-u(i)u” (i) ]}
{0 (g g uliog ” (—g)w]} = -

where F;(w) is the estimate of F;(w).
Note that the expectation can be estimated by averaging over the samples using

Equation (34) can be estimated by

~__Z{ (i) [d(i)u(i)-u(i)u" ()w] }
i=q+1
1 Z [ u(i-q)-u(i-q)u” (i-q)w] }
t q+Ll+q (36)
:——Z{ d(i)u(i) + &(i)d(i-q)u(i-q) }
i=q+1
+= Z{e i-q)u(i)u’ (i) + &*(i)u(i-q)u” 14)}“’:0'

Furthermore, we have

Z Z {&(i-q)d(i)u(i) + & (i)d(i-q)u(i-q)} =
z q+1 (37)

If we define R,,(q) and R,,,,(q) as

Rau(q) = E{e*(i~q)d(i)u(i) + e (;)d( Du(i-q)},

Ruu(q) = E{e(i-q)u(iu’ () + E(i)u(i-q)u’ (i-q)}. (38)

then we can estimate them as

L+q
Rila) =7 > {@-q)diu() + @ 0d(-guii-g)},

z q+1
L+q (39)

Z {&(i-q)u(i)u (i) + &(Du(i-q)u’ (i-q)},

z q+1

where R, (9) and R,,,(q) are the estimates of R,,(q) and R,,(¢), respectively.
We can estimate the closed-form solution of the MSCE as

Page 7 of 20
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Welose_ MSCE — [Ruu (q)] - [Rdu (61)] . (4'0)

Note than tanh(x) ~x when x is small. We can estimate the closed-form solution of
the GMSCE in the same way.
If we define Rgy,(g) and Rg,.,(q) as

Raau(q) = E{Gle(i-g))d(i)u(i) + Gle(i))d(i-q)u(i-q)}, )
Roui(q) = E{Gle(i-q))u(i)u’ (i) + Gle(i) u(i-g)u” (i-q)},

then we can estimate them as
Reau(q Z {G(e(i-q))d(i)u(i) + G(e(i))d(i-q)u(i-q)},
Reuu(q Z {G(e(i-q))u(i)u" (i) + G(e(i))u(i-q)u” (i-q) }-

We can estimate the closed-form solution of the GMSCE as

Welose_GMSCE — [RGuu (q)] - [RGdu (Q)] . (43)

4 Closed-form solution of the LMF, MCC, GMCC, and MKRSL
Based on the two-stage methods, we can also estimate the closed solution of the LMF,
MCC, GMCC, and MKRSL algorithms as follows.

4.1 Closed-form solution of the LMF
We can estimate the closed-form solution of the LMF from the stationary point o/ e/
ow =0:

9/ Lum
8wF -E{&*(i)[d-w"u(i)]u(i)}. (44)

In the first stage, we estimate e(i) from (9):

WMSE = TRy
()S d([)<“)'1\45£u‘81—12 L. (45)

In the second stage, we estimate w from (44).

If we define

Fyfw) = 2 (36)
then we can rewrite (44) as
Fa(w) = ~E{&(0) [d(iu(i)-u(ipu” (9w} (@)
where F»(w) is the estimate of Fo(w).
With the help of (35), Eq. (47) can be estimated by
Fiw) = - 13 (&0 [t -u(@u” (9w] ). s)
L

i=1

If we define Ry, and R, as
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Ruo = E{e*(i)d(i)u(i)},
Ru.o = E{e*(i)u(i)u’ (i)},

then we can estimate them as
Ry = —Z{e d(iyu(i)}
RuuZ - z;{éz(l)u(l)uT(l)}a

where R, and R,,,5 are the estimates of Ry, and R, respectively.

(50)

We can estimate the closed-form solution of the LMF as

Welose LMF = [Ruu2]_1[Rdu2}~ (51)

4.2 Closed-form solution of the MCC

We can estimate the closed-form solution of the MCC from the stationary point
8] MCC/ 8w =0:

I _ L b () 20) fdwu(i]u) = . )

In the first stage, we estimate e(i) from (45). In the second stage, we estimate w from
(52).
If we define

29 pcc

Fg(W):U ow

then we can rewrite (52) as
F3(w) = E{ exp(-&*(i)/20”) [d(i)u(i)-u(i)u” (i)w] } (54)

where F5(w) is the estimate of F5(w).
With the help of (35), Eq. (54) can be estimated by
1L
Fi(w) = —72{ exp(-&*(i)/20%) [d(i)u(i)-u(i)u” (i)jw] }. (55)

i=1

Denote by

Rdu3 - Z{ eXP /20 ) ( )ll(l)},

(56)
Rus = Z{ exp(~&*(i) /20%)u(i)u’ (i)}.
We can estimate the closed-form solution of the MCC as
Welose_MCC = [RMMS]_I[RdMS] (57)

4.3 Closed-form solution of the GMCC
The closed-form solution of the GMCC is given by [20]:

Page 9 of 20
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Wese_cuice = [E((e(i))u(iu” (i))] " [E(n (e(i))d(i)u(i))],
hi(e(@)) = exp(=Ale()|")[e(d)|"*.

In the first stage, we estimate e(i) from (45), and we have
m(@(i) = exp(=Ale(d)|")le(i)*.
In the second stage, we estimate w from (59). Denote by

L

R =1 > U (E0)d(u(i).
Rus = 7 > (el (0}

We can estimate the closed-form solution of the GMCC as

Welose_GMCC = [Ruull-] - [Rdu4]

4.4 Closed-form solution of the MKRSL
The closed-form solution of the MKRSL is given by [22]:

[E(ha(e(d)d(i)u(i))],

Wetosemixes. = [E(a(e(i))u(i)u” (i))] ™

hy(e(i)) = exp(A(1-Kq(e(i))))xq(e(d)).
In the first stage, we estimate e(i)from (45), and we have
hy(e(i)) = exp(A(1-xq(e())))xq(e(7)).

In the second stage, we estimate w from (63). Denote by

We can estimate the closed-form solution of the MKRSL as

Welose_MKRSL = [Ruu5 ] - [RdMS] .

5 Performance analysis of MSCE
5.1 Mean value behavior

(59)

(62)

To compare the performance of the MSE and MSCE, we define the total weight error

E{[e(i)|"} = E{" (De(i)}
where
8(!) = Wo_WMSCE(i)-

Substituting (22) into (67), we obtain

(66)

(67)

Page 10 of 20
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eli+ 1) = e(i)-pe(i-q) [u(i)u” (i)e(i) +u(i) (i)

(1) [u(i-g) ” (i-q)€(9) + u(i-q) V(i) )
= [1-pe’ (uli=q)u” (i-q) e’ - u(iu” (1]e()

[ (i)v(i-g)u(i-q) + ue*i-g)v(i)u(i)]

where I is the identity matrix.
Substituting (39) into (67), we obtain

E{e(i +1)} = [I-uRu(q) E{e(0)}

“UE[()v(i-q)u(i-q) + E(i-g)v(i)u(i)]. (69)

Note that R,,(¢q) is positive definite; thus, (69) is stable for a sufficiently small step
size Y.

The eigenvalue decomposition of R,,(q) is R,.(g) = UAUZ. Then, we have the first-
order moment of (i)

E{e(i)} = UI-uA]'U"¢(0),

70
A= didg{dl,dz, dM} ( )

Let dpnax denote the maximum eigenvalue of R,,,(g). The step size should be selected
as
0 < p < 2/dmax (71)

so that the iterations will converge.

5.2 Mean square behavior
If we define

8(i) = UTe(i),

72
U:[U17 U2a“'7 UML ( )

where U, is the mth column of U, then we can rewrite (56) as

~ [I-pAJ6(0)
(v(i-q)u(i-q) + € (i-q)v(i)u(i)], (73)

which is composed of M decoupled difference equations:

Om(i+1) = (1-pucy) S (i)

—uUL [ (i)v(i-q)u(i-q) + € (i-q)v(i)u(i) ], (74)
m=1,2, M.

8(i+1)
-uU’ [¢?

The second-order moment of §,,(i + 1) can be derived from (74) as

E{8%( z+1)} (1-pd,)*E{62,(i)}
U E{e(i)v* (i~ q)UT 2( u(i-q)u’ (i-q)U,, } (75)
+/¢2E{e (i-q) Vz(l)UT e*(i-g)u(i)u’ (i) m}

From (2), (3), and (67), we obtain

e(i) = &' (Du(i) + v(i),
e(i-q) = &' (iju(i-q) + v(i-q). (76)

Thus, we have
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2y =ual(i)e
2i-q) = u’ (i-

Substituting (77) into (75) yields

(De" (i)u (l)+v2(i):vz(i)7

e qQ)e(i)e’ (iJu(i~q) +v*(i~q) = V*(i-q).

E{&8%,(i + 1)} (1-pd,n)*E{82,(i)}
+E{e*(i)e* (i-q)U,, € (D)u(i- q) T(t 7)Up}
+/42E{e i-q)e (l)UT e*(i-q)u m}

Let
rula) = @ (i-q)u(ipa” () + (uli-g)u” (i-q).
then we have
Ruu(q) = E{ruu(q)}-
Substituting (79) into (80) yields

E{8,(i+ )} = (1-ud) 5{52 (0}
HPE (e i-q)U] )] U}
~ (1 Mdm) E{52 (&)}
HPE{(i)e* (i-q) YE{ UL [ruuu(q)]Up }
= (1-pd,n)*E{82,(i)}
+uE{e(i)e*(i-q) JUL R () U

Note that U’ R,,(¢)U,, = d,,, and we have

E{82(i+1)} ~ (1-pd,) E{62%,(i)}
—l—qu{ez(i)ez(i—q)}dm.

Then the second-order moment of §,,(i + 1) can be rewritten as
E{82(0)} ~ (1, "E{82,(0)}
+ " (1-pd,)” W, E{ ()¢ (i-q) }

j=0
= (1-ud,) E{5,,(0)}

—l——; (1- Z;i )’ *d,E{e*(i)e*(i-q) }
( dm ZLE{62 }

—1—%;&{@ (i)e*(i-q) }
(1 m)ZtE{é\Z }
1-(1-pd,,)*

+ (2ud,) E{v (i- q)}

Thus, the steady state error of the MSCE algorithm is given by

lim ZE{62 ~ V;(Z ;d #E{V W (i- ‘I)}

j—o0

When p < < 1/d,, we have

(82)

(83)

(84)

Page 12 of 20
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[—o0

M
1
lim " E(82,(0)} = S uME{v()7 (i-q)}. (85)
=1
For comparison, we can write the steady state error of the MSE algorithm as

M
1
li E{82())} ~ uME{v*(i)}. 86
Jim > E{81,0)} = SuME(V(9) (86)

For impulsive noise, its variance E{v*()} may be very large, but its MSCE EPOWVAG -
q)} may be small. Thus, the proposed MSCE algorithm may have a smaller steady error
than the MSE for impulsive noise.

5.3 Selection of delay g
After obtaining the estimate of e(i) using (33), we can estimate the MSCE for g =1, 2,

e Q:
1 L+q
Jmsce(W, q) = ﬂ,z {éz(i—Q)éz(i)} (87)

where/ysce is the estimate of Jy;scp. Because the mean-square performance of the
MSCE algorithm is proportional to E{v*(i)v*(i - q)} according to (85), we should select
q with the smallest Jj;scrin (87).

6 Simulation results and discussion

In this section, the performance of the MSE, MSCE, GMSCE, LMF, MCC, GMCC, and
MKRSL will be evaluated by simulations. All the simulation points were averaged over
100 independent runs. The performance of the adaptive solution was estimated by the
steady-state mean-square deviation (MSD)

MSD = lim E{||w,-w(i)||5}. (88)

The performance of the closed-form solution is
MSD = ||w,-w|f3. (89)

We concluded that the smaller the MSD, the better the performance.

6.1 Closed-form solutions comparison

The closed-form solutions of the MSE, MSCE, GMSCE, LMF, MCC, GMCC, and
MKRSL are expressed by (9), (40), (43), (51), (57), (61), and (65), respectively. The
GMCC with a =2, 4, and 6 are denoted by GMCC1, GMCC2, and GMCC3, respect-
ively. The MKRSL with A =0.1 and 32 are denoted by MKRSL1 and MKRSL2,
respectively.

In the experiments, we compared the MSDs of the closed-form solutions of the ten
algorithms with different non-Gaussian noises. The input filter order was M = 5, and
the sample size had length L = 3000. When the SNRs are ranged from - 20 to 20 dB,
we obtain similar performance comparisons. Here the SNR was set to 6 dB.

Figures 1 and 2 partly show the four types of sub- and super-Gaussian noise,
respectively.
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Fig. 2 Four types of super-Gaussian noises
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Figure 1a—c shows the periodic noises, and Fig. 1d shows the noise with uniform dis-
tribution. The kurtoses of the noises shown in Fig. 1a-d are - 1.5, — 1.0, - 1.4, and -
1.2, respectively.

Figure 2a, b shows the periodic super-Gaussian noises, and Fig. 2c, d shows impulsive
noise. The impulsive noise v(i) is generated as v(i)=b(i)*G(i), where b(i) is Bernoulli
process with a probability of success P{b(i)=1}=p. G(i) in Fig. 2c is zero-mean Rayleigh
noise, and G(i) in Fig. 2d is zero-mean Gaussian noise. The kurtoses of the noises
shown in Fig. 2a—d are 3.0, 4.1, 14.4, and 7.3, respectively.

The MSDs of the closed-from solutions for sub- and super-Gaussian noise were
shown in Tables 1 and 2, respectively. From the above two tables, we can observe the
following three conclusions: firstly, the existing algorithms (MSE, LMF, MCC, GMCC
and MKRSL) do not perform better than the MSE method for sub and super-Gaussian
noise simultaneously. The MCC, GMCC1, MKRSL1 and MKRSL2 performs better
(worse) than the MSE method for super-Gaussian (sub-Gaussian) noise, whereas the
LMF and GMCC2 perform better (worse) than the MSE for sub-Gaussian (super-
Gaussian) noise. Simulations demonstrated that the proposed MSCE and GMSCE algo-
rithm may perform better than the MSE algorithm both for sub and super-Gaussian
noise. Secondly, the MCC performs as well as the MKRSL, whose parameters,A and o,
did not influence the MSDs of the closed-form solution. Thirdly, the parameters,A and
a, have great influence on the GMCC. When a =2 and A =0.031, GMCCI1 performs
better than the MSE for super-Gaussian noise. When a =4 and A = 0.005, GMCC2 per-
forms better than the MSE for sub-Gaussian noise.

6.2 Adaptive solution for sub-Gaussian noise

In the simulation, the input filter order was M = 5, the sample size had length L = 10,
000 and SNR was set to 6 dB. The proposed algorithms (22) and (30) are denoted by
MSCE and GMSCE, respectively.

Table 1 The MSDs (dB) of the closed-form solutions of the MSCE, GMSCE, MSE, LMF, and MCC
with different sub-Gaussian noises at SNR = 6 dB (L = 3000)

Algorithms Sub-G noise Sub-G noise Sub-G noise Sub-G noise Averaged
(1) (2) (3) (4) MSDs
MSCE -310 — 284 - 314 — 269 — 294
GMSCE -310 — 284 - 311 - 271 — 294
MSE — 284 — 286 — 286 - 282 — 285
LMF -313 — 267 -314 - 302 — 299
MCC (o=1) — 247 - 257 —249 - 257 - 253
GMCCT (@a=2,A= — 280 — 284 — 282 - 280 — 282
0.031)
GMCQ2 (a=4, A= —-320 - 271 -317 —-305 —-303
0.005)
GMCC3 (a=6,A= —20.7 - 192 - 207 - 211 — 204
0.001)
MKRSLT A=0.1,0=1) —247 - 258 — 249 — 257 —253
MKRSL2 A =32, 0= — 247 - 258 — 249 - 257 — 253

1.7)
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Table 2 The MSDs of the closed-form solutions of the MSCE, GMSCE, MSE, LMF, and MCC with
different super-Gaussian noises at SNR = 6 dB (L = 3000)

Algorithms Super-G noise  Super-G noise  Super-G noise  Super-G noise  Averaged
(1) (2) (3) (4) MSDs

MSCE - 784 - 732 - 222 - 226 —49.1

GMSCE — 744 -71.7 - 236 - 238 — 484

MSE - 280 - 282 — 282 - 275 - 280

LMF - 149 - 124 - 162 -713 -9.01

MCC (o=1) - 36.5 - 365 - 359 - 371 - 36.5

GMCC1 (a=2,A= - 289 - 291 - 31. - 296 -297

0.031)

GMCQ2 (a=4, A= - 144 - 124 -9.12 - 120 - 120

0.005)

GMCC3 (a=6,A= - 144 -9.12 - 568 - 963 - 971

0.001)

MKRSLT A=0.1,0= —365 - 365 - 359 - 371 - 36.5

1

MKRSL2 A=32,0= 365 - 365 - 359 - 371 - 365

1.7)

For sub-Gaussian noise shown in Fig. la, d, we compared the performance of the
LMS, LMF, MCC, GMCC1-3, MKRSL1-2, MSCE, and GMSCE. The step-sizes were
chosen such that all the algorithms had almost the same initial convergence speed, and
other parameters (if any) for each algorithm were experimentally selected to achieve
desirable performance.

The comparisons were shown in Figs. 3 and 4. From the two figures we can observe:

10 T T T T
: : —LMS :
S TS LMF Do
| 3 3 ——Mcc |
oft ———GMCCT | o
\ GMcC2
50 GMCC3 [ -
; ‘ — MKRSLA1 % %
@A0r| MKRSL2| o
5 : : MSCE |-
2 15
20
I e
T ] SEEERHHAS A 2 cie L SRR ARSI A A A LA 4 4 AN TR Sadiy
.35 i i i i
0 2000 4000 6000 8000 10000
Number of iterations
Fig. 3 Comparisons of the algorithms under sub-Gaussian noise shown in Fig. 1a

Page 16 of 20



Zhang et al. EURASIP Journal on Advances in Signal Processing (2021) 2021:24 Page 17 of 20

15 , : ‘ .
: : ——LMS
B I I LME |
: : —— MCC
R EEEEEEE R ——GMCC1 |
GMCC2
S GMCC3 |
‘ ‘ ——— MKRSL1

MKRSL2 | | vor v 1
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Fig. 4 Comparisons of the algorithms under sub-Gaussian noise shown in Fig. 1d

First, the GMCCI1-3, LMF, and MSCE performed better than LMS for sub-Gaussian
noises. GMCC1 and GMCC2 perform best among the algorithms.

Second, the MKRSL1-2 and MCC performed worse than the LMS. The performance
curves of MKRSL1 and MCC were almost overlapped.

Third, the performance of the adaptive solution was not always consistent with that
of the closed-form solution. Table 1 showed that the closed-form solution of GMCC3
was worse than MSE, but the adaptive solution of GMCC3 was better than MSE. It
may be hard for each algorithm to achieve a good tradeoff between the same initial

convergence speed and the desirable performance (steady-state error).

6.3 Adaptive solution for super-Gaussian noise

In the simulations, the input filter order was M = 5, the sample size had length L = 10,
000 and SNR was set to 6 dB. The step-sizes were chosen such that all the algorithms
had almost the same initial convergence speed.

For the super-Gaussian noise shown in Fig. 2a, d, we compared the performance of
the LMS, LMF, MCC, GMCC1-3, MKRSL1-2, MSCE, and GMSCE. The comparisons
were shown in Figs. 5 and 6. From the two figures we can observe:

First, the proposed MSCE and GMSCE performed much better than other algorithms
for the periodic super-Gaussian noise shown in Fig. 2a. The MSCE performed a litter
better than the LMS for impulsive noise shown in Fig. 2d.

Second, the MKRSL1 and MCC had almost the same performance, the two algo-
rithms performed a little better than the LMS.
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Third, the LMF, GMCC1-3, and MKRSL2 performed worse than the LMS, though
the closed-form solutions of the GMCC2 and MKRSL2 performed better than the
LMS.

Combining the above simulations in this section, we can find that each algorithm
may have its good points, and no algorithms can perform best for all kinds of noise.
Dividing the additive noise into three types will be helpful to select the suitable algo-
rithm for real applications.

7 Conclusions
This paper proposes a new cost function called the MSCE for adaptive filters, and pro-
vided the mean value and mean square performance analysis in detail. We have also
presented a two-stage method to estimate the closed-form solutions for the MSCE
method, and generalize the two-stage method to estimate the closed-form solution of
the information theoretic learning methods, such as LMF, MCC, GMCC, and MKRSL.
The additive noise in adaptive filtering is divided into three types: Gaussian, sub-
Gaussian, and super-Gaussian. The existing algorithms do not perform better than the
mean square error method for sub and super-Gaussian noise simultaneously. The
MCC, GMCC1, MKRSL1 and MKRSL2 performs better (worse) than the MSE method
for super-Gaussian (sub-Gaussian) noise, whereas the LMF and GMCC2 perform better
(worse) than the MSE for sub-Gaussian (super-Gaussian) noise. Simulations demon-
strated that the proposed MSCE and GMSCE algorithm may perform better than the
MSE algorithm both for sub and super-Gaussian noise.
In the future work, the MSCE algorithm may be extended to Kalman filtering,
complex-valued filtering, distributed estimation, and non-linear filtering.
Abbreviations
MSE: Mean square error; ITL: Information theoretic learning; MCC: Maximum correntropy criterion; ILSE: Improved least
sum of exponentials; LMK: Least mean kurtosis; LMF: Least mean fourth; GMCC: Generalized maximum correntropy

criterion; MKRSL: Minimum kernel risk-sensitive loss; SNR: Signal-to-noise ratio; CE: Cross error; BSS: Blind source
separation; MSCE: Mean square CE Cross error

Acknowledgements
Thanks to the anonymous reviewers and editors for their hard work.

Authors’ contributions

Rui Xue and Gang Wang proposed the original idea of the full text. Rui Xue designed the experiment. Yunxiang
Zhang, Yuyang Zhao and Gang Wang performed the experiment and analyzed the results. Yunxiang Zhang and
Yuyang Zhao drafted the manuscript. Rui Xue and Gang Wang wrote the manuscript. All authors read and approved
this submission.

Funding
This work was supported by the National Key Research and Development Program of China (Project No.
2017YFB0503400), National Natural Science Foundation of China under Grants 61371182 and 41301459.

Availability of data and materials
The datasets used during the current study are available from the corresponding author on reasonable request.

Declarations

Ethics approval and consent to participate
Not applicable.

Consent for publication
All authors agree to publish the submitted paper in this journal.

Competing interests
The authors declare that they have no competing interests.



Zhang et al. EURASIP Journal on Advances in Signal Processing (2021) 2021:24

Author details

'School of Information and Communication Engineering, University of Electronic Science and Technology of China,
Chengdu 611731, P.R. China. “School of Mechanical and Electrical Engineering, University of Electronic Science and
Technology of China, Chengdu 611731, PR. China. *School of Electronics and Information Engineering, Beihang
University, Beijing, P. R. China.

Received: 29 January 2021 Accepted: 6 May 2021
Published online: 20 May 2021

References

1.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

X. Li, T. Adali, Complex-valued linear and widely linear filtering using MSE and Gaussian entropy. IEEE Trans. Signal
Process. 60(11), 5672-5684 (2012)

T. Adali, P.J. Schreier, Optimization and estimation of complex valued signals: theory and applications in filtering and
blind source separation. IEEE Signal Process. Mag. 31(5), 112-128 (2014)

S.Y. Huang, CG. Li, Y. Liu, Complex-valued filtering based on the minimization of complex-error entropy. [EEE Trans.
Signal Process. 24(5), 695-708 (2013)

AH. Sayed, Adaptive networks. Proc. IEEE 102, 460-497 (2014)

J. Chen, AH. Sayed, Diffusion adaptation strategies for distributed optimization and learning over networks. IEEE Trans.
Signal Process. 60(8), 4289-4305 (2011)

W. Liu, P.P. Pokharel, J.C. Principe, Correntropy: properties and applicationsin non-Gaussian signal processing. IEEE Trans.
Signal Process. 55(11), 5286-5298 (2007)

A. Singh, JCPrincipe, in Proceedings of the International Joint Conference on Neural Networks 2009, Using correntropy as a
cost function in linear adaptive filters (IEEE, Atlanta, 2009), pp. 2950-2955. https.//doi.org/10.1109/1JCNN.2009.5178823

R. He, W.S. Zheng, B.G. Hu, Maximum correntropy criterion for robust face recognition. IEEE Trans. Pattern Anal. Mach.
Intell. 33(8), 1561-1576 (2011)

Al Fontes, AM. de Martins, LF. Silveira, J. Principe, Performance evaluation of the correntropy coefficient in automatic
modulation classification. Expert Syst. Appl. 42(1), 1-8 (2015)

W. Ma, B. Chen, J. Duan, H. Zhao, Diffusion maximum correntropy criterion algorithms for robust distributed estimation.
Digit. Signal Process. 58, 10-19 (2016)

JP.F. Guimaraes, AIR. Fontes, JB.A. Rego, AM. de Martins, J.C. Principe, Complex correntropy: probabilistic interpretation
and application to complex-valued data. IEEE Signal Process. Lett. 24(1), 42-25 (2017)

S. Wang, Y. Zheng, S. Duan, L. Wang, CK. Tse, A class of improved least sum of exponentials algorithms. Signal Process.
128, 340-349 (2016)

N.J. Bershad, J.CM. Bermudez, Stochastic analysis of the least mean kurtosis algorithm for Gaussian inputs. Digit. Signal
Process. 54, 35-45 (2016)

E. Walach, B. Widrow, The least mean fourth (LMF) adaptive algorithm and its family. IEEE Trans. Inf. Theory 30, 275-283
(1984)

P.l. Hubscher, JCM. Bermudez, An improved statistical analysis of the least mean fourth (LMF) adaptive algorithm. IEEE
Trans. Signal Process. 51(3), 664-671 (2003)

E. Eweda, Global stabilization of the least mean fourth algorithm. IEEE Trans. Signal Process. 60(3), 14731477 (2012)

E. Eweda, Mean-square stability analysis of a normalized least mean fourth algorithm for a Markov plant. IEEE Trans.
Signal Process. 62(24), 65456553 (2014)

E. Eweda, Dependence of the stability of the least mean fourth algorithm on target weights non-stationarity. IEEE Trans.
Signal Process. 62(7), 1634-1643 (2014)

W. Wang, H. Zhao, Performance analysis of diffusion least mean fourth algorithm over network. Signal Process. 141, 32—
47 (2017)

B. Chen, L. Xing, H. Zhao, N. Zheng, J.C. Principe, Generalized correntropy for robust adaptive filtering. IEEE Trans. Signal
Process. 64(13), 3376-3387 (2016)

B. Chen, R. Wang, Risk-sensitive loss in kernel space for robust adaptive filtering. Proc. 2015 IEEE Int. Conf. Digit. Signal
Process., 921-925 (2015)

B. Chen, L. Xing, B. Xu, H. Zhao, N. Zheng, J.C. Principe, Kernel risk-sensitive loss: definition, properties and application to
robust adaptive filtering. IEEE Trans. Signal Process. 65(11), 2888-2901 (2017)

A. Cichocki, S. Amari, Adaptive blind signal and image processing, learning algorithms and applications (Wiley, New York, 2002)
A. Hyvdrinen, J. Karhunen, E. Oja, Indepedent component analysis (Wiley, New York, 2001)

G. Wang, Y. Zhang, B. He, KT. Chong, A framework of target detection in hyperspectral imagery based on blind source
extraction. IEEE J. Sel. Topics Appl. Earth Observ. Remote Sens. 9(2), 835-844 (2016)

G. Wang, C. Li, L. Dong, Noise estimation using mean square cross prediction error for speech enhancement. IEEE Trans.

Circuits Syst. | Reg. Pap. 57, 1489-1499 (2010)

G. Wang, N. Rao, S. Shepherd, C. Beggs, Extraction of desired signal based on AR model with its application to atrial
activity estimation in atrial fibrillation. EURASIP J. Adv. Signal Process. 9, 728409 (2008)

A. Hyvdrinen, Blind source separation by nonstationarity of variance: a cumulant-based approach. IEEE Trans. Neural
Netw. 12(6), 1471-1474 (2001)

A. Hyvarinen, Sparse code shrinkage: denoising of nonGaussian data by maximum likelihood estimation. Neural
Comput. 11(7), 1739-1768 (1999)

A. Hyvarien, E. Oja, Fast and robust fixed-point algorithm for independent component analysis. IEEE Trans. Neural Netw.
10(3), 626-634 (1999)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Page 20 of 20


https://doi.org/10.1109/IJCNN.2009.5178823

	Abstract
	Introduction
	Problem formulation
	Methods
	Adaptive algorithm of the MSCE
	A suitable criterion for cost function
	Closed-form solution of the MSCE and GMSCE

	Closed-form solution of the LMF, MCC, GMCC, and MKRSL
	Closed-form solution of the LMF
	Closed-form solution of the MCC
	Closed-form solution of the GMCC
	Closed-form solution of the MKRSL

	Performance analysis of MSCE
	Mean value behavior
	Mean square behavior
	Selection of delay q

	Simulation results and discussion
	Closed-form solutions comparison
	Adaptive solution for sub-Gaussian noise
	Adaptive solution for super-Gaussian noise

	Conclusions
	Abbreviations
	Acknowledgements
	Authors’ contributions
	Funding
	Availability of data and materials
	Declarations
	Ethics approval and consent to participate
	Consent for publication
	Competing interests
	Author details
	References
	Publisher’s Note

